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Preface

The present volume contains the proceedings of the international conference
Foundations of Software Science and Computation Structures (FOSSACS) 2003,
held in Warsaw, Poland, April 7–9, 2003. FOSSACS is an event of the Joint
European Conferences on Theory and Practice of Software (ETAPS). The previ-
ous five FOSSACS conferences took place in Lisbon (1998), Amsterdam (1999),
Berlin (2000), Genoa (2001), and Grenoble (2002).

FOSSACS presents original papers on foundational research with a clear sig-
nificance to software science. The Program Committee invited papers on theories
and methods to support the analysis, integration, synthesis, transformation, and
verification of programs and software systems. We identified the following top-
ics, in particular: algebraic models; automata and language theory; behavioural
equivalences; categorical models; computation processes over discrete and con-
tinuous data; computation structures; logics of programs; modal, spatial, and
temporal logics; models of concurrent, reactive, distributed, and mobile systems;
process algebras and calculi; semantics of programming languages; software spec-
ification and refinement; transition systems; and type systems and type theory.
We received 96 submissions, of which 2 were withdrawn.

This proceedings consists of 27 papers. The first—A Game Semantics for
Generic Polymorphism—accompanies the invited lecture by Samson Abramsky,
University of Oxford. The remaining 26 were selected for publication by the
Program Committee during a week-long electronic discussion.

I sincerely thank all the authors of papers submitted to FOSSACS 2003; the
number and the quality of papers were exceptionally high this year. Moreover, I
would like to thank all the members of the Program Committee for the excellent
job they did during a rather demanding selection process, and to thank all our
subreferees for their invaluable contributions to this process.

To administer submission and evaluation of papers, we relied on a fine web-
based tool provided by METAFrame Technologies, Dortmund; thanks to Martin
Karusseit and Tiziana Margaria of METAFrame for their timely support. Finally,
thanks are due to the ETAPS 2003 Organizing Committee chaired by Andrzej
Tarlecki and Pawe�l Urzyczyn and to the ETAPS Steering Committee for their
efficient coordination of all the activities leading up to FOSSACS 2003.

Cambridge, January 2003 Andrew D. Gordon
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XII Table of Contents

Manipulating Trees with Hidden Labels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216
Luca Cardelli, Philippa Gardner, Giorgio Ghelli

The Converse of a Stochastic Relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233
Ernst-Erich Doberkat

Type Assignment for Intersections and Unions in Call-by-Value
Languages . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250

Joshua Dunfield, Frank Pfenning

Cones and Foci for Protocol Verification Revisited . . . . . . . . . . . . . . . . . . . . 267
Wan Fokkink, Jun Pang

Towards a Behavioural Theory of Access and Mobility Control
in Distributed Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282

Matthew Hennessy, Massimo Merro, Julian Rathke

The Two-Variable Guarded Fragment with Transitive Guards
Is 2EXPTIME-Hard . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299

Emanuel Kieroński
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Abstract. Genericity is the idea that the same program can work at
many different data types. Longo, Milsted and Soloviev proposed to cap-
ture the inability of generic programs to probe the structure of their
instances by the following equational principle: if two generic programs,
viewed as terms of type ∀X. A[X], are equal at any given instance A[T ],
then they are equal at all instances. They proved that this rule is ad-
missible in a certain extension of System F, but finding a semantically
motivated model satisfying this principle remained an open problem.

In the present paper, we construct a categorical model of polymorphism,
based on game semantics, which contains a large collection of generic
types. This model builds on two novel constructions:

– A direct interpretation of variable types as games, with a natural
notion of substitution of games. This allows moves in games A[T ] to
be decomposed into the generic part from A, and the part pertaining
to the instance T . This leads to a simple and natural notion of generic
strategy.

– A “relative polymorphic product” Πi(A,B) which expresses quantifi-
cation over the type variable Xi in the variable type A with respect
to a “universe” which is explicitly given as an additional parameter
B. We then solve a recursive equation involving this relative product
to obtain a universe in a suitably “absolute” sense.

Full Completeness for ML types (universal closures of quantifier-free
types) can be proved for this model.

1 Introduction

We begin with an illuminating quotation from Gérard Berry [9]:

Although it is not always made explicit, the Write Things Once or
WTO principle is clearly the basis for loops, procedures, higher-order
functions, object-oriented programming and inheritance, concurrency vs.
choice between interleavings, etc.
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In short, much of the search for high-level structure in programming can be
seen as the search for concepts which allow commonality to be expressed. An
important facet of this quest concerns genericity: the idea that the same program
can work at many different data types.

For illustration, consider the abstraction step involved in passing from list-
processing programs which work on data types List[T ] for specific types T , to
programs which work generically on List[X ]. Since lists can be so clearly visual-
ized, it is easy to see what this should mean (see Figure 1). A generic program
cannot probe the internal structure of the list elements. Thus e.g. list concate-
nation and reversal are generic, while summing a list is not. However, when we
go beyond lists and other concrete data structures, to higher-order types and
beyond, what genericity or type-independence should mean becomes much less
clear.

�

� �

� � �
�

��
�

�

Fig. 1. ‘Generic’ list structure

One very influential proposal for a general understanding of the uniformity
which generic programs should exhibit with respect to the type instances has
been John Reynolds’ notion of relational parametricity [21], which requires that
relations between instances be preserved in a suitable sense by generic programs.
This has led to numerous further developments, e.g. [17,1,19].

Relational parametricity is a beautiful and important notion. However, in
our view it is not the whole story. In particular:

– It is a “pointwise” notion, which gets at genericity indirectly, via a notion
of uniformity applied to the family of instantiations of the program, rather
than directly capturing the idea of a program written at the generic level,
which necessarily cannot probe the structure of an instance.

– It is closely linked to strong extensionality principles, as shown e.g. in [1,19],
whereas the intuition of generic programs not probing the structure of in-
stances is prima facie an intensional notion—a constraint on the behaviour
of processes.

An interestingly different analysis of genericity with different formal consequences
was proposed by Giuseppe Longo, Kathleen Milsted and Sergei Soloviev [15,16].
Their idea was to capture the inability of generic programs to probe the structure
of their instances by the following equational principle: if two generic programs,
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viewed as terms t, u of type A[X ], are equal at any given instance T , then they
are equal at all instances:

∃T. t{T } = u{T } : A[T ] =⇒ ∀U. t{U} = u{U} : A[U ].

This principle can be stated even more strongly when second-order polymorphic
quantification over type variables is used. For t, u : ∀X. A:

t{T } = u{T } : A[T ]
t = u : ∀X. A

.

We call this the Genericity Rule. In one of the most striking syntactic results
obtained for System F (i.e. the polymorphic second-order λ-calculus [10,20]),
Longo, Milsted and Soloviev proved in [15] that the Genericity Rule is admissible
in the system obtained by extending System F with the following axiom scheme:

(C) t{B} = t{C} : A (t : ∀X. A, X �∈ FV(A)).

While many of the known semantic models of System F satisfy axiom (C), there
is no known naturally occurring model which satisfies the Genericity principle
(i.e. in which the rule of Genericity is valid). In fact, in the strong form given
above, the Genericity rule is actually incompatible with well-pointedness and
parametricity, as observed by Longo. Thus if we take the standard polymorphic
terms representing the Boolean values

ΛX. λx:X. λy:X. x, ΛX. λx:X. λy:X. y : ∀X. X → X → X

then if the type ∀X. X → X has only one inhabitant — as will be the case
in a parametric model — then by well-pointedness the Boolean values will be
equated at this instance, while they cannot be equated in general on pain of
inconsistency.

However, we can state a more refined version. Say that a type T is a generic
instance if for all types A[X ]:

t{T } = u{T } : A[T ] =⇒ t = u : ∀X. A.

This leads to the following problem posed by Longo in [16], and still, to the best
of our knowledge, open:

Open Problem 2. Construct, at least, some (categorical) models that
contain a collection of “generic” types. . . . If our intuition about construc-
tivity is correct, infinite objects in categories of (effective) sets should
satisfy this property.

In the present paper, we present a solution to this problem by constructing a
categorical model of polymorphism which contains a large collection of generic
types. The model is based on game semantics; more precisely, it extends the
“AJM games” of [5] to provide a model for generic polymorphism. Moreover,
Longo’s intuition as expressed above is confirmed in the following sense: our main
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sufficient condition for games (as denotations of types) to be generic instances
is that they have plays of arbitrary length. This can be seen as an intensional
version of Longo’s intuition about infinite objects.

In addition to providing a solution to this problem, the present paper also
makes the following contributions.

– We interpret variable types in a simple and direct way, with a natural notion
of substitution of games into variable games. The crucial aspect of this idea
is that it allows moves in games A[T ] to be decomposed into the generic part
from A, and the part pertaining to the instance T . This in turn allows the
evident content of genericity in the case of concrete data structures such as
lists to be carried over to arbitrary higher-order and polymorphic types. In
particular, we obtain a simple and natural notion of generic strategy. This
extends the notion of history-free strategy from [5], which is determined by
a function on moves, to that of a generic strategy, which is determined by a
function on the generic part of the move only, and simply acts as the identity
on the part pertaining to the instance. This captures the intuitive idea of
a generic program, existing “in advance” of its instances, in a rather direct
way.

– We solve the size problem inherent in modelling System F in a somewhat
novel way. We define a “relative polymorphic product” Πi(A, B) which ex-
presses quantification over the type variable Xi in the variable type A with
respect to a “universe” which is explicitly given as an additional parameter
B. We then solve a recursive equation involving this relative product to ob-
tain a universe in a suitably “absolute” sense: a game U with the requisite
closure properties to provide a model for System F.

It is also possible to prove a Full Completeness theorem for the ML types
(i.e. the universal closures of quantifier-free types). For this, further technical
details, and proofs of the results, we refer to the full version of this paper [4].

2 Background

2.1 Syntax of System F

We briefly review the syntax of System F. For further background information
we refer to [11].

Types (Formulas)

A ; ; = X | A→ B | ∀X. A

Typing Judgements Terms in context have the form

x1 : A1, . . . , xk : Ak � t : A
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Assumption

Γ, x : t � x : T

Implication

Γ, x : U � t : T

Γ � λx:U. t : U → T
(→− I) Γ � t : U → T Γ � u : U

Γ � tu : T
(→− E)

Second-order Quantification

Γ � t : A
Γ � ΛX. t : ∀X. A

(∀ − I) Γ � t : ∀X. A
Γ � t{B} : A[B/X ]

(∀ −E)

The (∀− I) rule is subject to the usual eigenvariable condition, that X does not
occur free in Γ .
The following isomorphism is definable in System F:

∀X. A→ B ∼= A→ ∀X. B (X �∈ FV(A)).

This allows us to use the following normal form for types:

∀X. T1 → · · · → Tk → X (k ≥ 0)

where each Ti is inductively of the same form.

2.2 Notation

We write ω for the set of natural numbers.
We shall use vector notation, writing A for a list A1, . . . , Ak.
If X is a set, X∗ is the set of finite sequences (words, strings) over X . We

use s, t, u, v to denote sequences, and a, b, c, d, m, n to denote elements of
these sequences. Concatenation of sequences is indicated by juxtaposition, and
we don’t distinguish notationally between an element and the corresponding unit
sequence. Thus as denotes the sequence with first element a and tail s. However,
we will sometimes write a ·s or s ·a to give the name a to the first or last element
of a sequence.

If f : X −→ Y then f∗ : X∗ −→ Y ∗ is the unique monoid homomorphism
extending f . We write |s| for the length of a finite sequence, and si for the ith
element of s, 1 ≤ i ≤ |s|. We write numoccs(a, s) for the number of occurrences
of a in the sequence s.

We write s � t if s is a prefix of t, i.e. t = su for some u. We write s �even t
if s is an even-length prefix of t. Pref(S) is the set of prefixes of elements of
S ⊆ X∗. S is prefix-closed if S = Pref(S).
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3 Variable Games and Substitution

3.1 A Universe of Moves

We fix an algebraic signature consisting of the following set of unary operations:

p, q, {li | i ∈ ω}, r.

We takeM to be the algebra over this signature freely generated by ω. Explicitly,
M has the following “concrete syntax”:

m ::= i (i ∈ ω) | p(m) | q(m) | li(m) (i ∈ ω) | r(m).

For any algebra (A, pA, qA, {lA
i | i ∈ ω}, rA) and map f : ω −→ A, there is a

unique homomorphism f † :M−→ A extending f , defined by:

f †(i) = f(i), f †(φ(m)) = φA(f †(m)) (φ ∈ {p, q, r} ∪ {li | i ∈ ω}).

We now define a number of maps onM by this means.

– The labelling map λ : M −→ {P, O}. The polarity algebra on the carrier
{P, O} interprets p, q, r as the identity, and each li as the involution (̄ ),
where P̄ = O, Ō = P . The map on the generators is the constant map
sending each i to O.

– The map ρ : M −→ ω sends each move to the unique generator occurring
in it. All the unary operations are interpreted as the identity, and the map
on generators is the identity.

– The substitution map. For each move m′ ∈M, there is a map

hm′ :M−→M

induced by the constant map on ω which sends each i to m′. We write m[m′]
for hm′(m).

– An alternative form of substitution is written m[m′/i]. This is induced by
the map which send i to m′, and is the identity on all j �= i.

Proposition 1. Substitution interacts with λ and ρ as follows.

1. λ(m[m′]) =
{

λ(m′) if λ(m) = P
λ(m′) if λ(m) = O

2. ρ(m[m′]) = ρ(m′).

We extend the notions of substitution pointwise to sequences and sets of se-
quences of moves in the evident fashion.
We say that m1, m2 ∈ M are unifiable if for some m3, m4 ∈ M, m1[m3] =
m2[m4]. A set S ⊆ M is unambiguous if whenever m1, m2 ∈ S are unifiable,
m1 = m2.
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Given a subset S ⊆M and i ∈ ω, we write

Si = {m ∈ S | ρ(m) = i}.
We define a notion of projection of a sequence of moves s onto a move m induc-
tively as follows:

ε �m = ε
m[m′] · s � m = m′ · (s�m)
m′ · s � m = s�m, ∀m′′. m′ �= m[m′′].

Dually, given an unambiguous set of moves S, and a sequence of moves s in
which every move has the form m[m′] for some m ∈ S (necessarily unique since
S is unambiguous), we define a projection s�S inductively as follows:

ε �S = ε
m[m′] · s �S = m · (s�S) (m ∈ S ∧ ρ(m) > 0)
m[m′] · s �S = m[m′] · (s�S) (m ∈ S0)

3.2 Variable Games

A variable game is a structure

A = (OA, PA,≈A)

where:

– OA ⊆ M is an unambiguous set of moves: the occurrences of A. We then
define:
• λA = λ�OA.
• ρA = ρ�OA.
• MA = {m[m′] | m ∈ O0

A ∧ m′ ∈M} ∪ ⋃
j>0Oj

A.
– PA is a non-empty prefix-closed subset of M∗

A satisfying the following form
of alternation condition: the odd-numbered moves in a play are moves by O,
while the even-numbered moves are by P . Here we regard the first, third,
fifth, . . . occurrences of a move m in a sequence as being by λA(m), while
the second, fourth, sixth . . . occurrences are by the other player.

– ≈A is an equivalence relation on PA such that:

(e1) s ≈A t =⇒ s←→ t
(e2) ss′ ≈A tt′ ∧ |s| = |t| =⇒ s ≈A t
(e3) s ≈A t ∧ sa ∈ PA =⇒ ∃b. sa ≈A tb.

Here s←→ t holds if

s = 〈m1, . . . , mk〉, t = 〈m′
1, . . . , m

′
k〉

and the correspondence mi ←→ m′
i is bijective and preserves λA and ρA.

We write
π : s←→ t

to give the name π to the bijective correspondence mi ←→ m′
i.
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A move m ∈ Oi
A, i > 0, is an occurrence of the type variable Xi, while m ∈ O0

A

is a bound occurrence.
The set of variable games is denoted by G(ω). The set of those games A for

which the range of ρA is included in {0, . . . , k} is denoted by G(k). Note that if
k ≤ l, then

G(k) ⊆ G(l) ⊆ G(ω).

G(0) is the set of closed games.

Comparison with AJM games The above definition of game differs from that in
[5] in several minor respects.

1. The notion of bracketing condition, requiring a classification of moves as
questions or answers, has been omitted. This is because we are dealing here
with pure type theories, with no notion of “ground data types”.

2. The alternation condition has been modified: we still have strict OP -alterna-
tion of moves, but now successive occurrences of moves within a sequence
are regarded as themselves having alternating polarities. Since in the PCF
games in [5] moves in fact only occur once in any play, they do fall within the
present formulation. The reason for the revised formulation is that moves in
variable games are to be seen as occurrences of type variables, which can be
expanded into plays at an instance.

3. We have replaced the condition (e1) from [5] with a slightly stronger condi-
tion, which is in fact satisfied by the games in [5].

3.3 Constructions on Games

Since variable games are essentially just AJM games with some additional struc-
ture on moves, the cartesian closed structure on AJM games can be lifted straigh-
forwardly to variable games.

Unit Type The unit type 1 is the empty game.

1 = (∅, {ε}, {(ε, ε)}).

Product The product A&B is the disjoint union of games.

OA&B = {p(m) | m ∈ OA} ∪ {q(m) | m ∈ OB}

PA&B = {p∗(s) | s ∈ PA} ∪ {q∗(t) | t ∈ PB}

p∗(s) ≈A&B p∗(t) ≡ s ≈A t q∗(s) ≈A&B q∗(t) ≡ s ≈B t.
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Function Space The function space A⇒ B is defined as follows.

OA⇒B = {li(m) | i ∈ ω ∧ m ∈ OA} ∪ {r(m) | m ∈ OB}.

PA⇒B is defined to be the set of all sequences in M∗
A⇒B satisfying the alternation

condition, and such that:

– ∀i ∈ ω. s�li(1) ∈ PA.
– s�r(1) ∈ PB.

Let S = {li(1) | i ∈ ω} ∪ {r(1)}. Note that S is unambiguous. Given a permu-
tation α on ω, we define

ᾰ(li(1)) = lα(i)(1), ᾰ(r(1)) = r(1).

The equivalence relation s ≈A⇒B t is defined by the condition

∃α ∈ S(ω). ᾰ∗(s�S) = t�S ∧ s�r(1) ≈B t�r(1) ∧ ∀i ∈ ω. s�li(1) ≈A t�lα(i)(1)).

This is essentially identical to the definition in [5]. The only difference is that
we use the revised version of the alternation condition in defining the positions,
and that we define A ⇒ B directly, rather than via the linear connectives �
and !.

3.4 Substitution

Given A ∈ G(k), and B = B1, . . . , Bk ∈ G(l), we define A[B] ∈ G(l) as follows.

OA[B] = O0
A ∪

k⋃
i=1

{m[m′] | m ∈ Oi
A ∧ m′ ∈ OAi}.

PA[B] = {s ∈M∗
A[B] | s�A ∈ PA ∧ ∀i : 1 ≤ i ≤ k. ∀m ∈ Oi

A. s�m ∈ PBi}

s ≈A[B] t ≡ s�A ≈A t�A
∧
π : s�A←→ t�A =⇒ ∀i : 1 ≤ i ≤ k. ∀m ∈ Oi

A. s�m ≈Bi t�π(m).

Here by convenient abuse of notation we write s�A for s�OA.
Note that the above definitions would still make sense if we took k = ω

and/or l = ω, so that, for example, there is a well-defined operation

G(ω)× G(ω)ω −→ G(ω).

In practice, the finitary versions will be more useful for our purposes here, as
they correspond to the finitary syntax of System F.
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3.5 Properties of Substitution

Proposition 2. If A ∈ G(k), B1, . . . , Bk ∈ G(l), and C1, . . . , Cl ∈ G(m), then:

A[B1[C], . . . , Bk[C]] = (A[B1, . . . , Bk])[C].

For each i > 0 we define the variable game Xi as follows.

OXi = {i}
PXi = M∗

Xi

s ≈Xi t ≡ s = t

Proposition 3. 1. For all B1, . . . Bk ∈ G(ω), i ≤ k: Xi[B1, . . . Bk] = Bi.
2. For all A ∈ G(k): A[X1, . . . , Xk] = A.

We can define a useful variant of substitution by:

A[B/Xi] = A[X1, . . . , Xi−1, B, Xi+1, . . . , Xk]

for A ∈ G(k), 1 ≤ i ≤ k.

Proposition 4. The cartesian closed structure commutes with substitution:

1. (A⇒ B)[C] = A[C]⇒ B[C]
2. (A& B)[C] = A[C] & B[C].

Combining Propositions 3 and 4, we obtain:

Proposition 5. The cartesian closed constructions can be obtained by substitu-
tion from their generic forms:

1. A⇒ B = X1 ⇒ X2[A, B]
2. A& B = X1 & X2[A, B].

4 Constructing a Universe for Polymorphism

4.1 The Inclusion Order

We define A � B by:

– OA ⊆ OB

– PA ⊆ PB

– s ≈A t ⇐⇒ s ∈ PA ∧ s ≈B t

The inclusion order is useful in the following context. Suppose we fix a “big
game” U to serve as a “universe”. Define a sub-game of U to be a game of the
form

A = (OU , PA,≈U ∩P 2
A),
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where PA ⊆ PU , and

s ∈ PA ∧ s ≈U t =⇒ t ∈ PA.

Thus sub-games of U are completely determined by their sets of positions. We
write Sub(U) for the set of sub-games of U . Note that, for A, B ∈ Sub(U):

A � B ⇐⇒ PA ⊆ PB .

Proposition 6. 1. Sub(U) is a complete lattice, with meets and joins given by
intersections and unions respectively.

2. If S ⊆ PU , then the least sub-game A ∈ Sub(U) such that S ⊆ PA is defined
by

PA = {u | ∃s ∈ S. ∃t. t � s ∧ u ≈U t}.
It is straightforward to verify that function space and product are monotonic
with respect to the inclusion order. This leads to the following point, which will
be important for our model construction.

Proposition 7. Suppose that U is such that

U ⇒ U � U , U &U � U , 1 � U .

Then Sub(U) is closed under these constructions.

Adjoints of substitution Let A be a variable game, and s ∈ PA[U/Xi]. We can use
the substitution structure to compute the least instance B (with respect to � )
such that s ∈ PA[B/Xi]. We define

A∗
i (s) = {t | ∃u. ∃m ∈ Oi

A. t ≈ u ∧ u � s�m}

Proposition 8. With notation as in the preceding paragraph, let B = A∗
i (s).

1. s ∈ PA[B/Xi].
2. s ∈ PA[C/Xi] =⇒ B � C.

4.2 The Relative Polymorphic Product

Given A, B ∈ G(ω) and i > 0, we define the relative polymorphic product
Πi(A, B) (the “second-order quantification over Xi in the variable type A relative
to the universe B”) as follows.

OΠi(A,B) = OA[0/i] = {m[0/i] | m ∈ OA}.

PΠi(A,B) = {s ∈ PA[B/Xi] | ∀t · a �even s. A∗
i (t · a) = A∗

i (t)}
s ≈Πi(A,B) t ⇐⇒ s ≈A[B/Xi] t.
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To understand the definition of PΠi(A,B), it is helpful to consider the following
alternative, inductive definition (cf. [2]):

PΠi(A,B) = {ε}
∪ {sa | s ∈ P even

Πi(A,B) ∧ ∃C ∈ Sub(B). sa ∈ PA[C]}
∪ {sab | sa ∈ P odd

Πi(A,B) ∧ ∀C ∈ Sub(B). sa ∈ PA[C] ⇒ sab ∈ PA[C]}
The first clause in the definition of PΠ(F ) is the basis of the induction. The second
clause refers to positions in which it is Opponent’s turn to move. It says that
Opponent may play in any way which is valid in some instance. The final clause
refers to positions in which it is Player’s turn to move. It says that Player can
only move in a fashion which is valid in every possible instance. The equivalence
of this definition to the one given above follows easily from Proposition 8.

Intuitively, this definition says that initially, nothing is known about which
instance we are playing in. Opponent progressively reveals the “game board” ;
at each stage, Player is constrained to play within the instance thus far revealed
by Opponent.

The advantage of the definition we have given above is that it avoids quan-
tification over subgames of B in favour of purely local conditions on the plays.

Proposition 9. The relative polymorphic product commutes with substitution.

1. Πi(A, B)[C/Xi] = Πi(A, B).
2. If A ∈ G(k + 1) and C1, . . . , Ck ∈ G(n), then:

Πk+1(A, B)[C ] = Πn+1(A[C, Xn+1], B).

4.3 A Domain Equation for System F

We define a variable game U ∈ G(ω) of System F types by the following recursive
equation:

U = &i>0Xi & 1 & (U &U) & (U ⇒ U) & &i>0Πi(U ,U).

Explicitly, U is being defined as the least fixed point of a function F : G(ω) −→
G(ω). The theory developed in [8] can be used to guarantee the existence of this
least fixpoint.

We can then define second-order quantification by:

∀Xi. A
�= Πi(A,U).

Although it is not literally the case that

Xi � U , U ⇒ U � U , etc.

for trivial reasons of how disjoint union is defined, with a little adjustment of
definitions we can arrange things so that we indeed have

• Xi � U
• 1 � U
• A, B � U =⇒ A& B � U &U � U
• A, B � U =⇒ A⇒ B � U ⇒ U � U
• A � U =⇒ ∀Xi. A = Πi(A,U) � Πi(U ,U) � U .
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Thus we get a direct inductive definition of the types of System F as sub-games
of U .

Moreover, if A and B are (the variable games corresponding to) System F
types, then a simple induction on the structure of A using Propositions 3, 4
and 9 shows that

A[B/Xi] � U ,

and similarly for simultaneous substitution.

5 Strategies

Fix a variable game A. Let
g : OA −⇀ OA

be a partial function. We can extend g to a partial function

ĝ : MA[U] −⇀ MA[U]

by

ĝ(m[m′]) =
{

g(m)[m′], g(m) defined
undefined otherwise

Now we can define a set of plays σg ⊆M∗
A[U] inductively as follows:

σg = {ε} ∪ {sab | s ∈ σg ∧ sa ∈ PA[U] ∧ ĝ(a) = b}.
For all B � U , we can define the restriction of σg to B by:

σB = {ε} ∪ {sab ∈ σg | sa ∈ PA[B]}.
(Note that σg = σU in this notation.) We say that σg is a generic strategy for
A, and write σg : A, if the following restriction condition is satisfied:

– σB ⊆ PA[B] for all B � U , so that the restrictions are well-defined.

Note that σ = σg has the following properties.

– σ is a non-empty set of even-length sequences, closed under even-length
prefixes.

– σ is deterministic, meaning that

sab ∈ σ ∧ sac ∈ σ ⇒ b = c.

– σ is history-free, meaning that

sab ∈ σ ∧ t ∈ σ ∧ ta ∈ PA[U ] ⇒ tab ∈ σ.

– σ is generic:

s·m1[m′
1]·m2[m′

2] ∈ σ ∧ t ∈ σ ∧ t·m1[m′′
1 ] ∈ PA[U ] ⇒ t·m1[m′′

1 ]·m2[m′′
1 ] ∈ σ.
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These conditions imply that

s ·m1[m′
1] ·m2[m′

2] ∈ σ ⇒ m′
1 = m′

2).

Moreover, for any set σ ⊆ PA[U] satisfying the above conditions, there is a least
partial function g : OA −⇀ OA such that σ = σg. This function can be defined
explicitly by

g(m1) = m2 ⇐⇒ ∃s. s ·m1[a] ·m2[a] ∈ σ.

The equivalence ≈A on plays can be lifted to a partial equivalence (i.e. a
symmetric and transitive relation) on strategies on A, which we also write as
≈. This is defined most conveniently in terms of a partial pre-order (transitive
relation) �, which is defined as follows.

σ � τ ≡ sab ∈ σ ∧ t ∈ τ ∧ sa ≈A ta′ =⇒ ∃b′. ta′b′ ∈ τ ∧ sab ≈A ta′b′.

We can then define
σ ≈ τ ≡ σ � τ ∧ τ � σ.

A basic well-formedness condition on strategies σ is that they satisfy this re-
lation, meaning σ ≈ σ. Note that for a generic strategy σ = σU , using the
equivalence on plays in A[U ]:

σ ≈ σ =⇒ σB ≈ σB for all B � U .

A cartesian closed category of games is constructed by taking partial equivalence
classes of strategies, i.e. strategies modulo ≈, as morphisms. See [5] for details.

5.1 Copy-Cat Strategies

One additional property of strategies will be important for our purposes. A
partial function f : X −⇀ X is said to be a partial involution if it is symmetric,
i.e. if

f(x) = y ⇐⇒ f(y) = x.

It is fixed-point free if we never have f(x) = x. Note that fixed-point free par-
tial involutions on a set X are in bijective correspondence with pairwise disjoint
families {xi, yi}i∈I of two-element subsets of X (i.e. the set of pairs {x, y} such
that f(x) = y, and hence also f(y) = x). Thus they can thought of as “abstract
systems of axiom links”. See [6,7] where a combinatory algebra of partial invo-
lutions is introduced, and an extensive study is made of realizability over this
combinatory algebra.

For us, the important correspondence is with copy-cat strategies, first iden-
tified in [3] as central to the game-semantical analysis of proofs (and so-named
there). We say that σ is a copy-cat strategy if σ = σg where g is a fixed-point
free partial involution.

Lemma 1 (The Copy-Cat Lemma). Let σg : A be a generic copy-cat strat-
egy. If g(m) = m′, then for all s ∈ σ:

s�m = s�m′.
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6 The Model

We shall use the hyperdoctrine formulation of model of System F, as originally
proposed by Seeley [22] based on Lawvere’s notion of hyperdoctrines [14], and
simplified by Pitts [18].

We begin by defining:

GU (k) = Sub(U) ∩ G(k),

where U is the universe of System F types constructed in Section 6.

6.1 The Base Category

We firstly define a base category B. The objects are natural numbers. A mor-
phism n −→ m is an m-tuple

〈A1, . . . , Am〉, Ai ∈ GU (n), 1 ≤ i ≤ m.

Composition of 〈A1, . . . , Am〉 : n −→ m with 〈B1, . . . , An〉 : k −→ n is by
substitution:

〈A1, . . . , Am〉 ◦B = 〈A1[B], . . . , Am[B]〉 : k −→ m.

The identities are given by:

idn = 〈X1, . . . , Xn〉.

Note that variables act as projections:

Xi : n −→ 1

and we can define pairing by

〈A, B〉 = 〈A1, . . . , An, B1, . . . , Bm〉 : k −→ m + n

where
〈A1, . . . , Am〉 : k −→ n, 〈B1, . . . , Bm〉 : k −→ m.

Thus this category has finite products, and is generated by the object 1, in the
sense that all objects are finite powers of 1.

6.2 The Indexed CCC

Nest, we define a functor
C : B

op −→ CCC

where CCC is the category of cartesian closed categories with specified products
and exponentials, and functors preserving this specified structure.
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The cartesian closed category C(k) has as objects GU (k). Note that the objects
of C(k) are the morphisms B(k, 1); this is part of the Seeley-Pitts definition.

The cartesian closed structure at the object level is given by the constructions
on variable games which we have already defined: A⇒ B, A& B, 1. Note that
GU (k) is closed under these constructions by Proposition 7.

A morphism A −→ B in C(k) is a generic copy-cat strategy σ : A ⇒ B.
Recall that this is actually defined at the “global instance” U :

σ = σU : (A⇒ B)[U ] = A[U ]⇒ B[U ].

More precisely, morphisms are partial equivalence classes of strategies modulo
≈.

The cartesian closed structure at the level of morphisms is defined exactly
as in [5].

Reindexing It remains to describe the functorial action of morphisms in B. For
each C : n→ m, we must define a cartesian closed functor

C∗ : C(m) −→ C(n).

We define:
C∗(A) = A[C].

If σ : A⇒ B,

C∗(σ) = σC : (A⇒ B)[C] = A[C]⇒ B[C].

For functoriality, note that

C∗(σ) ◦C∗(τ) = σC ◦ τC = (σ ◦ τ)C = C∗(σ ◦ τ).

By Proposition 4, C∗ preserves the cartesian closed structure.

6.3 Quantifiers as Adjoints

The second-order quantifiers are interpreted as right adjoints to projections. For
each n, we have the projection morphism

〈X1, . . . , Xn〉 : n + 1 −→ n

in B. This yields a functor

X∗ : C(n) −→ C(n + 1).

We must specify a right adjoint

Πn : C(n + 1) −→ C(n)
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to this functor. For A ∈ GU (n + 1), we define

Πn(A) = ∀Xn+1. A.

To verify the universal property, for each C ∈ GU (n) we must establish a bijection

Λ : C(n)(C, ∀Xn+1. A)
∼=−→ C(n + 1)(X∗(C), A).

Concretely, note firstly that

X∗(C) = C[X ] = C.

Next, note that in both hom-sets the strategies are subsets of PC[U ]⇒A[U,U/Xn+1].
In the case of generic strategies σ into A, these are subject to the constraint of
the restriction condition: that is, for each instance B, B,

σB,B ⊆ PC[B]⇒A[B,B].

In the case of strategies σ into ∀Xn+1. A, these are subject to the constraint that
for each instance B,

σB ⊆ PC[B]⇒∀Xn+1. A[B,Xn+1].

The equivalence of these conditions follows straightforwardly from Proposition 8.
This shows that the required correspondence between these hom-sets is simply
the identity (which also disposes of the naturality requirements)!

Naturality (Beck-Chevalley) Finally, we must show that the family of right ad-
joints Πn form an indexed (or fibred) adjunction. This amounts to the following:
for each α : m −→ n in B, we must show that

α∗ ◦Πn = Πm ◦ (α× id1)∗.

Concretely, if α = C, we must show that for each A ∈ GU (n + 1),

(∀Xn+1. A)[C] = ∀Xm+1. A[C, Xm+1].

This is Proposition 9.

Remark We are now in a position to understand the logical significance of the
relative polymorphic product Πi(A, B). We could define

GB(k) = Sub(B) ∩ G(k),

and obtain an indexed category CB(k) based on GB(k) instead of GU (k). We
would still have an adjunction

G(n)(C, Πn+1(A, B)) ∼= CB(n + 1)(X∗(C), A).
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However, in general B would not have sufficiently strong closure properties to
give rise to a model of System F. Obviously, Sub(B) must be closed under the
cartesian closed operations of product and function space. More subtly, Sub(B)
must be closed under the polymorphic product Πi(−, B). (This is, essentially,
the “small completeness” issue [13], although our ambient category of games
does not have the requisite exactness properties to allow our construction to be
internalised in the style of realizability models.1) This circularity, which directly
reflects the impredicativity of System F, is resolved by the recursive definition
of U .

7 Homomorphisms

We shall now view games as structures, and introduce a natural notion of homo-
morphism between games. These will serve as a useful auxiliary tool in obtaining
our results on genericity.

A homomorphism h : A −→ B is a function

h : PA −→ PB

which is

– length-preserving : |h(s)| = |s|
– prefix-preserving : s � t ⇒ h(s) � h(t)
– equivalence-preserving: s ≈ t ⇒ h(s) ≈ h(t).

There is an evident category Games with variable games as objects, and
homomorphisms as arrows.

Lemma 2 (Play Reconstruction Lemma). Let A, B be variable games. If
we are given s ∈ PA, and for each m ∈ Oi

A, a play tm ∈ PB with |tm| =
numoccs(m, s), then there is a unique u ∈ PA[B/Xi] such that:

u�A = s, u�m = tm (m ∈ Oi
A).

This Lemma makes it easy to define a functorial action of variable games on
homomorphisms. Let A be a variable game, and h : B −→ C a homomorphism.
We define

A(h) : A[B/Xi] −→ A[C/Xi]

by A(h)(s) = t, where

t�A = s�A, t�m = h(s�m), (m ∈ Oi
A).

1 However, by the result of Pitts [18], any hyperdoctrine model can be fully and
faithfully embedded in an (intuitionistic) set-theoretic model.
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Lemma 3 (Functoriality Lemma). A(h) is a well-defined homomorphism,
and moreover this action is functorial:

A(g ◦ h) = A(g) ◦A(h), A(idB) = idA[B/Xi].

The second important property is that homomorphisms preserve plays of generic
strategies.

Lemma 4 (Homomorphism Lemma). Let A be a variable game, σ : A a
generic strategy, and h : C −→ D a homomorphism. Then

s ∈ σA[C/Xi] =⇒ h(s) ∈ σA[D/Xi].

8 Genericity

Our aim in this section is to show that there are generic types in our model, and
indeed that, in a sense to be made precise, most types are generic.

We fix a variable game A ∈ G(1). Out aim is to find conditions on variable
games B which imply that, for generic strategies σ, τ : A:

σB ≈ τB =⇒ Λ(σ) ≈ Λ(τ) : ∀X. A.

Since, as explained in Section 8.3,

Λ(σ) = σ = σU ,

this reduces to proving the implication

σB ≈ τB =⇒ σU ≈ τU .

Our basic result is the following.

Lemma 5 (Genericity Lemma). If there is a homomorphism h : U −→ B,
then B is generic.

Remark The Genericity Lemma applies to any variable type A; in particular,
it is not required that A be a sub-game of U . Thus our analysis of genericity is
quite robust, and in particular is not limited to System F.

We define the infinite plays over a game A as follows: s ∈ P∞
A if every finite

prefix of s is in PA. We can use this notion to give a simple sufficient condition
for the hypothesis of the Genericity Lemma to hold.

Lemma 6. If P∞
B �= ∅, then B is generic.

We now apply these ideas to the denotations of System F types, the objective
being to show that “most” System F types denote generic instances in the model.
Firstly, we define a notion of length for games, which we then transfer to types
via their denotations as games.
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We define

|A| = sup{|s| | s ∈ PA}.
Note that |A| ≤ ω.

We now show that any System F type whose denotation admits plays of
length greater than 2 is in fact generic!

Lemma 7 (One, Two, Infinity Lemma). If |T | > 2, then T is generic.

We now give explicit syntactic conditions on System F types which imply
that they are generic.

Proposition 10. Let T = ∀X. T1 → · · · → Tk → X.

1. If for some i : 1 ≤ i ≤ k, Ti = ∀Y . U1 → · · · → Ul → X, then T is generic.
2. If for some i : 1 ≤ i ≤ k, Ti = ∀Y . U1 → · · · → Ul → Y , and for some

j : 1 ≤ j ≤ l, Uj = ∀Z. V1 → · · · → Vm → W , where W is either some
Zp ∈ Z, or Y , or some Xq ∈ X, then T is generic.

We apply this to the simple and familiar case of “ML types”.

Corollary 1. Let T = ∀X. U , where U is built from the type variable X and →.
If U is non-trivial (i.e. it is not just X), then T is generic.

Examples The following are all examples of generic types.

– ∀X. X → X

– ∀X. (X → X)→ X

– ∀X. (∀Y.Y → Y → Y )→ X .

Non-examples The following illustrate the (rather pathological) types which do
not fall under the scope of the above results. Note that the first two both have
length 1; while the third has length 2.

– ∀X.X

– ∀X.∀Y. X → Y .
– ∀X. X → ∀X. X

Remark An interesting point illustrated by these examples is that our conditions
on types are orthogonal to the issue of whether the types are inhabited in System
F. Thus the type ∀X. (X → X)→ X is not inhabited in System F, but is generic
in the games model, while the type ∀X. X → ∀X. X is inhabited in System F,
but does not satisfy our conditions for genericity.
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9 Related Work

A game semantics for System F was developed by Dominic Hughes in his D.Phil.
thesis [12]. A common feature of his approach with ours’ is that both give a direct
interpretation of open types as certain games, and of type substitution as an
operation on games. However, his approach is in a sense rather closer to syntax;
it involves carrying type information in the moves, and the resulting model is
much more complex. For example, showing that strategies in the model are closed
under composition is a major undertaking. Moreover, the main result in [12] is
a full completeness theorem essentially stating that the model is isomorphic to
the term model of System F (with βη-equivalence), modulo types being reduced
to their normal forms. As observed by Longo [16], the term model of System F
does not satisfy Genericity; in fact, it does not satisfy Axiom (C). It seems that
the presence of explicit type information in the moves will preclude the model in
[12] from having genericity properties comparable to those we have established
for our model.
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Abstract. We introduce the notion of containers as a mathematical formalisation
of the idea that many important datatypes consist of templates where data is
stored. We show that containers have good closure properties under a variety of
constructions including the formation of initial algebras and final coalgebras. We
also show that containers include strictly positive types and shapely types but that
there are containers which do not correspond to either of these. Further, we derive
a representation result classifying the nature of polymorphic functions between
containers. We finish this paper with an application to the theory of shapely types
and refer to a forthcoming paper which applies this theory to differentiable types.

1 Introduction

Any element of the type List(X) of lists over X can be uniquely written as a natural
number n given by the length of the list, together with a function {1, . . . ,n}→ X which
labels each position within the list with an element from X :

n : N , σ :{1 . .n}→ X .

Similarly, any binary tree tree can be described by its underlying shape which is
obtained by deleting the data stored at the leaves with a function mapping the positions
in this shape to the data thus:

•
• x3

x1 x2

∼=
•

•
x1

x2

x3
X

.

More generally, we are led to consider datatypes which are given by a set of shapes S
and, for each s ∈ S, a family of positions P(s). This presentation of the datatype defines
an endofunctor X �→ ∐

s∈S XP(s) on Set. In this paper we formalise these intuitions
by considering families of objects in a locally cartesian closed category C, where the
family s : S � P(s) is represented by an object P ∈ C/S, and the associated functor
TS�P : C→ C is defined by TS�PX ≡ Σs : S.(P(s)⇒ X).

We begin by constructing a category G of “containers”, ie syntactic presentations
of shapes and positions, and define a full and faithful functor T to the category of
endofunctors of C. Given that polymorphic functions are natural transformations, full
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and faithfulness allows us to classify polymorphic functions between container functors
in terms of their action on the shapes and positions of the underlying containers.

We show that G is complete and cocomplete and that limits and coproducts are
preserved by T . This immediately shows that i) container types are closed under
products, coproducts and subset types; and ii) this semantics is compositional in that
the semantics of a datatype is constructed canonically from the semantics of its parts.
The construction of initial algebras and final coalgebras of containers requires, firstly,
the definition of containers with multiple parameters and, secondly, a detailed analysis
of when T preserves limits and colimits of certain filtered diagrams.

We conclude the paper by relating containers to the shapely types of Jay and Cockett
(1994) and Jay (1995). The definition of shapely types does not require the hypothesis
of local cartesian closure which we assume, but when C is locally cartesian closed then
it turns out that the shapely types are precisely the functors generated by the “discretely
finite” containers. A container is discretely finite precisely when each of its objects of
positions is locally isomorphic to a finite cardinal.

Further, we gain much by the introduction of extra categorical structure, e.g. the
ability to form initial algebras and final coalgebras of containers and the representation
result concerning natural transformations between containers. Unlike containers,
shapely types are not closed under the construction of coinductive types, since the
position object of an infinite list cannot be discretely finite.

In this paper we assume that C is locally finitely presentable (lfp), hence complete
and cocomplete, which excludes several interesting examples including Scott domains
and realisability models. Here we use the lfp structure for the construction of initial
algebras and final coalgebras. In future work we expect to replace this assumption with
a more delicate treatment of induction using internal structure.

Another application of containers is as a foundation for generic programming within
a dependently typed programming framework (Altenkirch and McBride, 2002). An
instance of this theme, the derivatives of functors as suggested in McBride (2001), is
developed in Abbott et al. (2003) using the material presented here.

The use of the word container to refer to a class of datatypes can be found in
Hoogendijk and de Moor (2000) who investigated them in a relational setting: their
containers are actually closed under quotienting. Containers as introduced here are
closely related to analytical functors, which were introduced by Joyal, see Hasegawa
(2002). Here we consider them in a more general setting by looking at locally
cartesian categories with some additional properties. In the case of Set containers are
a generalisation of normal functors, closing them under quotients would generalise
analytical functors.

In summary, this paper makes the following contributions:

– We develop a new and generic concept of what a container is which is applicable
to a wide range of semantic domains.

– We give a representation theorem (Theorem 3.4) which provides a simple analysis
of polymorphic functions between datatypes.

– We show a number of closure properties of the category of containers which allow
us to interpret all strictly positive types by containers.
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– We lay the foundation for a theory of generic programming; a first application is
the theory of differentiable datatypes as presented in Abbott et al. (2003).

– We show that Jay and Cockett’s shapely types are all containers.

2 Definitions and Notation

This paper implicitly uses the machinery of fibrations (Jacobs 1999, Borceux 1994,
chapter 8, etc) to develop the key properties of container categories, and in particular
the fullness of the functor T relies on the use of fibred natural transformations. This
section collects together the key definitions and results required in this paper.

Given a category with finite limits C, refer to the slice category C/A over A ∈ C as
the fibre of C over A. Pullbacks in C allow us to lift each f :A→ B in C to a pullback or
reindexing functor f ∗ :C/B→C/A. Assigning a fibre category to each object of C and
a reindexing functor to each morphism of C is (subject to certain coherence equations)
a presentation of a fibration over C.

Composition with f yields a functor Σ f :C/A→C/B left adjoint to f ∗. C is locally
cartesian closed iff each fibre of C is cartesian closed, or equivalently, if each pullback
functor f ∗ has a right adjoint f ∗ 	Π f .

Each exponential category CI can in turn be regarded as fibred over C by taking
the fibre of CI over A ∈ C equal to (C/A)I . Now define [CI ,CJ] to be the category of
fibred functors F :CI→CJ and fibred natural transformations, where each F is a family
FA : (C/A)I→ (C/A)J such that ( f ∗)JFB

∼= FA( f ∗)I for each f :A→ B and similarly for
natural transformations.

Write a :A � B(a) or even just A � B for B∈C/A. We’ll write a :A,b :B(a) �C(a,b)
as a shorthand for (a,b) : ΣAB � C(a,b). When dealing with a collection Ai for i ∈ I,
we’ll write this as (Ai)i∈I or �A or even just A. Write Σa : A and Πa : A for the Σ and
Π types corresponding to the adjoints to reindexing. Substitution in variables will be
used interchangeably with substitution by pullback, so A � f ∗B may also be written
as a : A � B( f (a)) or a : A � B( f a). The signs

∐
and ∏ will be used for coproducts

and products respectively over external sets, while Σ and Π refer to the corresponding
internal constructions in C. See Hofmann (1997) for a more detailed explanation of the
interaction between type theory and semantics assumed in this paper.

Limits and colimits are fibred iff they exist in each fibre and are preserved by
reindexing functors. Limits and colimits in a locally cartesian closed category C are
automatically fibred. This useful result allows us to omit the qualification that limits
and colimits be “fibred” throughout this paper.

When C is locally cartesian closed say that coproducts are disjoint (or equivalently
that C is extensive)1 iff the pullback of distinct coprojections κi : Ai →

∐
i∈I Ai into

a coproduct is always the initial object 0. Henceforth, we’ll assume that C has finite
limits, is locally cartesian closed and has disjoint coproducts. The following notion of
“disjoint fibres” follows from disjoint coproducts.

1 For general C, coproducts are disjoint iff coprojections are also mono, and C is extensive iff
coproducts are disjoint and are preserved by pullbacks.
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Proposition 2.1. If C has disjoint coproducts then the functor �κ∗ : C/
∐

i∈I Ai →
∏i∈I(C/Ai), taking

∐
i∈I Ai � B to (Ai � κ∗i B)i∈I , is an equivalence. Say that C has

disjoint fibres when this holds.

Write ◦∐ : ∏i∈I(C/Ai)→C/
∐

i∈I Ai for the adjoint to �κ∗ and − ◦+− for the binary case.
Note that ◦∐i∈IBi

∼= ∐
i∈I ΣκiBi for (Ai � Bi)i∈I ∈∏i∈I(C/Ai).

The following lemma collects together some useful identities which hold in any
category considered in this paper.

Lemma 2.2. For extensive locally cartesian closed C the following isomorphisms hold
(IC stands for intensional choice, Cu for Curry and DF for disjoint fibres):

Πa : A.Σb : B(a).C(a,b)∼= Σ f : (Πa : A.B(a)).Πa : A.C(a, f a) (IC1)

∏i∈I Σb : Bi.Ci(b)∼= Σa :∏i∈I Bi.∏i∈I Ci(πia) (IC2)

Πa : A.(B(a)⇒C)∼= (Σa : A.B(a))⇒C (Cu1)

∏i∈I(Bi⇒C)∼= (∐
i∈I

Bi
)⇒C (Cu2)

( ◦
∐

i∈I
Bi

)
(κia)∼= Bi(a) (DF1)

∐
i∈I

Σa : Ai.C(κia)∼= Σa :
∐

i∈I
Ai.C(a) (DF2)

For technical convenience, a choice of pullbacks is assumed in C (this ensures that our
fibrations are cloven). Finally, note that we make essential use of classical set theory
with choice in the meta-theory in theorem 5.6 and proposition 6.6. It should be possible
to avoid this dependency by developing more of the theory internally to C.

3 Basic Properties of Containers

The basic notion of a container is a dependent pair of types A � B creating a functor
TA�BX ≡ Σa : A.(B(a)⇒ X). In order to understand a morphism of containers, consider
the map tail :ListX → 1 +ListX taking the empty list to 1 and otherwise yielding the
tail of the given list:

tail of list

x1 x2 x3 �→ x2 x3

This map is defined by i) a choice of shape in 1+ListX for each shape in ListX ; and ii)
for each position in the chosen shape a position in the original shape. Thus a morphism
of containers (A � B)→ (C � D) is a pair of morphisms (u :A→C, f :u∗D→B). With
this definition of a category G of containers we can construct a full and faithful functor
T :G → [C,C] and show the completeness properties discussed in the introduction.

However, when constructing fixed points it is also necessary to take account of
containers with parameters, so we define T :GI → [CI ,C] for each parameter index set
I. For the purposes of this paper the index set n or I will generally be a finite set, but this
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makes little difference. Indeed, it is straightforward to generalise the development in this
paper to the case where containers are parameterised by internal index objects I ∈ C;
when C has enough coproducts nothing is lost by doing this, since CI � C/

∐
i∈I 1.

This generalisation will be important for future developments of this theory, but is not
required in this paper.

Definition 3.1. Given an index set I define the category of containers GI as follows:

– Objects are pairs (A ∈ C, B ∈ (C/A)I); write this as (A � B) ∈ GI

– A morphism (A � B)→ (C � D) is a pair (u, f ) for u :A→C in C and f :(u∗)ID→B
in (C/A)I .

A container (A � B) ∈ GI can be written using type theoretic notation as

� A i : I, a : A � Bi(a) .

A morphism (u, f ) : (A � B)→ (C � D) can be written in type theoretic notation as

u : A→C i : I, a : A � fi(a) : Di(ua)→ Bi(a) .

Finally, each (A � B)∈GI , thought of as a syntactic presentation of a datatype, generates
a fibred functor TA�B : CI →C which is its semantics.

Definition 3.2. Define the container construction functor T : GI → [CI ,C] as follows.
Given (A � B) ∈ GI and X ∈ CI define

TA�BX ≡ Σa : A.∏i∈I(Bi(a)⇒ Xi) ,

and for (u, f ) : (A � B) → (C � D) define Tu, f : TA�B → TC�D to be the natural
transformation Tu, f X : TA�BX → TC�DX thus:

(a,g) : TA�BX � Tu, f X(a,g)≡ (u(a),(gi · fi)i∈I) .

The following proposition follows more or less immediately by the construction of T .

Proposition 3.3. For each container F ∈ GI and each container morphism α : F → G
the functor TF and natural transformation Tα are fibred over C.

By making essential use of the fact that the natural transformations in [CI,C] are fibred
(c.f. section 2) we can show that T is full and faithful.

Theorem 3.4. The functor T :GI → [CI ,C] is full and faithful.

Proof. To show that T is full and faithful it is sufficient to lift each natural
transformation α : TA�B → TC�D in [CI,C] to a map (uα , fα ) : (A � B)→ (C � D) in
GI and show this construction is inverse to T .

Given α : TA�B → TC�D construct � ≡ (a′, idB(a′)) ∈ TA�BB in the fibre C/A (or in
terms of type theory, add a′ : A to the context). We can now construct αB · � ∈ TC�DB =
Σc : C.∏i∈I(Di(c)⇒ Bi(a′)) in the same context, and write αB · � = (uα , fα ) where
uα(a′) :C and fα (a′) : ∏i∈I(Di(uα a′)⇒ Bi(a′)) for a′ : A.
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Thus (uα , fα ) can be understood as a morphism (A � B)→ (C � D) in GI . It remains
to show that this construction is inverse to T .

When α = Tu, f , just evaluate αB ·� = (ua′, id · f ), which corresponds to the original
map (u, f ).

To show in general that α = Tuα , fα , let X ∈ CI , a : A and g : ∏i∈I(Bi(a)⇒ Xi) be
given, consider the diagram

1
�

(uα a, fα(a))

TA�BB
TA�Bg

αB

TA�BX

αX

TC�DB
TC�Dg

TC�DX

and evaluate

αX · (a,g) = αX ·TA�Bg · � = TC�Dg ·αB · � = TC�Dg · (uα a, fα(a))
= (uα a,g · fα (a)) = Tuα , fα X · (a,g) .

This shows that α = Tuα , fα as required.

This theorem gives a particularly simple analysis of polymorphic functions between
container functors. For example, it is easy to observe that there are precisely nm

polymorphic functions Xn→ Xm: the data type Xn is the container (1 � n) and hence
there is a bijection between polymorphic functions Xn → Xm and functions m→ n.
Similarly, any polymorphic function ListX → ListX can be uniquely written as a
function u : N→N together with for each natural number n : N a function fn : un→ n.

4 Limits and Colimits of Containers

It turns out that each GI inherits completeness and cocompleteness from C, and that T
preserves completeness. Preservation of cocompleteness is more complex, and only a
limited class of colimits are preserved by T .

Proposition 4.1. If C has limits and colimits of shape J then GI has limits of shape J

and T preserves these limits.

Proof. We’ll proceed by appealing to the fact that T reflects limits (since it is full and
faithful), and the proof will proceed separately for products and equalisers.

Products. Let (Ak � Bk)k∈K be a family of objects in GI and compute (the labels
refer to lemma 2.2)

∏k∈K TAk�Bk X = ∏k∈K Σa : A.∏i∈I(Bk,i(a)⇒ Xi)
∼= Σa :∏k∈K Ak.∏k∈K ∏i∈I(Bk,i(πka)⇒ Xi) (IC2)

∼= Σa :∏k∈K
Ak.∏i∈I

((∐
k∈K

Bk,i(πka)
)⇒ Xi

)
(Cu2)

= T∏k∈K Ak�
�

k∈K(π∗k )IBk
X
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showing by reflection along T that

∏k∈K
(Ak � Bk)∼=

(
∏k∈K

Ak �
∐

k∈K
(π∗k )IBk

)
.

Equalisers. Given parallel maps (u, f ),(v,g) : (A � B) ⇒ (C � D) construct

(E � Q)
(e,q)

(A � B)
(u, f )

(v,g)
(C � D)

where e is the equaliser in C of u,v and q is the coequaliser in (C/E)I of (e∗)I f , (e∗)Ig.
To show that Te,q is the equaliser of Tu, f ,Tv,g fix X ∈ CI , U ∈ C and let α :U → TA�BX
be given equalising this parallel pair at X .

For x :U write α(x) = (a,h) where a : A, h : ∏i∈I(Bi(a)⇒ Xi). The condition on α
tells us that u(a) = v(a) and so there is a unique y : E with a = e(y). Similarly we know
that h · f (ey) = h ·g(ey) and in particular there is a unique k : Q(y)→ X with h = k ·q.

The assignment x �→ (y,k) defines a map β : U → TE�QX giving a unique
factorisation of α , showing that Te,qX is an equaliser and hence so is (e,q).

In particular, this result tells us that the limit in [CI ,C] of a diagram of container functors
is itself a container functor.

It’s nice to see that coproducts of containers are also well behaved.

Proposition 4.2. If C has products and coproducts of size K then GI has coproducts of
size K preserved by T .

Proof. Given a family (Ak � Bk)k∈K of objects in GI calculate (making essential use of
disjointness of fibres):

∐
k∈K

TAk�BkX =
∐

k∈K
Σa : Ak.∏i∈I(Bk,i(a)⇒ Xi)

∼=
∐

k∈K
Σa : Ak.∏i∈I

(( ◦
∐

k′∈K
Bk′,i

)
(κka)⇒ Xi

)
(DF1)

∼= Σa :
∐

k∈K
Ak.∏i∈I

(( ◦
∐

k∈K
Bk,i

)
(a)⇒ Xi

)
(DF2)

= T�
k∈K Ak�( ◦�k∈KB j,i)i∈I

X

showing by reflection along T that

∐
k∈K

(Ak � Bk)∼=
(∐

k∈K
Ak � ◦

∐
k∈K

Bk

)
.

The fate of coequalisers is more complicated. It turns out that GI has coequalisers when
C has both equalisers and coequalisers, but they are not preserved by T .

The following proposition is presented without proof (the construction of
coequalisers in G is fairly complex and is not required in this paper).

Proposition 4.3. If C has equalisers and coequalisers then GI has coequalisers.
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The following example shows that coequalisers are not preserved by T .

Example 4.4. Consider the following coequaliser diagram in [C,C]

X×X
idX×X

(π ′,π)
X×X (X×X)/∼

where (x,y)∼ (y,x). The functor X �→ X×X is a container functor generated by (1 � 2),
and the coequaliser of the corresponding parallel pair in G1 is the container (1 � 0). Note
however that T1�0X ∼= 1 
∼= (X×X)/∼.

Unfortunately, filtered colimits aren’t preserved by T either.

Example 4.5. Consider the ω-chain in G1 given by n�→ (1 � An) (for fixed A) on objects
and (n→ n + m) �→ πn,m : An+m ∼= An×Am→ An on maps. The filtered colimit of this
diagram can be computed in G1 to be (1 � AN). However, applying T to this diagram
produces the ω-chain

X
Xπ0,1

XA Xπ1,1

XA2 Xπ2,1 · · ·

and the colimit of this chain in Set is strictly smaller than XA�.

5 Filtered Colimits of Cartesian Diagrams

Although GI has colimits they are not preserved by T , and this also applies to filtered
colimits. As we will want to use filtered colimits for the construction of initial algebras,
this is a potential problem. Fortunately, there exists a class of filtered colimit diagrams
which is both sufficient for the construction of initial algebras and which are preserved
by T .

Throughout this section take C to be finitely accessible (C has filtered colimits and
a generating set of finitely presentable objects, Adámek and Rosický 1994) as well as
being locally cartesian closed.

Definition 5.1. A morphism (u, f ) in GI is cartesian iff f is an isomorphism2.

For each u there is a bijection between cartesian morphisms (u, f ) : (A � B)→ (C � D)
in GI and morphisms f̄ in CI making each square below a pullback:

Bi
f̄i

Di

A u C

.

2 (u, f ) is cartesian with respect to this definition precisely when it is cartesian (in the sense of
fibrations) with respect to the projection functor π :GI → C taking (A � B) to A.
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We can also translate the notion of cartesian morphism into natural transformations
between container functors: a natural transformation α : TA�B → TC�D derives from
a cartesian map iff the naturality squares of α are all pullbacks (such natural
transformations are often also called cartesian, in this case with respect to the
“evaluation at 1” functor).

Define ĜI to have the same objects as GI but only cartesian arrows as morphisms.
We will show that ĜI has filtered colimits which are preserved by T (when restricted to
ĜI), and hence also by the inclusion ĜI ↪→ GI .

The lemma below follows directly from the corresponding result in Set and helps
us work with maps from finitely presentable objects to filtered colimits (write

∨
D for

the colimit of a filtered diagram D).

Lemma 5.2. Let D :J→C be a filtered diagram with colimiting cone d : D→∨
D and

let U be finitely presentable.

1. For each α :U → ∨
D there exists J ∈ J and αJ :U → DJ such that α = dJ ·αJ .

2. Given α :U →DI, β :U →DJ such that dI ·α = dJ ·β there exists K ∈ J and maps
f : I→ K, g : J→ K such that D f ·α = Dg ·β .

Before the main result we need a technical lemma about filtered colimits in finitely
accessible categories.

Lemma 5.3. Given a filtered diagram in C→ with every edge a pullback then the
arrows of the colimiting cone are also pullbacks.

Proof. We need to show, for each I ∈ C, that the square

EI
eI

αI

∨
E

ᾱ

DI
dI

∨
D

is a pullback, where E
α→ D is the diagram, (d,e) are the components of its colimiting

cone and ᾱ is the factorisation of d ·α through e. So let a cone DI
a←U

b→∨
E satisfying

dI · a = ᾱ · b be given. Without loss of generality we can assume that U is finitely
presentable and we can now appeal to lemma 5.2 above.

Construct first bJ :U → EJ such that b = eJ · bJ; then as dI · a = ᾱ · eJ · bJ = dJ ·
(αJ · bJ) there exist f : I → K, g : J → K with D f · a = Dg ·αJ · bJ = αK ·Eg · bJ and
so we can construct a factorisation bI :U → EI through the pullback over f satisfying
αI ·bI = a and E f ·bI = Eg ·bJ . This is a factorisation of (a,b) since eI ·bI = eK ·E f ·bI =
eK ·Eg ·eJ = eJ ·bJ = b.

This factorisation is unique. Let b,b′ : U ⇒ EI be given such that eI · b = eI · b′.
Then there exist f , f ′ : I ⇒ J with E f · b = E f ′ · b′; but indeed there exists g : J → K
with h≡ g · f = g · f ′ and so Eh ·b = Eh ·b′. As the square over h is a pullback we can
conclude b = b′.
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Now we are in a position to state the main result, that the filtered colimit of a cartesian
diagram of container functors is itself a container functor.

Proposition 5.4. For each set I the category ĜI has filtered colimits which are
preserved by T .

Proof. Let a diagram (D � E) :J→ ĜI be given, i.e. for each K ∈ J there is a container
(DK � EK) and for each f : K→ L a cartesian container morphism (D f ,E f ).

For each f : K→ L in J, write Ē f for the map EK→ EL derived from cartesian E f
so that we get the left hand pullback square below:

EK
Ē f

EL
ēL ∨

Ē

DK
D̄ f

DL
dL

∨
D

.

After taking the colimits shown (with colimiting cones d and ē), we know from lemma
5.3 that the right hand square is also a pullback and we can interpret the right hand side
as a container together with a cartesian cone (d,e) : (D � E) ·→(

∨
D �

∨
Ē).

It remains to show that T∨
D�

∨
Ē
∼= ∨

TD�E , so let a cone f : TD�EX ·→U be given
as shown below, where the map kK takes (a,g) to (dK(a),g), using the isomorphism
(
∨

Ē)i(dK(a))∼= EKi(a) (for K ∈ J, i : I, a : DKj) derived from (d,e) cartesian.

Σa : DKj.∏i∈I
(EKi(a)⇒ Xi)

kK

fK

Σa :
∨

D.∏i∈I
((

∨
Ē)i(a)⇒ Xi)

h
U

To construct h let a :
∨

D and g : ∏i∈i((
∨

D)i(a)⇒ Xi) be given and choose K ∈ J,
aK ∈ DK such that a = dK(aK), and so we have (aK ,g) : TDK�EKX and can compute
h(a,g)≡ fK(aK ,g); this construction of h(a,g) is unique and independent of the choice
of K and aK .

Finally the above proposition can be applied to the construction of fixed points on GI .

Definition 5.5. Say that an endofunctor F on a category with filtered colimits has rank
iff there exists a cardinal ℵ, the rank of F, such that F preserves ℵ-filtered colimits.

The following theorem is a variant of Adámek and Koubek (1979).

Theorem 5.6 (Adámek). If a category C has an initial object and colimits of all filtered
diagrams then every endofunctor on C with rank has an initial algebra.

If G :C→D preserves the initial object and all filtered colimits then any endofunctor
F ′ on D satisfying F ′G ∼= GF for some endofunctor F on C with rank has an initial
algebra given by the image under G of the initial algebra of F.
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The construction of initial algebras in G now follows as a corollary of the above.

Theorem 5.7. Let F be an endofunctor on GI such that F restricts to an endofunctor F̂
on ĜI (i.e., F preserves cartesian morphisms) and such that F̂ has rank, then F has an
initial algebra µF ∈ GI which is preserved by T .

Proof. We’ve established that ĜI has filtered colimits which are preserved by ĜI ↪→ GI

and by T and it’s clear that the initial object of GI is initial in ĜI and is also preserved
by T and so we can apply theorem 5.6.

As noted in section 2 it would be desirable to have a constructive version of this
theorem, probably along the lines suggested by Taylor (1999, Section 6.7).

6 Fixed Points of Containers

Categories of containers are, under suitable assumptions, closed under the operations
of taking least and greatest fixed points, or in other words given a container functor
F(�X ,Y ) in n+1 parameters the types µY .F(�X ,Y ) and νY .F(�X ,Y ) are containers (in n
parameters).

The least and greatest fixed points of a type are defined by repeated substitution, for
example the type νY .F(�X ,Y ) can be constructed as the limit of the ω-chain

1 F(�X ,1) F(�X ,F(�X ,1)) . . . lim←−n<ω Fn[1]

where we write F[Y ] ≡ F(�X ,Y ) (note that the ν type only needs ω-limits for its
construction, but as discussed below, µ types can require colimits of transfinite chains3).
Therefore the first thing we need to do is to define the composition of two containers.

Given containers F ∈ GI+1 and G ∈ GI we can compose their images under T to
construct the functor

TF [TG]≡ (C
I

(idCI ,TG)
C

I×C∼= C
I+1 TF

C) .

This composition can be lifted to a functor −[−] : GI+1×GI → GI as follows. For a
container in GI+1 write (A � B,E) ∈ GI+1, where B ∈ (C/A)I and E ∈ C/A and define:

(A � B,E)[(C � D)]≡ (a : A, f : E(a)⇒C � (Bi(a)+ Σe : E(a).Di( f e))i∈I) .

In other words, given type constructors F(�X ,Y ) and G(�X) this construction defines the
composite type constructor F [G](�X)≡ F(�X ,G(�X)).

3 For example, the type of ω-branching trees, µY .X +(N⇒ Y ), cannot be constructed using
only ω-colimits.
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Proposition 6.1. Composition of containers commutes with composition of functors
thus: TF [TG]∼= TF [G].

Proof. Calculate (for conciseness we write exponentials using superscripts where
convenient and write ΣA for Σa : A. throughout, eliding the parameter a):

TA�B,E [TC�D]X = ΣA

((
∏i∈I

XBi
i

)× (
E⇒ Σc :C.∏i∈I

XDi(c)
i

))

∼= ΣA

((
∏i∈I XBi

i

)× (
Σ f :CE .Πe : E .∏i∈I XDi( f e)

i

))
(IC1)

∼= ΣAΣ f :CE .∏i∈I

(
XBi

i ×
(
Πe : E .XDi( f e)

i

))

∼= ΣAΣ f :CE .∏i∈I

(
(Bi + Σe : E .Di( f e))⇒ Xi

)
(Cu1, Cu2)

∼= T(A�B,E)[C�D]X .

As all the above isomorphisms are natural in X we get the desired isomorphism of
functors.

The next lemma is useful for the construction of both least and greatest fixed points and
has other applications. In particular, TF preserves both pullbacks and cofiltered limits.

Lemma 6.2. For (A � B)∈GI the functor TA�B preserves limits of connected non-empty
diagrams (connected limits).

Proof. Since ∏ and ⇒ preserve limits, it is sufficient to observe that ΣA preserves
connected limits, which is noted, for example, in Carboni and Johnstone (1995).

Corollary 6.3. For each F ∈ GI+1 the functor F [−] : GI → GI preserves connected
limits.

Proof. Let D be a non-empty connected diagram, then since TF preserves connected
limits it is easy to see that TF [lim←−D] ∼= lim←−(TF [D]). Since T preserves limits we can
calculate

TF [lim←−D]
∼= TF [Tlim←−D]∼= TF [lim←−TD]∼= lim←−(TF [TD])∼= lim←−TF [D]

∼= Tlim←−(F[D])

and so by reflection along T conclude that F[lim←−D]∼= lim←−(F[D]).

We can immediately conclude that if C is complete and cocomplete (in fact, ω- limits
and colimits are sufficient) then containers have final coalgebras.

Theorem 6.4. Each F ∈ GI+1 has a final coalgebra νF ∈ GI which is preserved by T
(and so satisfies TνF

∼= νTF ).

Proof. Since F [−] preserves limits of ω-chains the final coalgebra of F can be
constructed as the limit lim←−n<ω Fn[1], and since T preserves this limit the fixed point is
also preserved by T , by the dual of theorem 5.6
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For the construction of least fixed points (or initial algebras) two more preliminary
results are needed. First we need to show that the construction of the fixed point can be
restricted to Ĝ , so that we know that it will be preserved by T .

Proposition 6.5. The functor −[−] : GI+1 × GI → GI restricts to a functor on the
category of cartesian container morphisms, −[−] : ĜI+1× ĜI→ ĜI .

Proof. It is sufficient to show that when α : F → F ′ and β : G→ G′ are both cartesian
then so is α[β ], and indeed it is sufficient to show that Tα [Tβ ] is a cartesian natural
transformation. This follows immediately from the fact that TF preserves pullbacks and
that Tα and Tβ are cartesian natural transformations.

Secondly we need to show that F [−] has rank. Assume from now to the end of this
section that C is a finitely4 accessible category.

Proposition 6.6. When C is finitely accessible, every container functor has rank.

Proof. Let (A � B) ∈ GI be a container. We first need to establish the result

∏i∈I

(
Bi⇒

∨
j∈J

Xj,i

)∼=
∨

j∈J
∏i∈I(Bi⇒ Xj,i)

for sufficiently large ℵ and ℵ-filtered J, which we do by appealing to two results
of Adámek and Rosický (1994). First, we know (from their theorem 2.39) that each
functor category CI is accessible, and secondly we know from their proposition 2.23
that each functor with an adjoint between accessible categories has rank.

Now since ΣA preserves colimits we can conclude that TA�B has rank.

Corollary 6.7. For each F ∈ GI+1 the endofunctor F[−] on GI restricts to an
endofunctor on ĜI with rank.

Proof. Let ℵ be the rank of TF and let D be an ℵ-filtered diagram in Ĝ . We know
that TF [−] will preserve

∨
D so we can now repeat the calculation of corollary 6.3 to

conclude that F[−] also has rank ℵ.

That containers have least fixed points now follows from corollary 6.7 and theorem 5.7.

Theorem 6.8. Each F ∈ GI+1 has a least fixed point µF ∈ GI satisfying TµF
∼= µTF.

7 Strictly Positive Types

We now return to the point that all strictly positive types can be described as containers.

Definition 7.1. A strictly positive type in n variables (Abel and Altenkirch, 2000) is
a type expression (with type variables X1, . . . ,Xn) built up according to the following
rules:

4 The qualification finitely is not strictly necessary here.
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– if K is a constant type (with no type variables) then K is a strictly positive type;
– each type variable Xi is a strictly positive type;
– if U, V are strictly positive types then so are U +V and U×V;
– if K is a constant type and U a strictly positive type then K⇒U is a strictly positive

type;
– if U is a strictly positive type in n + 1 variables then µX .U and νX .U are strictly

positive types in n variables (for X any type variable).

Note that the type expression for a strictly positive type U can be interpreted as a functor
U : Cn → C, and indeed we can see that each strictly positive type corresponds to a
container in Gn.

Let strictly positive types U , V be represented by containers (A � B) and (C � D)
respectively, then the table below shows the correspondence between strictly positive
types and containers5.

K �→ (K � 0) Xi �→ (1 � (δi, j) j∈I)
U +V �→ (A +C � B ◦+D) U×V �→ (a : A,c :C � B(a)×D(c))

K⇒U �→ ( f : K⇒ A � Σk : K.B( f k))

The construction of fixed points is a bit more difficult to describe in type-theoretic
terms. Let W be represented by (A � B,E) ∈ GI (see section 6), then for any fixed point
C of TA�E with Φ : TA�EC ∼= C we can define C � DC as the initial solution of

DC(Φ(a, f )) ∼= B(a)+ Σe : E .DC( f e) ; (*)

we can now define

µX .W �→ (µX .TA�E X � DµX .TA�E X)

νX .W �→ (νX .TA�EX � DνX .TA�E X ) .

All the initial and terminal (co)algebras used above can be constructed explicitly using
the results of section 6. It is interesting to note that µ and ν only differ in the type of
shapes but that the type of positions can be defined uniformly.

Indeed, consider F(X) = µY.1 + X ×Y , then µX .F(X) is the type of lists and as
we have already observed the type of shapes is isomorphic to N ∼= µX .1 + X and the
family of positions over n can be conveniently described by P(n) = {i | i < n}. Dually,
νX .F(X) is the type of lazy (i.e. potentially infinite) lists. The type of shapes is given
by Nco = νX .1+X , the conatural numbers, which contain a fixed point of the successor
ω = s(ω) : Nco. Hence P(ω) ∼= N and this represents the infinite lists whose elements
can be indexed by the natural numbers. Had we used the terminal solution of (*) to
construct the type of positions, then the representation of infinite lists would incorrectly
have an additional infinite position.

In the reverse direction it seems that there are containers which do not correspond
to strictly positive types. A probable counterexample is the type of nests, defined as the
least solution to the equation

N(Y )∼= 1 +Y ×N(Y ×Y) .

5 We write δi, j ≡ 1 iff i = j and δi, j ≡ 0 otherwise.
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The datatype N is a container since it can be written as N(X) ∼= Σn : N.X2n−1, but it
should be possible to show that it is not strictly positive following the argument used in
Moggi et al. (1999) to show that the type of square matrices is not regular.

8 Relationships with Shapely Types

In Jay and Cockett (1994) and Jay (1995) “shapely types” (in one parameter) in a
category C are defined to be strong pullback preserving functors C→C equipped with
a strong cartesian natural transformation to the list type, where the list type is the initial
algebra µY .1 + X×Y .

To see the relationship with containers, note that proposition 2.6.11 of Jacobs (1999)
tells us that strong pullback preserving functors are in bijection with fibred pullback
preserving functors, and similarly strong natural transformations between such functors
correspond to fibred natural transformations. The next proposition will allow us to
immediately observe that shapely types are containers.

Proposition 8.1. Any functor G ∈ [CI,C] equipped with a cartesian natural transfor-
mation α : G→ TF to a container functor is itself isomorphic to a container functor.

Proof. Let F ≡ (A � B) then (α1, idα∗1 B) : (G1 � α∗1 B)→ (A � B) is a cartesian map in
GI; this yields a cartesian natural transformation TG1�α∗1 B→ TA�B. It now follows from
the observation that each αX makes GX the pullback along α1 of the map TA�BX → A
that G∼= TG1�α∗1 B as required.

Since the “list type” is given by the container (n :N � [n]), it immediately follows (when
C is locally cartesian closed) that every shapely type is a container functor.

In the opposite direction, containers which are locally isomorphic to finite cardinals
give rise to shapely types. To see this, we follow Johnstone (1977) and refer to the
object [−] ∈ C/N, which can be constructed as the morphism N×N→ N mapping
(n,m) �→ n + m+ 1, as the object of finite cardinals in C.

Definition 8.2. An object A � B is discretely finite iff there exists a morphism u :A→N

such that B∼= u∗[−], i.e. each fibre a : A � B(a) is isomorphic to a finite cardinal.
Say that a container (A � B) ∈ GI is discretely finite iff each component Bi for i ∈ I

is discretely finite.

Note that “discretely finite” is strictly stronger than finitely presentable and other
possible notions of finiteness. An immediate consequence of this definition is that
the object of finite cardinals is a generic object for the category of discretely finite
containers, and the following theorem relating shapely types and containers now follows
as a corollary.

Theorem 8.3. In a locally cartesian closed category with a natural number object the
category of shapely functors and strong natural transformations is equivalent to the
category of discretely finite containers.
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However, this paper tells us more about shapely types. In particular, containers show
how to extend shapely types to cover coinductive types. Finally, the representation result
for containers clearly translates into a representation result classifying the polymorphic
functions between shapely types.

It interesting to note that the “traversals” of Moggi et al. (1999) do not carry over
to containers in general, for example the type N⇒ X does not effectively traverse over
the lifting monad X �→ X + 1.
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Abstract. Many protocols are designed to operate correctly even in the
case where the underlying communication medium is faulty. To capture
the behaviour of such protocols, lossy channel systems (LCS) [AJ96b]
have been proposed. In an LCS the communication channels are modelled
as FIFO buffers which are unbounded, but also unreliable in the sense
that they can nondeterministically lose messages.

Recently, several attempts [BE99, ABIJ00] have been made to study
probabilistic Lossy Channel Systems (PLCS) in which the probability of
losing messages is taken into account. In this paper, we consider a variant
of PLCS which is more realistic than those studied in [BE99, ABIJ00].
More precisely, we assume that during each step in the execution of the
system, each message may be lost with a certain predefined probability.
We show that for such systems the following model checking problem
is decidable: to verify whether a given property definable by finite state
ω-automata holds with probability one. We also consider other types
of faulty behavior, such as corruption and duplication of messages, and
insertion of new messages, and show that the decidability results extend
to these models.

1 Introduction

Finite state machines which communicate through unbounded buffers have been
popular in the modelling of communication protocols [BZ83, Boc78]. One disad-
vantage with such a model is that it has the full computation power of Turing
machines [BZ83], implying undecidability of all nontrivial verification problems.
On the other hand, many protocols are designed to operate correctly even in
the case where the underlying communication medium is faulty. To capture the
behaviour of such protocols, lossy channel systems (LCS) [AJ96b] have been
proposed as an alternative model. In an LCS the communication channels are
modelled as FIFO buffers which are unbounded but also unreliable in the sense
that they can nondeterministically lose messages. For LCS it has been shown
that the reachability problem is decidable [AJ96b] while progress properties are
undecidable [AJ96a].

Since we are dealing with unreliable communication media, it is natural to
deal with models where the probability of losing messages is taken into account.
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Recently, several attempts [BE99, ABIJ00] have been made to study probabilis-
tic Lossy Channel Systems (PLCS) which introduce randomization into the be-
haviour of LCS. The decidability of model checking for the proposed models
depend heavily on the semantics provided. The works in [BE99, ABIJ00] define
different semantics for PLCS depending on the manner in which the messages
may be lost inside the channels.

Baier and Engelen [BE99] consider a model where it is assumed that at most
single message may be lost during each step of the execution of the system. They
show decidability of model checking under the assumption that the probability
of losing messages is at least 0.5. This implies that, along each computation of
the system, there are infinitely many points where the channels of the system are
empty, and therefore the model checking problem reduces to checking decidable
properties of the underlying (non-probabilistic) LCS.

The model in [ABIJ00] assumes that messages can only be lost during send
operations. Once a message is successfully sent to a channel, it continues to
reside inside the channel until it is removed by a receive operation. Both the
reachability and repeated reachability problems are shown to be undecidable for
this model of PLCS. The idea of the proof is to choose sufficiently low prob-
abilities for message losses to enable the system to simulate the behaviour of
(non-probabilistic) systems with perfect channels.

In this paper, we consider a variant of PLCS which are more realistic than
that in [BE99, ABIJ00]. More precisely, we assume that, during each step in
the execution of the system, each message may be lost with a certain predefined
probability. This means that the probability of losing a certain message will not
decrease with the length of the channels (as it is the case with [BE99]). Thus,
in contrast to [BE99] our method is not dependent on the precise transition
probabilities for establishing the qualitative properties of the system. For this
model, we show decidability of both the reachability and repeated reachability
problems.

The decidability results are achieved in two steps. First, we prove general
theorems about (infinite state) Markov chains which serve as sufficient conditions
for decidability of model checking. To do that, we introduce the concept of
attractor sets: all computations of the system are guaranteed to eventually reach
the attractor. The existence of finite attractors imply that deciding reachability
and repeated reachability in the PLCS can be reduced to checking reachability
problems in the underlying LCS. Next, we show that all PLCS, when interpreted
according to our semantics, have finite attractors. More precisely, we prove the
existence of an attractor defined by the set of all configuration where the sizes
of channels are bound by some natural number. This natural number can be
derived from the predefined probability given to the loss of messages. In fact,
for the systems considered in [BE99] this bound is equal to 0, and therefore the
decidability results in [BE99] can be seen as a consequence of the properties we
show for attractors.

We also show that our decidability results extend to PLCS with different
sources of unreliability [CFI96], such as duplication, corruption, and insertion
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combined with lossiness Furthermore, we show how to extend our decidability
results to more general properties specified by finite state automata or equiva-
lently by formulas of Monadic Logic of Order.
Remark Bertrand and Schnoebelen [BS03] have independently obtained what
essentially amounts to Theorem 1 in this paper.
Outline In the next two Sections we give basics of transition systems and
Markov chains respectively. In Section 4 we present sufficient conditions for
checking reachability and repeated reachability for Markov chains. In Section 5
we extract from these conditions algorithms for PLCS. In Section 6 we consider
models involving different sources of unreliability combined with lossiness. In
Section 7 we generalize our results to verification of the properties definable by
ω-behavior of finite state automata (or equivalently formulas in the Monadic
Logic of Order). Finally, we give conclusions and directions for future work in
Section 8.

2 Transition Systems

In this section, we recall some basic concepts of transition systems.
A transition system T is a pair (S,−→) where S is a (potentially) infinite set

of states, and −→ is a binary relation on S. We write s1 −→ s2 to denote that
(s1, s2) ∈−→ and use ∗−→ to denote the reflexive transitive closure of −→. We
say that s2 is reachable from s1 if s1

∗−→ s2. For sets Q1, Q2 ⊆ S, we say that Q2

is reachable from Q1, denoted Q1
∗−→ Q2, if there are s1 ∈ Q1 and s2 ∈ Q2 with

s1
∗−→ s2. A path p from s to s′ is of the form s0 −→ s1 −→ · · · −→ sn, where

s0 = s and sn = s′. We say that p is simple if there are no i, j with i �= j and
si = sj . For a set Q ⊆ S, we say that p reaches Q if si ∈ Q for some i : 0 ≤ i ≤ n.
For Q1, Q2 ⊆ S, we define the set Until(Q1, Q2) to the set of all states s such
that there is a path s0 −→ s1 −→ · · · −→ sn from s satisfying the following
property: there is an i : 0 ≤ i ≤ n such that si ∈ Q2 and for each j : 0 ≤ j < i
we have sj ∈ Q1.

For Q ⊆ S, we define the graph of Q, denoted Graph(Q), to be the transition
system

(
Q,−→′) where s1 −→′ s2 iff s1

∗−→ s2.
A strongly connected component (SCC) in T is a maximal set C ⊆ S such

that s1
∗−→ s2 for each s1, s2 ∈ C. We say that C is a bottom SCC (BSCC) if

there is no other SCC C1 in T with C
∗−→ C1. In other words, the BSCCs are

the leafs in the acyclic graph of SCCs (ordered by reachability).
We shall later refer to the following two problems for transition systems

Reachability
Instance A transition system T = (S,−→), and sets Q1, Q2 ⊆ S.
Question Is Q2 reachable from Q1?

Until
Instance A transition system T = (S,−→), a state s, and sets Q1, Q2 ⊆ S.
Question Is s ∈ Until(Q1, Q2)?
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3 Markov Chains

In this section, we introduce (potentially infinite state) Markov chains.
A Markov chain M is a pair (S, P ) where S is a (potentially infinite) set of

states and P is a mapping from S×S to the set [0, 1], such that
∑

s′∈S P (s, s′) =
1, for each s ∈ S. A computation π (from s0) of M is an infinite sequence
s0, s1, . . . of states. We use π(i) to denote si.

A Markov chain induces a transition system, where the transition relation
consists of pairs of states related by positive probabilities. Formally, the under-
lying transition system of M is (S,−→) where s1 −→ s2 iff P (s1, s2) > 0. In
this manner, the concepts defined for transition systems can be lifted to Markov
chains. For instance, an SCC in M is a SCC in the underlying transition system.

A Markov chain (S, P ) induces a natural measure on the set of computations
from every state s.

Let us recall some basic notions from probability theory.
A measurable space is a pair (Ω, ∆) consisting of a non empty set Ω and a

σ-algebra ∆ of its subsets that are called measurable sets and represent random
events in probability context. A σ-algebra over Ω contains Ω and is closed
under complementation and countable union. Adding to a measurable space
a probability measure Prob : ∆ → [0, 1] such that Prob(Ω) = 1 and that is
countably additive, we get a probability space (Ω, ∆,Prob).

Consider a state s of a Markov chain (S, P ). On the sets of computations
that start at s, the probabilistic space is defined as follows:

Probabilistic space (Ω, ∆,Prob)(see [KSK66]) : Ω = sSω is the set of all
infinite sequences of states starting from s, ∆ is the σ-algebra generated by the
basic cylindric sets Du = uSω, for every u ∈ sS∗, and the probability measure
Prob is defined by Prob(Du) =

∏
i=0,...,n−1 P (si, si+1) where u = s0s1...sn; it is

well-known that this measure is extended in a unique way to the elements of the
σ-algebra generated by the basic cylindric sets.

4 Reachability Analysis for Markov Chains

In this section we explain how to check reachability and repeated reachability for
Markov chains. We show how to reduce qualitative properties of the above two
types into the analysis of the underlying (non-probabilistic) transition system of
the Markov chain.

In the rest of this section, we assume a Markov chain M = (S, P ) with an
underlying transition system T = (S,−→).

Consider a set Q ⊆ S of states and a computation π. We say that π reaches
Q if there is an i ≥ 0 with π(i) ∈ Q. We say that π repeatedly reaches Q if
there are infinitely many i with π(i) ∈ Q. Let s be a state in S. We define the
probability of Q being (repeatedly) reachable from s by

Prob {π| π is a computation from s and π (repeatedly) reaches Q}.
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We consider the following two problems for Markov chains:

Probabilistic Reachability
Instance A Markov chain M = (S, P ), a state s ∈ S, and a set Q ⊆ S.
Question Is Q reachable from s with probability one?

Probabilistic Repeated Reachability
Instance A Markov chain M = (S, P ), a state s ∈ S, and a set Q ⊆ S.
Question Is Q repeatedly reachable from s with probability one?

In the above problems, we do not assume that Markov chains are finite. Hence
these are not instances of algorithmic problems. In Sections 5-7 we consider
reachability and repeated reachability problems when countable Markov chains
are described by probabilistic lossy channel systems. For such finite descriptions
we investigate the corresponding algorithmic problems.

We introduce a central concept which we use in our solution for the proba-
bilistic (repeated) reachability problem, namely that of attractors.
Definition [attractors] A set A ⊆ S is said to be an attractor, if for each s ∈ S,
the set A is reachable from s with probability one.

In other words, regardless of the state in which we start, we are guaranteed
that we will eventually enter the attractor.

We consider two preliminary lemmas which are derived from the standard
properties of recurrent classes. The Lemma below describes a property of BSCCs
of the graph of a finite attractor A, which will make use of in our algorithms (to
prove Lemma 2 and Lemma 3).

Lemma 1. Consider a finite attractor A, a BSCC C in Graph(A), and a state
s ∈ C. Then, for every s′ ∈ C, the probability that s′ is repeatedly reachable from
s is one.

The following Lemma enables us to construct an algorithm for solving the
probabilistic reachability problem.

Lemma 2. Consider a finite attractor A, a state s ∈ S, and a set Q ⊆ S. Then,
Q is reachable from s with probability one iff for each BSCC C in Graph(A), if
C is reachable from s then either

– Q is reachable from C; or

– For every finite simple path in T from s, if p reaches C then p also reaches
Q.

From Lemma 2 we conclude that we can define a scheme for solving the
reachability problem as follows.
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Scheme – Probabilistic Reachability

Input Markov chain M = (S, P ) with an underlying transition
system T = (S,−→), a state s ∈ S, and a set Q ⊆ S.
Output Is Q reachable from s with probability one?
begin

1. construct a finite attractor A
2. construct Graph(A)
3. for each BSCC C in Graph(A) which is reachable from s

3a. if ¬
(
C

∗−→ Q
)

and s ∈ Until(¬Q, C) then return(false)
4. return(true)

end

The following Lemma enables us to construct an algorithm for solving the
probabilistic repeated reachability problem.

Lemma 3. Consider a finite attractor A, a state s ∈ S, and a set Q ⊆ S. Then,
Q is repeatedly reachable form s with probability one iff the reachability of C from
s implies the reachability of Q from C, for each BSCC C in Graph(A).

From Lemma 3 we conclude that we can define a scheme for solving the
repeated reachability problem as follows.

3a. if ¬
(
C

∗−→ Q
)

then return(false)

The correctness of the two schemes follows immediately from Lemma 2 and
Lemma 3. Furthermore, we observe that, in order to obtain algorithms for check-
ing the reachability and repeated reachability problems, we need the following
three effectiveness properties for the operations involved:

1. Existence and computability of a finite attractor. This condition is necessary
for computing the set A.

2. Decidability of the reachability problem for the underlying class of transition
systems T . This condition is necessary for computing Graph(A) and for
checking the relation C

∗−→ Q.
3. Decidability of the until problem for the underlying class of transition sys-

tems. This condition is only needed in the reachability algorithm.

5 Lossy Channel Systems

In this section we consider (probabilistic) lossy channel systems: processes with
a finite set of local states operating on a number of unbounded and unreliable
channels. We use the scheme defined in Section 4 to solve the problem of whether
a set of local states is (repeatedly) reachable from a given initial state with prob-
ability one.
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Lossy Channel Systems A lossy channel system consists of a finite state pro-
cess operating on a finite set of channels each of which behaves as a FIFO buffer
which is unbounded and unreliable in the sense that it can nondeterministically
lose messages. Formally, a lossy channel system (LCS) L is a tuple (S, C, M, T)
where S is a finite set of local states, C is a finite set of channels, M is a finite
message alphabet, and T is a set of transitions each of the form (s1, op, s2), where
s1, s2 ∈ S, and op is an operation of one of the forms c!m (sending message m to
channel c), or c?m (receiving message m from channel c). A global state s is of
the form (s, w) where s ∈ S and w is a mapping from C to M∗.

For words x, y ∈ M∗, we use x • y to denote the concatenation of x and y.
We write x � y to denote that x is a (not necessarily contiguous) substring of
y. By Higman’s Lemma [Hig52] it follows that � is a well quasi-ordering, i.e.,
for each infinite sequence x0, x1, x2, . . . there are i and j with i < j and xi � xj .
We use |x| to denote the length of x, and use x(i) to denote the ith element of
x where i : 1 ≤ i ≤ |x|. For w1, w2 ∈ (C �→ M∗), we use w1 � w2 to denote that
w1(c) � w2(c) for each c ∈ C, and define |w| =

∑
c∈C |w(c)|. We also extend � to

a relation on S× (C �→ M∗), where (s1, w1) � (s2, w2) iff s1 = s2 and w1 � w2.
The LCS L induces a transition system (S,−→), where S is the set of global

states, i.e., S = (S× (C �→ M∗)), and (s1, w1) −→ (s2, w2) iff one of the following
conditions is satisfied

– There is a t ∈ T, where t is of the form (s1, c!m, s2) and w2 is the result of
appending m to the end of w1(c).

– There is a t ∈ T, where t is of the form (s1, c?m, s2) and w1 is the result of
removing m from the head of w2(c).

– Furthermore, if (s1, w1) −→ (s2, w2) according to one of the previous two
rules then (s1, w1) −→ (s′2, w′2) for each (s′2, w′2) � (s2, w2).

In the first two cases we define t(s1, w1) = (s2, w2).
A transition (s1, op, s2) is said to be enabled at (s, w) if s = s1 and either

– op is of the form c!m; or
– op is of the form c?m and w(c) = m • x, for some x ∈ M∗.

We defined enabled(s, w) = {t| t is enabled at (s, w)}. In the sequel, we assume
that for all (s, w), the set enabled(s, w) is not empty. This is guaranteed for
instance, by requiring that for any local state s1 there are c, m, and s2 with
(s1, c!m, s2) ∈ T
Remark on notation We use s and S to range over local states and sets of
local states respectively. On the other hand, we s and S to range over states and
sets of states of the induced transition system (states of the transition system
are global states of the LCS)

For the rest of this section we assume an LCS (S, C, M, T).
For Q ⊆ S, we define a Q-state to be a state of the form (s, w) where s ∈ Q.

A set Q ⊆ S is said to be upward closed if s1 ∈ Q and s1 � s2 imply s2 ∈ Q.
Notice that, for any Q ⊆ S, the set of Q-states is an upward closed set.

In [AJ96b], algorithms are given which shows the following decidability re-
sults for LCS:
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Lemma 4. For states s1 and s2, it is decidable whether s2 is reachable from s1.

Lemma 5. For a state s and a set Q ⊆ S, it is decidable whether the set of
Q-states is reachable from s.

Decidability of the corresponding until problem follows from a straightforward
modification of the reachability algorithm of [AJ96b]. This gives the following.

Lemma 6. For a state s, a set Q1 ⊆ S, and a finite set Q2 of states, it is
decidable whether s ∈ Until(¬Q1, Q2), where Q1 is the set of Q1-states.

Probabilistic Lossy Channel Systems A probabilistic lossy channel system
(PLCS) L is of the form (S, C, M, T, λ, w), where (S, C, M, T) is an LCS, λ ∈ [0, 1],
and w is a mapping from T to the natural numbers. Intuitively, we derive a
Markov chain from the PLCS L by assigning probabilities to the transitions
of the underlying transition system (S, C, M, T). The probability of performing
a transition t from a global state (s, w) is determined by the weight w(t) of
t compared to the weights of the other transitions which are enabled at (s, w).
Furthermore, after performing each transition, each message which resides inside
one of the channels may be lost with a probability λ. This means that the
probability of reaching (s2, w2) from (s1, w1) is equal to (the sum over all (s3, w3)
of ) the probability of reaching some (s3, w3) from (s1, w1) through performing
a transition of the underlying LCS, multiplied by the probability of reaching
(s2, w2) from (s3, w3) through the loss of messages. Now, we show how to derive
these probabilities from the definition of L.

First, we compute probabilities of reaching states through the loss of mes-
sages. For x, y ∈ M∗, we define # (x, y) to be the size of the set

{(i1, . . . , in) | i1 < · · · < in and x = y(i1) • · · · • y(in)}

In other words, # (x, y) is the number of the different ways in which we can
delete symbols in the word y in order to obtain x. We also define PL(x, y) =
# (x, y) · λ|y|−|x| · (1 − λ)|x|. For w1, w2 ∈ (C �→ M∗), we define PL(w1, w2) =∏

c∈C PL (w1(c), w2(c)). Intuitively, PL(w1, w2) defines the probability by which
w2 can change to w1 through loss of messages during a single step of the ex-
ecution of the system. Notice that PL(w1, w2) = 0 in case w1 �� w2. We take
PL((s1, w1) , (s2, w2)) = PL(w1, w2) if s1 = s2, and PL((s1, w1) , (s2, w2)) = 0
otherwise. We define w(s, w) =

∑
t∈enabled(s,w) w(t).

The PLCS L induces a Markov chain (S, P ), where S = (S× (C �→ M∗)) and
P ((s1, w1) , (s2, w2)) =

∑
t∈T ((w(t)/w(s1, w1)) · PL(t(s1, w1), (s2, w2))). No-

tice that this is well-defined by the assumption that there are no deadlock states.
We instantiate the reachability problems considered in Section 3 and Sec-

tion 4 to PLCS.
Below, we assume a PLCS L = (S, C, M, T, λ, w) inducing a Markov chain

M = (S, P ) with an underlying transition system T = (S,−→).
We shall consider the probabilistic (repeated) reachability problem for PLCS.

We check whether an upward closed set, represented by its minimal elements,
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is (repeatedly) reachable from a given initial state with probability one. We
show that the (repeated) reachability problem instantiated in this manner fulfills
the three conditions required for effective implementation of the probabilistic
(repeated) reachability schemes of Section 4.

The following Lemma shows that we can always construct a finite attractor
in a PLCS.

Lemma 7. For each λ, w, and PLCS (S, C, M, T, λ, w), thse set
{(s, w) | |w| = 0} is an attractor.

From Lemma 4, and the fact that the transition system underlying a PLCS
(S, C, M, T, λ, w) is independent on λ we obtain:

Lemma 8. For each PLCS (S, C, M, T, λ, w), we can compute the graph Graph(A)
of a finite set A.

Furthermore, for two PLCS L = (S, C, M, T, λ, w) and L′ = (S, C, M, T, λ′, w′) which
differ only by probabilities, If λ, λ′ > 0 and w(t) > 0 iff w′(t) > 0 then A has the
same graph in both PLCS. Now we are ready to solve Probabilistic Reachability
and Probabilistic Repeated Reachability problems for PLCS.

Probabilistic Reachability for PLCS
Instance An PLCS M = (S, C, M, T, λ, w) a state s, and a set Q ⊆ S.
Question Is the set of Q-states is reachable from s with probability one?

Probabilistic Repeated Reachability
Instance An PLCS M = (S, C, M, T, λ, w) a state s, and a set Q ⊆ S.
Question Is the set of Q-states is repeatedly reachable from s with probability
one?

From the results of Section 4 and Lemma 8, Lemma 5, Lemma 7, and
Lemma 6 we get the following.

Theorem 1. Probabilistic Reachability and Probabilistic Repeated Reachability
are decidable for PLCS. .

Remark In our definition of LCS and PLCS, we assume that messages are lost
only after performing non-lossy transitions. Our analysis can be modified in a
straightforward manner to deal with the case where losses occur before, and the
case where losses occur both before and after non-lossy transitions.

6 Duplication, Corruption, and Insertion

We consider PLCS with different sources of unreliability such as duplication,
corruption, and insertion combined with lossiness.
Duplication We analyze a variant of PLCS, where we add another source of
unreliability; namely a message inside a channel may be duplicated [CFI96].

An LCS L with duplication errors is of the same form (S, C, M, T) as an LCS.
We define the behaviour of L as follows. For a ∈ M, we use an to denote the
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concatenation of n copies of a. For x = a1a2 · · · an with x ∈ M∗, we define
duplicate(x) to be the set{

b1b2 · · · bn| either bi = ai or bi = a2
i for each i : 1 ≤ i ≤ n

}

In other words, we get each member of duplicate(x) by duplicating some of the
elements of x. We extend the definition of duplicate to S× (C �→ M∗) in a similar
manner to Section 5. The transition relation of an LCS L with duplication errors
is enlargement of that of the corresponding standard LCS in the sense that:

– If (s1, w1) −→ (s2, w2) according to the definition of Section 5 then
(s1, w1) −→ (s′2, w

′
2) for each (s′2, w

′
2) ∈ duplicate(s2, w2).

In [CFI96], it is shown that the reachability problem is decidable for LCS with
duplication errors. The reachability algorithm can be modified in a similar man-
ner to Section 5 to solve the until problem. Hence we have

Lemma 9. Given LCS with duplication errors.

1. For states s1 and s2, it is decidable whether s2 is reachable from s1 [CFI96].
Hence, Graph(A) is computable for any finite set A of states.

2. For a state s and a set Q ⊆ S, it is decidable whether the set of Q-states is
reachable from s [CFI96].

3. For a state s, a set Q1 ⊆ S, and a finite set Q2 of states, it is decidable
whether s ∈ Until(¬Q1, Q2), where Q1 is the set of Q1-states.

A PLCS with duplication errors is of the form (S, C, M, T, λ, w, λD), where
(S, C, M, T, λ, w) is a PLCS, and λD ∈ [0, 1]. The value of λD represents the
probability by which any given message is duplicated inside the channels.

To obtain the Markov chain induced by a PLCS with duplication errors,
we compute probabilities of reaching states through duplication of messages.
For x, y ∈ M∗, where x = a1a2 · · · an, we define #D (x, y) to be the size of the
set

{
(i1, . . . , in) | 1 ≤ ij ≤ 2 and y = ai1

1 ai2
2 · · ·ain

n

}
. In other words, #D (x, y) is

the number of the different ways in which we can duplicate symbols in the
word x in order to obtain y. In a similar manner to the case of losing messages
(Section 5), we define PD(x, y) = #D (x, y)·λ|y|−|x|

D ·(1−λD)|x|, and PD(w1, w2) =∏
c∈C PD (w1(c), w2(c)). The PLCS L with duplication errors induces a Markov

chain (S, P ′
D), where S = (S× (C �→ M∗)) and

P ′
D ((s1, w1) , (s2, w2)) =

∑
(s3,w3)

P ((s1, w1) , (s3, w3)) · PD ((s3, w3) , (s2, w2))
where P has the same definition as in Section 5. Notice that the sum is

computable since the set {(s3, w3) | P ((s1, w1) , (s3, w3)) �= 0} is finite and com-
putable.

Lemma 10. For each λ, w, λD, and PLCS (S, C, M, T, λ, w, λD) with λD < λ,
the set {(s, w) | |w| = 0} is an attractor.

Using a similar reasoning to Section 5, we derive from Lemma 9 and Lemma
10

Theorem 2. Probabilistic Reachability and Probabilistic Repeated Reachability
are decidable for PLCS with duplication errors when λD < λ.
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Corruption We consider LCS with corruption errors, i.e., a message inside a
channel may be changed to any other message. We extend the semantics of LCS
to include corruption errors in the same manner as we did above for duplication
errors. For x ∈ M∗, we define Corrupt(x) to be the set {y| |y| = |x|}, i.e., we get
a member of Corrupt(x) by changing any number of symbols in x to another
symbol in M. We extend the definition to S × (C �→ M∗) in the same manner as
before. Furthermore, we enlarge the transition transition of an LCS:

– If (s1, w1) −→ (s2, w2) according to the definition of Section 5 then
(s1, w1) −→ (s′2, w

′
2) for each (s′2, w

′
2) ∈ Corrupt(s2, w2).

Decidability of the reachability problem for LCS with corruption errors fol-
lows from the fact (s1, w1)

∗−→ (s2, w2) implies (s1, w1)
∗−→ (s2, w3) for each w3

with |w3(c)| = |w2(c)| for all c ∈ C. This implies that the only relevant informa-
tion to consider about the channels in the reachability algorithm is the length of
the channels. In other words, the problem is reduced to ¡a special case of LCS
systems where the set M can be considered to be a singleton. The until problem
can be solved in a similar manner. Hence,

Lemma 11. Given LCS with corruption errors.

1. For states s1 and s2, it is decidable whether s2 is reachable from s1. Hence,
Graph(A) is computable for any finite set A of states.

2. For a state s and a set Q ⊆ S, it is decidable whether the set of Q-states is
reachable from s.

3. For a state s, a set Q1 ⊆ S, and a finite set Q2 of states, it is decidable
whether s ∈ Until(¬Q1, Q2), where Q1 is the set of Q1-states.

A PLCS with corruption errors is of the form (S, C, M, T, λ, w, λC), where
λD ∈ [0, 1] represents the probability by which any given message is corrupted
to some other message. For x, y ∈ M∗, we define #C (x, y) to be the size of the
set {i| x(i) = y(i)}. In other words, #C (x, y) is the number of elements which

must change in order to obtain y from x. We define PC(x, y) =
(

λC

|M|−1

)#C(x,y)

·
(1 − λC)|x|−#C(x,y) if |x| = |y|, and PC(x, y) = 0 otherwise. We extend PC(x, y)
to S × (C �→ M∗) as before. This induces a Markov chain in a similar manner to
the case with duplication.

Lemma 12. For each λ, w, λC , and PLCS (S, C, M, T, λ, w, λC), the set
{(s, w) | |w| = 0} is an attractor.

From Lemma 11 and Lemma 12 we can derive in a similar manner to Sec-
tion 5.

Theorem 3. Probabilistic Reachability and Probabilistic Repeated Reachability
are decidable for PLCS with corruption errors.

Other Unreliability Sources In a similar manner to the cases with duplica-
tion and corruption, we can obtain decidability results for models involving other
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sources of unreliability such as insertion of messages [CFI96]. Furthermore, we
can combine different sources of unreliability. For instance, we can consider mod-
els where we have both duplication and corruption together with lossiness. The
crucial aspect of the model is that unreliability sources which may increase the
number of messages inside the channels (such as insertion and duplication but
not corruption) should have sufficiently low probabilities (compared to lossiness)
to guarantee existence of a finite attractor.

7 Automata Definable Properties

In this section we consider more general properties than reachability and re-
peated reachability for PLCS. Let ϕ be a property of computations. We will be
interested in whether

Prob {π| π is a computation from s in PLCS M and π satisfies ϕ } = 1.

We show that if the properties of computations are specified by (the ω-behavior
of) finite state automata or equivalently by formulas of Monadic Logic of Order
then the above problem is decidable

In order to check a property defined by a finite state automaton, we take
its product with the given PLCS. The acceptance conditions are reduced to the
reachability problem for the non-probabilistic system underlying the product.
Similar results hold for the faulty probabilistic systems considered in section 6.
The proofs for these systems follow the same pattern as for PLCS, therefore here
we will confine ourself only with PLCS.

We consider an extension of LCS by adding a labeling function. A state
labeled LCS is an LCS together with a finite alphabet Σ and a labeling function
lab from the local states to Σ. Throughout this section we always assume that
LCS are state labeled and will often use “LCS” for “state labeled LCS”. We lift
the labeling from LCS to the state labeled transition system T = (S,−→, Σ, lab)
induced by an LCS L : the label of every state in T is the same as the label of its
local state component. Similarly, with a path s0, s1, . . . we associate an ω-string
lab(s1), lab(s2), . . . over the alphabet Σ. When we deal here with probabilistic
lossy channel systems we also assume that the underlying LCS is labeled, and
this labeling is lifted to the labeling of the corresponding Markov chain. In this
manner we obtain state labeled PLCS inducing state labeled Markov chains.

Next, we recall basic definitions and notations about finite state automata
and cite a classical theorem (Theorem 4 [Tho90]) that automata have the same
expressive power as monadic logic of order. A finite automaton A is a tuple
(Q, Σ, →, q0,F), consisting of a finite set Q of states, a finite alphabet Σ of
actions, a transition relation → which is a subset of Q× Σ ×Q, q0 ∈ Q is the
initial state of A, and F ⊆ 2Q is a collection of fairness conditions. We write
q

a→ q′ if 〈q, a, q′〉 ∈→.
A run of A is an ω-sequence q0a0q1a1 . . . such that qi

ai→ qi+1 for all i. Such
a run meets the the fairness conditions if the set of states that occur in the run
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infinitely many times is a member of F . An ω-string a0, a1 . . . over Σ is accepted
by A if there is a run q0a0q1a1 . . . that meets the fairness conditions of A. The
ω-language accepted by A is the set of all ω-strings acceptable by A. We say
that A is deterministic if for every state q and every letter b there is a unique
q′ such that q

b→ q′.

Theorem 4. The following conditions are equivalent for ω-language L:

1. L is acceptable by a finite state automaton.
2. L is acceptable by a deterministic finite state automaton.
3. L is definable by a monadic formula .

Products We define products of automata and state labeled transition systems.
We also define products of automata and state labeled Markov chains. We in-
vestigate the reachability problem for these products and provide reduction of
verification of automata definable properties of computations to the reachability
problem. Consider an automaton A = (Q, Σ, →, q0,F), and a state labeled
transition system T = (S,−→, Σ, lab). The product of A and M is a state labeled
transition system defined as follows:

States: Q × S - the Cartesian product of the states of A and of T .
Labeling: A state (q, s) is labeled by lab(s), i.e., it has the same label as s in T .
Transition relation: There is transition from (q, s) to (q′, s′) iff there is a tran-

sition q
lab(s)→ q′ in A and there is a transition from s to s′ in T .

Problem 1
Instance A state labeled LCS which defines a state labeled transition system
T = (S,→, lab, Σ), an automaton A, states s1 and s2 in the product of T and
A.
Question Is s2 reachable from s1?

Problem 2
Instance A state labeled LCS which defines a state labeled transition system
T = (S,→, lab, Σ), an automaton A, states s1 and a finite set of states S2 in
the product of T and A.
Question Is the upward closure of S2 reachable from s1?

Lemma 13. Problem 1 and Problem 2 are decidable.

Next, we consider products of automata and state labeled Markov chains.
Consider a deterministic automaton A = 〈Q, Σ, →, q0, F〉 and a state labeled
Markov chain M = (S, P, lab, Σ) . The product of A and M is a state labeled
Markov chain defined as follows:

States: Q × S - the Cartesian product of the states of A and of M .
Labeling: A state (q, s) is labeled by lab(s), i.e., it has the same label as s in

M .
Transition relation: The probability of transition from (q, s) to (q′, s′) is p iff

there is a transition q
lab(s)→ q′ in A and the probability of transition from s

to s′ in M is p.
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Observe that the requirement that A is deterministic ensures that the sum of
probabilities of the transitions from the state (q, s) is the same as the sum of
probabilities of the transitions from the state s in M , i.e. the sum is one. Hence
the product is indeed a labeled Markov chain.

We say that a computation s1, s2, . . . is accepted by an automaton iff the
corresponding ω-string lab(s1), lab(s2), . . . is accepted

Lemma 14. Let A be a deterministic automaton with a set F of fairness con-
ditions, let M be a labeled Markov chain, let R be the product of A and M , and
let B be an attractor of R. Then the following are equivalent:

1. The probability of the set computations of M that start at s and are accepted
by A is one.

2. For each BSCC C in Graph(B), if C is reachable from s then there is F in
F such that
(a) if (q, u) is reachable from C in R then q ∈ F and
(b) for each q ∈ F there is u ∈ M such that (q, u) is reachable from C in R.

Probabilistic Model Checking The next problem deals with probabilistic
LCS.
Problem: Probabilistic Model-checking.
Instance A stated labeled PLCS which defines a state labeled Markov chain
M , a state s in M , and an automaton A.
Question Is the probability that a computation of M that starts at s is accepted
by A equal to one?

Theorem 5. Probabilistic Model-checking. Problem is decidable.

Proof. Let R be the product of A and M . It is easy to see, by the same arguments
as in Lemma 7, that the set B of states with empty channels in R is a finite
attractor for R. By Lemma 13, we obtain that Graph(B) is computable. Now,
applying reachability algorithm of Lemma 13, we can verify the conditions of
Lemma 14(2). By Lemma 14 these conditions are satisfied if and only if the
probability that a computation of M that starts at s is accepted by A equal to
one.

8 Conclusions and Discussion

We have shown decidability of model checking for a realistic class of probabilistic
lossy channel systems, where during each step of the runs of the systems, any
message inside the channels may be lost with a certain predefined probability.

In Section 5 we assume that our LCS are deadlock-free. In case of existence
of deadlock states, Lemma 7 does not hold. However, it is straightforward to
modify our algorithm to deal with deadlock. This follows from the fact that, we
can use the reachability algorithm in [AJ96b] in order to check reachability of
deadlock states.

A work closely related to this is [BE99]. In fact, our work can been as a
generalization of the ideas presented in [BE99]. More precisely, in [BE99], a
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model of PLCS is considered where at each state either one message lost or
an non-lossy transition is performed. The probability λ of losing messages is
assumed to be at least 0.5. Under this semantics, it is proved that for an PLCS
the set {(s, w) | |w| = 0} is an attractor. The decidability of reachability follows
then in a similar manner to Section 5. Also, in [BE99], in contrast to the model of
LCS presented in this paper, loss transitions are explicit. Therefore, the product
of the transition system generated by an LCS with an automaton (Section 7),
might not be equivalent to the transition system generated by any other LCS. In
fact, under this semantics, it is undecidable whether the set of computations of a
PLCS is accepted by a finite state automaton with probability one. To overcome
this difficulty, it is assumed in [BE99] that the given automaton accepts an
ω-language which is closed under stuttering.
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Abstract. We solve the problem of extending Bird and Paterson’s gen-
eralized folds for nested datatypes and its dual to inductive and coinduc-
tive constructors of arbitrarily high ranks by appropriately generalizing
Mendler-style (co)iteration. Characteristically to Mendler-style schemes
of disciplined (co)recursion, the schemes we propose do not rest on no-
tions like positivity or monotonicity of a constructor and facilitate pro-
gramming in a natural and elegant style close to programming with the
customary letrec construct, where the typings of the schemes, how-
ever, guarantee termination. For rank 2, a smoothened version of Bird
and Paterson’s generalized folds and its dual are achieved; for rank 1, the
schemes instantiate to Mendler’s original (re)formulation of iteration and
coiteration. Several examples demonstrate the power of the approach.
Strong normalization of our proposed extension of system Fω of higher-
order parametric polymorphism is proven by a reduction-preserving em-
bedding into pure Fω.

1 Introduction

Within the paradigm of generic programming, Bird and Paterson [8] with col-
leagues [11,15] have studied the problem of identifying workable schemes for
defining functions for nested, non-uniform or heterogeneous datatypes, i.e., in-
ductive and coinductive constructors of rank 2 (type transformers), and put forth
generalized folds as a scheme for defining functions like substitution for the de
Bruijn notation of lambda terms in a natural fashion.

In [2], two of the authors of the present article showed that, making good use
of right notions of containment and monotonicity of constructors, the schemes of
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iteration and coiteration are extensible to monotone (co)inductive constructors
of any finite kind. In the present article, we similarly extend the more liberal
generalized folds to all finite kinds. We accomplish this thanks to two ideas: a
simple, but powerful generalization of the notion of constructor containment, and
reformulation of the schemes in the style originated by Mendler [18]. The result
is a concise extension of system Fω of higher-order parametric polymorphism
with (co)inductive constructors of any finite kind, equipped with Mendler-style
generalized (co)iteration. Switching to Mendler style was not intentional, but in
the end turned out rewarding. The reasons are the following.

Firstly, any syntactic positivity requirement can be avoided in the formation
rules of (co)inductive types. This is beneficial as positivity and map terms as-
sociating to positive constructors would have to be defined by induction outside
the system and parametrically polymorphic quantification over all positive con-
structors is impossible. Moreover, for higher kinds, there is no obvious canonical
definition of positivity, although attempts of definition exist [14]. Replacing pos-
itivity with monotonicity [17,2] gives an improvement, but formulations of the
systems and especially programming remain clumsy.

Secondly, Mendler style facilitates a programming style very close to pro-
gramming with general recursion (i.e., the letrec construct). The computation
rules for Mendler-style disciplined (co)recursion schemes are nearly identical to
the rule of letrec, the restrictive typings however ensure that all computations
terminate.

Thirdly, Mendler-style disciplined (co)recursion schemes tend to be amenable
for generalizations whereas conventional ones—making use of map terms or
monotonicity witnesses—typically get complicated. Examples are: primitive (co-)
recursion [18], course-of-value (co)iteration [21,22], iteration over multiple induc-
tive types at the same time [22] and—as the examples of this article testify—
generalized iteration in the sense of generalized folds.

The article is organized as follows. In Sect. 2, we review our starting point
system Fω of higher-order parametric polymorphism. In Sect. 3, we present
our system MItω of (co)inductive constructors of finite ranks with generalized
Mendler-style iteration and describe some programming examples. The embed-
ding of MItω into Fω is presented in Sect. 4. We conclude with a summary and
discussion of related work.

Acknowledgements: Many thanks to Peter Hancock for his suggestion in Novem-
ber 2000 of the unusual notion F ≤κ1 G. It started this whole research project.

2 System F�

Our development of higher-order datatypes takes place within a conservative
extension of Curry-style system Fω by binary sums and products, the unit type
and existential quantification. It contains three syntactic categories:



56 Andreas Abel, Ralph Matthes, and Tarmo Uustalu

Kinds. Kinds are given by the following grammar and denoted by the letter κ.

κ ::= ∗ | κ → κ′

rk(∗) := 0
rk(κ → κ′) := max(rk(κ) + 1, rk(κ′))

The rank of kind κ is computed by rk(κ). We introduce abbreviations for some
special kinds: κ0 = ∗, types, κ1 = ∗ → ∗, unary type transformers and κ2 =
(∗ → ∗) → ∗ → ∗ unary transformers of type transformers.

Note that each kind κ′ can be uniquely written as κ → ∗, where we write
κ for the sequence κ1, . . . , κn and set κ → κ := κ1 → . . . → κn → κ. Provided
another sequence κ′ = κ′

1, . . . , κ
′
n of the same length, i.e., |κ′| = |κ|, set κ →

κ′ := κ1 → κ′
1, . . . , κn → κ′

n. This last abbreviation does not conflict with the
abbreviation κ → κ due to the required |κ′| = |κ|.
Constructors. Uppercase latin letters denote constructors, given by the following
grammar. The metavariable X ranges over a denumerable set of constructor
variables.

A, B, F, G ::= X | λXκ.F | F G | ∀Fκ. A | ∃Fκ. A | A → B
| A + B | A × B | 1

We identify β-equivalent constructors. A constructor F has kind κ if there is a
context Γ such that Γ � F : κ. The kinding rules for constructors appear in
Appendix A.

The rank of a constructor is given by the rank of its kind. Preferably we will
use letters A, B, C, D for constructors of rank 0 (types) and F, G, H for construc-
tors of rank 1. If no kinds are given and cannot be guessed from the context, we
assume A, B, C, D : ∗ and F, G, H : κ1. Write Idκ := λXκ.X for the identity
constructor. If the kinding is clear from the context, we just write Id. Construc-
tor application associates to the left, i. e., F G1 . . . Gn = (. . . (F G1) . . .)Gn.
Setting G := G1, . . . , Gn, the constructor F G1 . . . Gn is also written as FG.
Sums and products can inductively be extended to all kinds: For F, G : κ1 → κ2

set F + G := λXκ1 .FX + GX and F × G := λXκ1 .FX × GX .

Objects (Curry terms). Lower case letters denote terms. In the grammar below,
the metavariable x ranges over a denumerable set of object variables.

r, s, t ::= x | λx.t | r s | inl t | inr t | case (r, x. s, y. t)
| 〈〉 | 〈t0, t1〉 | r.0 | r.1 | pack t | open (r, x. s)

Most term constructors are standard; “pack” introduces and “open” eliminates
existential quantification. The polymorphic identity λx.x : ∀A. A → A will be
denoted by id. We write f ◦ g for function composition λx. f (g x). Application
r s associates to the left, hence rs = (. . . (r s1) . . . sn) for s = s1, . . . , sn.

A term t has type A if Γ � t : A for some context Γ . The relation −→ denotes
the usual one-step β-reduction which is confluent, type preserving and strongly
normalizing. The typing and reduction rules for terms are standard and can be
found in Appendix A.

In the following we will refer to the here defined system simply as “Fω”.



Generalized Iteration and Coiteration for Higher-Order Nested Datatypes 57

3 Generalized Mendler-Style Iteration and Coiteration

In this section, we recap and extend the notions of containment and monotonicity
presented in [2]. On top of these notions, we define the system MItω of generalized
(co)iteration for inductive and coinductive constructors of arbitrary ranks, which
we then specialize to rank 1 (types) and rank 2 (type transformers). To give a
feel for our system, we spell out some examples involving nested or non-uniform
datatypes [7].

3.1 Containment and Monotonicity of Constructors

Containment. The key to extending Mendler-style iteration and coiteration [19]
to finite kinds consists in identifying an appropriate containment relation for
constructors of the same kind κ. For types, the canonical choice is implication.
For an arbitrary kind κ = κ → ∗, the easiest notion is “pointwise implication”:
The constructor ⊆κ: κ → κ → ∗ is defined by F ⊆κ G := ∀Xκ. FX → GX ,
hence F ⊆κ G is a type which, as a proposition, states that F is contained in G.

A more refined notion ≤κ has been employed already in previous work [2]
which studies (co)iteration for monotone (co)inductive constructors of higher
kinds:

F ≤∗ G := F → G
F ≤κ→κ′ G := ∀Xκ∀Y κ. X ≤κ Y → F X ≤κ′ GY

Monotonicity. Using this notion of containment, we can define monotonicity
monκ : κ → ∗ for kind κ directly by

monκ F := F ≤κ F.

The type monκ F , seen as a proposition, asserts that F is monotone. The same
type is used in polytypic programming for generic map functions [13,3].

This notion does not enter the formulation of system MItω, but many appli-
cations. We omit the subscripted kind κ when clear from the context, as in the
definition of the following basic monotonicity witnesses. These are closed terms
whose type is some monF . They will pop up in examples later.

pair : mon(λAλB.A × B) := λfλgλp. 〈f (p.0), g (p.1)〉
fork : mon(λA.A × A) := λf. pair ff
either : mon(λAλB.A + B) := λfλgλx. case (x, a. inl (f a), b. inr (g b))
maybe : mon(λA.1 + A) := either id

Relativized refined containment. In order to be able to extend Mendler (co)itera-
tion to higher kinds so that generalized folds [8] are covered, we have to relativize
the notion ≤κ, κ = κ → ∗, to a vector H of constructors of kinds κ → κ. For
every kind κ = κ → ∗, we define a constructor ≤(−)

κ : (κ → κ) → κ → κ → ∗ by
structural recursion on κ as follows:

F ≤∗ G := F → G

F ≤H,H
κ→κ′ G := ∀Xκ∀Y κ. X ≤κ H Y → F X ≤H

κ′ GY
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Note that, in the second line, H has kind κ → κ. For H a vector of identity
constructors, the new notion ≤H

κ coincides with ≤κ. Similarly, we define another
constructor (−)≤κ: (κ → κ) → κ → κ → ∗, where the base case is the same as
before, hence no ambiguity with the notation arises.

F ≤∗ G := F → G
F H,H≤κ→κ′ G := ∀Xκ∀Y κ. H X ≤κ Y → F X H≤κ′ GY

As an example, for F, G, H : κ1, one has

F ≤H
κ1 G = ∀A∀B. (A → HB) → FA → GB,

F H≤κ1 G = ∀A∀B. (HA → B) → FA → GB.

3.2 System MItω

Now we are ready to define generalized Mendler-style iteration and coiteration,
which specialize to ordinary Mendler-style iteration and coiteration in the case of
(co)inductive types, and to a scheme encompassing generalized folds [8,11,15] and
the dual scheme for coinductive constructors of rank 2. This gives an extension
of Mendler’s system [19] to finite kinds. The generalized scheme for coinductive
constructors is a new principle of programming with non-wellfounded datatypes.

The system MItω is given as an extension of Fω by wellkinded constructor
constants µκ and νκ, welltyped term constants inκ, GItκ, outκ and GCoitκ for
every kind κ, and new term reduction rules.

Inductive constructors. Let κ = κ → ∗ and κ′ = κ → κ.

(Form) µκ : (κ → κ) → κ

(Intro) inκ : ∀Fκ→κ. F (µκF ) ⊆κ µκF

(Elim) GItκ : ∀Fκ→κ∀Hκ′∀Gκ. (∀Xκ. X ≤H G → F X ≤H G) → µκF ≤H G

(Red) GItκ s f (inκ t) −→β s (GItκ s)f t

with |f | = |κ|.

Coinductive constructors. Let κ = κ → ∗ and κ′ = κ → κ.

(Form) νκ : (κ → κ) → κ

(Elim) outκ : ∀Fκ→κ. νκF ⊆κ F (νκF )
(Intro) GCoitκ : ∀Fκ→κ∀Hκ′∀Gκ. (∀Xκ. G H≤ X → G H≤ F X) → G H≤ νκF

(Red) outκ (GCoitκ s f t) −→β s (GCoitκ s)f t

with |f | = |κ|.
Notice that for every constructor F of kind κ → κ, µκF is a constructor of

kind κ. In Mendler’s original system [19] as well as its variant for the treatment
of primitive (co-)recursion [18], always positivity of F is required which is a very
natural concept in the case κ = ∗. However, for higher kinds, there does not
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exist such a canonical syntactic restriction. Anyway, in [21] it has been observed
that, in order to prove strong normalization, there is no need for the restriction
to positive inductive types—an observation which has been the cornerstone for
the treatment of monotone inductive types in [16] and becomes even more useful
for our higher-order nested datatypes.

As for Fω, denote the term closure of the reduction rules by −→ and its
transitive closure by −→+.

3.3 Mendler-Style (Co)Iteration for (Co)Inductive Types

In the case κ = ∗, the rules for µκ and νκ match with Mendler’s [19], except for
our removal of the positivity condition and our choice of Curry-style typing:

Inductive types.

(Form) µ∗ : (∗ → ∗) → ∗
(Intro) in∗ : ∀F ∗→∗. F (µ∗F ) → µ∗F
(Elim) GIt∗ : ∀F ∗→∗∀Y ∗. (∀X∗. (X → Y ) → F X → Y ) → µ∗F → Y

(Red) GIt∗ s (in∗ t) −→β s (GIt∗ s) t

Coinductive types.

(Form) ν∗ : (∗ → ∗) → ∗
(Elim) out∗ : ∀F ∗→∗. ν∗F → F (ν∗F )
(Intro) GCoit∗ : ∀F ∗→∗∀Y ∗. (∀X∗. (Y → X) → Y → F X) → Y → ν∗F

(Red) out∗ (GCoit∗ s t) −→β s (GCoit∗ s) t

Relation to general recursion. Typed functional programming languages like ML
and Haskell use recursive types instead of inductive and coinductive types and
general recursion instead of strongly normalizing restrictions such as Mendler
(co)iteration. General recursion can be introduced via a fixed-point combinator

fix : ∀A.(A → A) → A

fix s −→ s (fix s),

from which the more common let rec f = r in t can be defined as let f =
fix (λf. r) in t. A nice aspect of Mendler (co)iteration is that the reduction
behaviour GIt∗ and GCoit∗ is almost identical to the one of fix. The only difference
is that unfolding of GIt resp. GCoit is controlled by a guard “in” resp. “out”, which
gets removed in the reduction step. Guarded unfolding of recursion is essential
to strong normalization; similar setups can be found in other systems which
facilitate type-based termination, e.g. [10,1,5].

In some sense GIt and GCoit are just restricted versions of fix, i. e., each rank-1
MItω program translates (requiring minimal changes) into a Haskell program
with the same meaning. For higher kinds κ, GItκ and GCoitκ are not typable



60 Andreas Abel, Ralph Matthes, and Tarmo Uustalu

in the Hindley-Milner type systems of Haskell 98 and ML, but their reduction
behaviour is still included in the one of fix. This suggests that one can code most
naturally with GIt and GCoit, which we will demonstrate in the next subsection
by some examples involving so-called nested or heterogeneous datatypes.

3.4 Programming with (Co)Inductive Constructors of Rank 2

Nested or non-uniform datatypes, i.e., inductive and coinductive constructors of
rank 2 (more exactly, inductive and coinductive constructors induced by con-
structors of rank 2), arise in our system as applications of µκ1 and νκ1 (recall
that κ1 = ∗ → ∗ and κ2 = κ1 → κ1). We obtain the following instances from
the general definitions.

Inductive constructors of rank 2.

(Form) µκ1 : κ2 → κ1

(Intro) inκ1 : ∀Fκ2∀A. F (µκ1F )A → µκ1FA
(Elim) GItκ1 : ∀Fκ2∀Hκ1∀Gκ1. (∀Xκ1. X ≤H G → F X ≤H G) → µκ1F ≤H G

(Red) GItκ1 s f (inκ1 t) −→β s (GItκ1 s) f t

Coinductive constructors of rank 2.

(Form) νκ1 : κ2 → κ1

(Elim) outκ1 : ∀Fκ2∀A. νκ1FA → F (νκ1F )A
(Intro) GCoitκ : ∀Fκ2∀Hκ1∀Gκ1. (∀Xκ1. G H≤ X → G H≤ F X) → G H≤ νκ1F

(Red) outκ1 (GCoitκ1 s f t) −→β s (GCoitκ1 s) f t

An example of a structure which can be modeled by a nested datatype is
lists of length 2n, which are called powerlists [6] or perfectly balanced, binary leaf
trees [11]. In our system, they are represented by the type transformer PList :=
µκ1 PListF where PListF : κ2 := λFλA. A + F (A×A). The data constructors are
given by

zero : ∀A. A → PList A := λa. inκ1(inla)
succ : ∀A. PList(A × A) → PListA := λl. inκ1(inr l)

Assume a type Nat of natural numbers with addition “+” and multiplication
“×”, both written infix. Suppose we want to define a function sum : PListNat →
Nat which sums up all elements of a powerlist by iteration over its structure. The
case sum (succ t) imposes some challenge, since sum cannot be directly applied
to t : PList(Nat×Nat). The solution is to define a more general function sum′ by
polymorphic recursion, which has the following behaviour.

sum′ : ∀A. (A → Nat) → PListA → Nat

sum′ f (zero a) −→+ f a
sum′ f (succ l) −→+ sum′ (λp. f (p.0) + f (p.1)) l
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Here, the iteration process builds up a continuation f which in the end sums up
the contents packed into a. From sum′, the summation function is obtained by
sum := sum′ id.

The system MItω has been designed so that functions like sum′ can be defined
directly via generalized iteration. In our case, use the instantiations F := PListF
and G := H := λ . Nat and define:

sum′ : µκ1F ≤H G

sum′ := GItκ1 λsum ′λfλx. case (x, a. f a,
l. sum′ (λp. f (p.0) + f (p.1)) l)

The postulated reduction behaviour is verified by a simple calculation.
For another example consider the non-wellfounded version of perfectly bal-

anced, binary (node-labelled) trees. They are represented by the type trans-
former BTree := νκ1 BTreeF where BTreeF : κ2 := λFλA. A × F (A × A). The
data destructors are

root : ∀A. BTreeA → A := λt. (outκ1t).0
subs : ∀A. BTreeA → BTree(A × A) := λt. (outκ1t).1

We want to define the tree nats : BTree Nat filled with natural numbers starting
with 1 breadth-first left-first. A more general function nats′ : ∀A. (Nat → A) →
(Nat → BTree A) with the reduction behaviour

root(nats′ f n) −→+ f n
subs(nats′ f n) −→+ nats′ (λm. 〈f (2 × m), f (2 × m + 1)〉)n

is definable as a generalized coiteration by

nats′ := GCoitκ1 λnats ′λfλn. 〈f n, nats ′ (λm. 〈f (2 × m), f (2 × m + 1)〉)n〉

choosing F := BTreeF, G := H := λ . Nat. To obtain nats, one sets nats :=
nats′ id 1.

Higher-order representation of de Bruijn terms. Bird & Paterson [9] and Al-
tenkirch & Reus [4] have shown that nameless untyped λ-terms can be repre-
sented by a heterogeneous datatype. As in the system GMIC of [2], this type is
obtained in MItω as the least fixed point of the monotone rank-2 constructor
LamF.

LamF : κ2 := λFλA. A + (FA × FA + F (1 + A))
lamf : monLamF := λsλf. either f

(
either (fork (s f)) (s (maybe f))

)

The type LamA again represents all de Bruijn terms with free variables in A,
the constructors var, app and abs are simplified w. r. t. [2]. Again, we provide an
auxiliary function weak which lifts each variable in a term to provide space for
a fresh variable.
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Lam : κ1 := µκ1 LamF
lam : monLam := GItκ1 λmapλfλx. inκ1 (lamf map f x)

var : ∀A. A → Lam A := λa. inκ1 (inla)
app : ∀A. LamA → LamA → Lam A := λt1λt2. inκ1 (inr (inl 〈t1, t2〉))
abs : ∀A. Lam(1 + A) → Lam A := λr. inκ1 (inr (inr r))

weak : ∀A. LamA → Lam(1 + A) := lam (λa. inr a)

The most natural question on this representation of untyped λ-calculus is the
representability of substitution. With generalized iteration, it is possible to give
a direct definition of substitution (the bind or extension operation of the lambda
terms monad):

subst : ∀A∀B. (A → LamB) → Lam A → Lam B ≡ Lam ≤Lam Lam
subst := GItκ1 λsubstλfλt. case (t,

a. f a, t′. case (t′,
p. app (subst f (p.0)) (subst f (p.1)),
r. abs (subst (lift f) r)),

lift : ∀A∀B. (A → LamB) → (1 + A) → Lam (1 + B)
lift := λfλx. case (x, u. var (inl u), a. weak (f a))

Note that the formulation of generalized folds in [8] would yield the flattening
function (the join or multiplication operation of the monad)

flatten : ∀A. Lam(Lam A) → Lam A.

We obtain flattening as special case of substitution by flatten := subst id.

Triangles. The dual of substitution for variables in a term or non-wellfounded
term is redecoration of a non-wellfounded or wellfounded decorated tree, cf. [23].
An interesting and intuitive example of decorated tree types arising from a rank-
2 coinductive constructor are triangles. Define

TriF := λEλF κ1λA. A × F (E × A) : � → κ2
Tri := λE. νκ1(TriFE) : � → κ1

Then TriEA is the type of triangular tables of the sort

A E E E E . . .
A E E E . . .

A E E . . .
A E . . .

A . . .

decomposing into a scalar (an element of A) and a trapezium (an element of
Tri E(E × A)). The destructors and the monotonicity witness are

top := λt. (outκ1 t).0 : ∀E∀A. Tri EA → A
rest := λt. (outκ1 t).1 : ∀E∀A. Tri EA → TriE(E × A)

tri := GCoitκ1 λmapλfλx.〈f(top x),map(pair id f)(rest x)〉 : ∀E. monκ1(Tri E)
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Redecoration is an operation dual to substitution that takes a redecoration rule
f (an assignment of B-decorations to A-decorated trees) and an A-decorated tree
t, and returns a B-decorated tree t′. The return tree t′ is obtained from t by B-
redecorating every node based on the A-decorated subtree it roots, as instructed
by the redecoration rule. For streams, for instance redec : ∀A∀B. (Str A → B) →
Str A → Str B) takes f : Str A → B and t : Str A and returns redec f t, which is
a B-stream obtained from t by replacing each of its elements by what f assigns
to the substream this element heads. Triangles are a generalization of streams
much in the same way as de Bruijn notations for lambda terms differ from terms
in the universal algebra style signature with one binary and one unary operator.
For triangles, redecoration works as follows: In the triangle

A E E E E . . .
A E E E . . .

A E E . . .
A E . . .

A . . .

the underlined A (as an example) gets replaced by the B assigned by the re-
decoration rule to the subtriangle cut out by the horizontal line; similarly, every
other A is replaced by a B. This is straightforward to define using GCoit:

lift : ∀E∀A∀B. (Tri EA → B) → Tri E(E × A) → E × B
lift := λfλy. 〈(top y).0, f (tri (λp. p.1) y)〉
redec : ∀E∀A∀B. (Tri EA → B) → Tri EA → Tri EB
redec := GCoitκ1 λredecλfλx. 〈f x, redec (lift f) (rest x)〉

4 Embedding into System F�

In this section, we show how to embed MItω into Fω . The embedding establishes
strong normalization for MItω.

4.1 Kan Extensions

For the sake of the embedding of MItω into its subsystem Fω, we use a syn-
tactic version of Kan extensions, see [20, chapter 10]. Compared with [2], Kan
extensions “along” are now defined for all kinds, not just for rank 1.

Right Kan extension along H. Let κ = κ → ∗ and κ′ = κ → κ and define for
G : κ, H : κ′ and X : κ the type (RanH G)X by iteration on |κ|:

Ran G := G
(RanH,H G)XX := ∀Y κ1. X ≤ HY → (RanH (GY ))X
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Left Kan Extension along H. Let again κ = κ → ∗ and κ′ = κ → κ and define
for F : κ, H : κ′ and Y : κ the type (LanH F )Y by iteration on |κ|:

LanF := F
(LanH,H F )Y Y := ∃Xκ1. HX ≤ Y × (LanH (FX))Y

Proposition 1. Let F, G : κ → ∗ and H : κ → κ. The following pairs of types
are logically equivalent:

1. F ≤H G and ∀Xκ. FX → (RanH G)X.
2. F H≤ G and ∀Y κ. (LanH F )Y → GY .

Proof. Part 1 requires just a close look at the definition of ≤H . Part 2 is only
slightly more complicated. �


4.2 Embedding

We can simply define the new constants of MItω in Fω . Let κ = κ → ∗ and
n := |κ|.
µκ : (κ → κ) → κ → ∗
µκ := λFκ→κλXκ∀Hκ→κ∀Gκ.(∀Xκ. X≤H G → FX≤H G) → (RanHG)X

GItκ : ∀Fκ→κ∀Hκ→κ∀Gκ. (∀Xκ. X ≤H G → F X ≤H G) → µκF ≤H G
GItκ := λsλfλr. r s f

inκ : ∀Fκ→κ∀Xκ. F (µκF )X → µκF X
inκ := λtλsλf . s (GItκ s)f t

νκ : (κ → κ) → κ → ∗
νκ := λFκ→κλY κ∃Hκ→κ∃Gκ.(∀Xκ. G H≤ X → G H≤ FX) × (LanHG)Y

GCoitκ : ∀Fκ→κ∀Hκ→κ∀Gκ. (∀Xκ. G H≤ X → G H≤ F X) → G H≤ νκF

GCoitκ := λsλfλt. packn+1 〈s, pack〈f1, . . . , pack〈fn, t〉 . . .〉〉
outκ : ∀Fκ→κ∀Y κ. νκF Y → F (νκF )Y
outκ := λr. open (r, r1. open (r1, r2. . . . open (rn−1, rn. open (rn, ft0.

open (ft0.1, ft1. open (ft1.1, ft2. . . . open (ftn−1.1, ftn.
ft0.0 (GCoitκ ft0.0) ft1.0 . . . ftn.0 ftn.1) . . .)))) . . .))

Theorem 1 (Simulation). With the definitions above, the following reductions
take place in Fω:

GItκ s f (inκ t) −→+ s (GItκ s)f t
outκ (GCoitκ s f t) −→+ s (GCoitκ s)f t

Proof. By easy computation.
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Corollary 1 (Strong Normalization). System MItω is strongly normalizing,
i. e., there is no infinite reduction sequence r0 −→ r1 −→ r2 −→ . . . for any
typable term r0.

Proof. Use strong normalization of Fω and simulation.

Since there are no critical pairs in MItω , reduction is locally confluent; by
strong normalization and Newman’s Lemma, it is confluent on well-typed terms.

5 Conclusion and Related Work

We have proposed MItω, a system of generalized (co)iteration for arbitrary ranks,
which turned out to be a definitional extension of Girard’s system Fω and hence
enjoys its good meta-theoretic properties, most notably strong normalization. It
combines the ideas of Mendler for (co)inductive types with the notion of gener-
alized folds for inductive constructors of rank 2 invented by Bird and Paterson.

MItω has been carefully set up to come with a perspicuous computational
behavior, which is very close to general recursion à la letrec—a distinctive fea-
ture of Mendler-style recursion schemes. For higher ranks, i.e., for the treatment
of fixed-points which are themselves type transformers, we described a modi-
fied containment relation (via the index H) in order to encompass generalized
folds, proposed by Bird and Paterson as a means of more elegant definitions of
functions operating on nested datatypes.

Therefore, MItω might serve as a basis of a total programming language for
nested datatypes. Alternatively, it can be seen as a discipline of programming in
existing languages like Haskell which gives termination guarantees for free.

Some related work. The generalized iteration scheme of the present article is a
reformulation working in all finite ranks of generalized folds in the liberal sense
of Sec. 4.1 and 6 of [8]. More exactly, it extends the “efficient” [11,15] version of
that scheme. The efficient generalized folds differ from the original generalized
folds in the target type which is constructed with ≤H rather than ⊆H . Here,
⊆H is the appropriate relativized version of ⊆, defined by

F ⊆H G := ∀Xκ.F (HX) → GX.

Future work. The realm of higher-rank datatypes seems hardly explored. We
certainly wish to try out our schemes on the examples of inductive constructors
of rank 3 from [12]. Further, we seek to extend MItω to cover other recursion
schemes on nested datatypes like a form of “generalized primitive recursion”.
This scheme, and others, would no longer have an operationally faithful embed-
ding into System Fω.
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A System F�

In the following we present Curry-style system Fω enriched with binary sums and
products, unit type and existential quantification over constructors. Although we
choose a human-friendly notation of variables, we actually mean the nameless
version à la de Bruijn which identifies α-equivalent terms. (Capture-avoiding)
Substitution of an expression e for a variable x in expression f is denoted by
f [x := e].

Kinds are generated from the kind ∗ for types by the binary function kind
constructor →:

κ ::= ∗ | κ → κ′

Constructors. (Denoted by uppercase letters.) Metavariable X ranges over an
infinite set of constructor variables.

A, B, C, F, G ::= X | λXκ.F | F G | ∀Fκ. A | ∃Fκ. A | A → B
| A + B | A × B | 1

Equivalence on constructors. Equivalence F = F ′ for constructors F and F ′ is
given as the compatible closure of the following axiom.

(λX.F )G =β F [X := G]

We identify constructors up to equivalence, which is a decidable relation due to
normalization and confluence of simply-typed λ-calculus (where our constructors
are the terms and our kinds are the types of that calculus).

Objects (Terms). (Denoted by lowercase letters) The metavariable x ranges over
an infinite set of object variables.

r, s, t ::= x | λx.t | r s | inl t | inr t | case (r, x. s, y. t)
| 〈〉 | 〈t0, t1〉 | r.0 | r.1 | pack t | open (r, x. s)

Contexts. Variables in a context Γ are assumed to be distinct.

Γ ::= · | Γ, Xκ | Γ, x :A
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Judgments. (Simultaneously defined)

Γ cxt Γ is a wellformed context
Γ � F : κ F is a wellformed constructor of kind κ in context Γ
Γ � t : A t is a wellformed term of type A in context Γ

Wellformed contexts. Γ cxt

· cxt

Γ cxt

Γ, Xκ cxt

Γ � A : ∗
Γ, x :A cxt

Wellkinded constructors. Γ � F : κ

Xκ ∈ Γ Γ cxt

Γ � X : κ

Γ, Xκ � F : κ′

Γ � λXκ.F : κ → κ′
Γ � F : κ → κ′ Γ � G : κ

Γ � F G : κ′

Γ, Xκ � A : ∗
Γ � ∀Xκ. A : ∗

Γ, Xκ � A : ∗
Γ � ∃Xκ. A : ∗

Γ � A : ∗ Γ � B : ∗
Γ � A → B : ∗

Γ � A : ∗ Γ � B : ∗
Γ � A + B : ∗

Γ � A : ∗ Γ � B : ∗
Γ � A × B : ∗

Γ cxt

Γ � 1 : ∗

Welltyped terms. Γ � t : A

(x :A) ∈ Γ Γ cxt

Γ � x : A

Γ, x :A � t : B

Γ � λx.t : A → B

Γ � r : A → B Γ � s : A

Γ � r s : B

Γ, Xκ � t : A

Γ � t : ∀Xκ.A

Γ � t : ∀Xκ.A Γ � F : κ

Γ � t : A[X := F ]

Γ � t : A[X := F ] Γ � F : κ

Γ � pack t : ∃Xκ.A

Γ � r : ∃Xκ.A Γ, Xκ, x :A � s : C

Γ � open (r, x. s) : C

Γ cxt

Γ � 〈〉 : 1

Γ � t : A Γ � B : ∗
Γ � inl t : A + B

Γ � t : B Γ � A : ∗
Γ � inr t : A + B

Γ � r : A + B Γ, x :A � s : C Γ, y :B � t : C

Γ � case (r, x. s, y. t) : C

Γ � t0 : A0 Γ � t1 : A1

Γ � 〈t0, t1〉 : A0 × A1

Γ � r : A0 × A1 i ∈ {0, 1}
Γ � r.i : Ai
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Reduction. The one-step reduction relation t −→ t′ between terms t and t′ is
defined as the closure of the following axioms under all term constructors.

(λx.t) s −→β t[x := s]
case (inl r, x. s, y. t) −→β s[x := r]
case (inr r, x. s, y. t) −→β t[y := r]
〈t0, t1〉.i −→β ti if i ∈ {0, 1}
open (pack t, x. s) −→β s[x := t]

We denote the transitive closure of −→ by −→+ and the reflexive-transitive
closure by −→∗.

The defined system is a conservative extension of system Fω. Reduction is
type-preserving, confluent and strongly normalizing.
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Abstract. Every parity game is a combinatorial representation of a
closed Boolean µ-term. When interpreted in a distributive lattice every
Boolean µ-term is equivalent to a fixed-point free term. The alternation-
depth hierarchy is therefore trivial in this case. This is not the case
for non distributive lattices, as the second author has shown that the
alternation-depth hierarchy is infinite.
In this paper we show that the alternation-depth hierarchy of the games
µ-calculus, with its interpretation in the class of all complete lattices, has
a nice characterization of ambiguous classes: every parity game which
is equivalent both to a game in Σn+1 and to a game in Πn+1 is also
equivalent to a game obtained by composing games in Σn and Πn.

Introduction

Parity games have shown to be a fundamental tool in the theory of automata
recognizing infinite objects and of the logics by which these objects are usu-
ally defined [23]. Among these logics we list monadic second order logic, the
propositional modal µ-calculus, and the collection of their fragments, i.e. logics
of computation such as PDL, LTL, CTL, etc. The use of the games is not re-
stricted to the theory but carries over to applications such as model-checking [9]
or the synthesis of controllers [4].

In the monograph [3] parity games are used to establish strong relationships
between µ-calculi and classes of automata (on words, on trees, on Kripke struc-
tures, etc.) A class of automata is given the structure of a µ-calculus by defining
a composition operation A[B/x] on automata and two fixed-point operations
µx.A and νx.A. Recall that a µ-calculus is a set of syntactical entities with an
intended functional interpretation on a complete lattice L, each term t of arity
ar(t) being interpreted as a monotonic mapping from Lar(t) to L. The terms θx.t
of a µ-calculus, for θ ∈ {µ, ν}, are interpreted as extremal fixed-points of t, so
that θx.t and t[θx.t/x] denote the same object. In the µ-calculus of automata, the
complete lattice L is a powerset of a set of objects (words, trees, etc.); the inter-
pretation of an automaton, as a term of empty arity of the µ-calculus, coincides
with the language of objects it accepts.
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Σ0 = Π0

Σ1

⊆

Π1

⊆
Comp(Σ1, Π1)

⊆

⊆

Σ2

⊆

Π2

⊆
Comp(Σ2, Π2)

⊆

⊆
. . .

Fig. 1. The alternation-depth hierarchy

Parity games are syntactically similar to automata, thus the composition and
fixed-point operations can be defined on games as well. In the monograph [3] this
was not done, as, by analogy with the case of automata, the interpretation of a
game is whether some distinguished position is winning or not. Since there are
only two objects in the interpretation domain, such a µ-calculus of games is not
very interesting.1 On the other hand, for a given µ-calculus, it is also possible to
consider as the intended interpretation a given class of complete lattices. It turns
out that considering the class of distributive (complete) lattices is not enough
to make the µ-calculus of games nontrivial. In this case, every term is equivalent
to a term with no applications of the fixed-point operations. In order to have
a µ-calculus of games with a nontrivial interpretation one needs to consider
the class of all complete lattices. In [20] a µ-calculus with such interpretation
is considered. It is defined a preorder ≤ on the collection G of games, in a
constructive way. The quotient of this collection of games under the equivalence
relation ∼ on G induced by ≤ is a lattice (although not a complete one) where
the interpretation of θx.G is indeed an extremal fixed-point. This is moreover
the universal µ-lattice, that is the universal lattice in which every µ-term has
an interpretation. By saying that this algebraic object is universal we mean that
two terms s, t satisfy s ≤ t in the quotient G/∼ if and only if this relation holds
in every lattice where all µ-terms are interpretable. Moreover the relation s ≤ t
holds in G/∼ if and only if it holds in every complete lattice.

The extremal fixed-point operations of µ-calculi are syntactic operators anal-
ogous to quantifiers. There have been few proposals to classify µ-terms into
classes according to the number of nested applications of fixed-point operations;
most of these classifications happen to be equivalent [14, 15, 16]. We recall here
the hierarchy of µ-terms into classes proposed in [15]. The class Σ0 = Π0 is the
class of µ-terms with no application of the fixed-point operations; Σn+1 (resp.
Πn+1) is the closure of Σn andΠn under the composition operation and the least
fixed-point operation (resp. the greatest fixed-point operation). Also, the class
Comp(Σn, Πn) is defined as the closure of Σn and Πn under the composition
operation. These classes are ordered by the inclusions as shown in figure 1. As far
as we are dealing with the syntax, these inclusions are obviously strict. However,

1 It is also possible to say that the interpretation of a game is the set of winning
strategies for a given player. This idea was pursued in [21].
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if a µ-calculus comes with an intended interpretation, the relevant question is
whether these inclusions are strict in the interpretation, and this question has no
obvious answer. For the propositional modal µ-calculus the semantical strictness
of these inclusions was proved in [6, 13, 1]. For the µ-calculus of parity games
with its interpretation in the class of all complete lattices these inclusions were
shown to be strict in [18].

In this paper we investigate an orthogonal problem. It is easily seen that the
relation

Comp(Σn, Πn) = Σn+1 ∩Πn+1(1)

holds in every µ-calculus, at least at the syntactic level; it can be asked whether
such equality still holds with respect to a given interpretation. This question is
inspired by the characterization of the ambiguous classes in the Borel hierarchy
[12, §11.B,§22.27], of which, there are already known analogies within µ-calculi.
Indeed, it is an easy exercise to show that if a language of infinite words is
accepted both by a deterministic automaton in Σn+1 and by a deterministic au-
tomaton in Πn+1, then this language is accepted by a deterministic automaton
in Comp(Σn, Πn). We remark that questions related to the alternation-depth hi-
erarchy for deterministic automata on infinite words tend to be easy, for example
this hierarchy is even decidable [17]. Also, it was shown in [2] that if language
of trees is definable both by an automaton in Σ2 and by an automaton in Π2,
then it is also definable by an automaton in Comp(Σ1, Π1).

We show that, for the µ-calculus of games with its interpretation in the class
of all complete lattices, the equality (1) holds semantically, for every n ≥ 0. As far
as we know, together with the observation that this equality holds for languages
of infinite words defined by deterministic automata, this is the first complete
result of this type for µ-calculi. We do not answer the analogous question for
other µ-calculi but we believe that the ideas and tools presented here can be
adapted to other contexts. These tools are proof-theoretic in nature: the main
technical proposition is an interpolation theorem2 that we prove essentially with
Maehara’s method [22, §1.6.5]. The proofs that we consider here are however
circular, see [19], and being able to apply existing proof-theoretic techniques is
not straightforward.

The paper is organized as follows. In section 1 we define parity games with
draws and the operations on these games. We also define their semantics as mono-
tonic mappings on a complete lattice. In section 2 we organize parity games with
draws into a µ-calculus and define the syntactical preorder that characterizes the
semantical order relation. In section 3, we firstly recall the definition and basic
facts about the hierarchy; then we prove that equality (1) holds at the semantical
level.

2 This interpolation result concerns the hierarchy of fixed points; it contrasts with
the uniform interpolation property of the modal µ-calculus [7] which concerns the
common language of two formulas and does not take into account the hierarchy of
fixed points, since the main tool to prove it are disjunctive normal forms.
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1 Parity Games with Draws

A parity game with draws is a tuple G = 〈PosGE , PosGA, PosGD,MG, ρG〉 where:

– PosGE , Pos
G
A, Pos

G
D are finite pairwise disjoint sets of positions (Eva’s posi-

tions, Adam’s positions, and draw positions),
– MG, the set of moves, is a subset of (PosGE∪PosGA)×(PosGE∪PosGA∪PosGD),
– ρG is a mapping from (PosGE ∪ PosGA) to N.

Whenever an initial position is specified, these data define a game between player
Eva and player Adam. The outcome of a finite play is determined according to
the normal play condition: a player who cannot move loses. It can also be a draw,
if a position in PosGD is reached.3 The outcome of an infinite play { (gk, gk+1) ∈
MG }k≥0 is determined by means of the rank function ρG as follows: it is a win
for Eva if and only if the number

max { i ∈ N | ∃ infinitely many k s.t. ρG(gk) = i }
is even. To simplify the notation, we shall use PosGE,A for the set PosGE ∪ PosGA
and use similar notations such as PosGE,D, etc. We let MaxG = max ρG(PosGE,A)
if the set PosGE,A is not empty, and MaxG = −1 otherwise.

1.1 Operations on Parity Games

We define here some operations and constants on games. When defining oper-
ations on games we shall always assume that the sets of positions of distinct
games are pairwise disjoint.
Meets and Joins. For any finite set I,

∧
I is the game defined by letting

PosE = ∅, PosA = {p0}, PosD = I, M = { (p0, i) | i ∈ I } (where p0 �∈ I),
ρ(p0) = 0. The game

∨
I is defined similarly, exchanging PosE and PosA.

Composition Operation. Given two games G and H and a mapping ψ :
PGD −→ PHE,A,D, the game K = G ◦ψ H is defined as follows:

– PosKE = PosGE ∪ PosHE ,
– PosKA = PosGA ∪ PosHA ,
– PosKD = PosHD ,
– MK = (MG ∩ (PosGE,A × PosGE,A)) ∪ MH

∪ { (p, ψ(p′)) | (p, p′) ∈MG ∩ (PosGE,A × PosGD) } .
– ρK is such that its restrictions to the positions of G and H are respectively

equal to ρG and ρH .

Sum Operation. Given a finite collection of parity games Gi, i ∈ I, their sum
H =

∑
i∈I Gi is defined in the obvious way:

– PHZ =
⋃
i∈I P

Gi

Z , for Z ∈ {E,A,D},
– MH =

⋃
i∈IM

Gi ,
– ρH is such that its restriction to the positions of each Gi is equal to ρGi .

3 Observe that there are no possible moves from a position in PosG
D.
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Fixed-point Operations. If G is a game, a system on G is a tuple S =
〈E,A,M〉 where:

– E and A are pairwise disjoint subsets of PosGD,
– M ⊆ (E ∪A) × PosGE,A,D.

Given a system S and θ ∈ {µ, ν}, we define the parity game θS .G:

– PosθS .G
E = PosGE ∪ E,

– PosθS .G
A = PosGA ∪A,

– PosθS .G
D = PosGD − (E ∪A),

– MθS.G = MG ∪M ,
– ρθS .G is the extension of ρG to E ∪A such that:

• if θ = µ, then ρθS .G takes on E ∪ A the constant value MaxG if this
number is odd or MaxG + 1 if MaxG is even,

• if θ = ν, then ρθS.G takes on E ∪ A the constant value MaxG if this
number is even or MaxG + 1 if MaxG is odd.

Predecessor Game. Let G be a game such that MaxG �= −1, i.e. there is at
least one position in PosGE,A. Let TopG = { g ∈ PosGE,A | ρG(g) = MaxG }, then
the predecessor game G− is defined as follows:

– PosG
−

E = PosGE − TopG,
– PosG

−
A = PosGA − TopG,

– PosG
−

D = PosGD ∪ TopG,
– MG−

= MG − (TopG × PosGE,A,D),

– ρG
−

is the restriction of ρG to PosG
−

E,A.

1.2 Semantics of Parity Games

Given a complete lattice L, the intepretation of a parity game G is going to be
a monotone mapping of the form

||G|| : LP
G
D −→ LP

G
E,A ,

where LP
G
K is the PGK -fold product lattice of L with itself. If g ∈ PosGA,E then

||Gg|| will denote the projection of ||G|| onto the g coordinate. Any parity game
G can be reconstructed in a unique way from the predecessor game G− by one
application of some fixed-point operation θS ; moreover the predecessor game
is “simpler”. Thus we define the interpretation of a parity game inductively. If
PGE,A = ∅, then LP

G
E,A = L∅ = 1, the complete lattices with just one element,

and there is just one possible definition of the mapping ||G||. Otherwise, if MaxG

is odd, then ||G|| is the parameterized least fixed-point of the monotone mapping

LP
G
E,A × LP

G
D −→ LP

G
E,A
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defined by the system of equations:

xg =






∨ { xg′ | (g, g′) ∈MG } if g ∈ PosGE ∩ TopG,
∧ { xg′ | (g, g′) ∈MG } if g ∈ PosGA ∩ TopG,
||G−

g ||(XTopG , XPosG
D

) otherwise.

If MaxG is even, then ||G|| is the parameterized greatest fixed-point of this
mapping.

2 The µ-Calculus of Games

Let X be a countable set of variables. A pointed parity game with labeled draws
is a tuple 〈G, pG� , λG〉 where G is a parity game, pG� ∈ PosGE,A,D is a specified
initial position, and λG : PosGD −→ X is a labeling of draw positions by variables.
With G we shall denote the collection of all pointed parity games with labeled
draws; as no confusion will arise, we will call a pointed parity game with labeled
draws simply “game”. Similarly, we shall abuse the notation and write G to
denote the entire tuple 〈G, pG� , λG〉. With the notation Gg we shall denote the
game that differs from G only in that the initial position is now g, i.e pGg

� = g.
We give the collection G the structure of a µ-calculus, as defined in [3, §2.1].

If x is a variable, the game x̂ has just one draw position labeled by x. The arity
of a game G, denoted by ar(G), is the subset of variables λG(PosGD).

A substitution is a mapping σ : X −→ G; given a game G and a substitution
σ, the composition of G and σ – for which we use the notation G[σ] – is defined
as

G[σ] = (G ◦ψ
∑

x∈ar(G)

σ(x)) ,

where ψ(g) = p
σ(λG(g))
� for g ∈ PosGD. Moreover, pG[σ]

� = pG� and λG[σ](p) =
λσ(x)(p) whenever p ∈ Pos

σ(x)
D . Therefore ar(G[σ]) =

⋃
x∈ar(G) ar(σ(x)).

Similarly, given G in G and x ∈ X , let Posx = { g ∈ PosGD |λG(g) = x }.
Define the system S as 〈∅, Posx, Posx × {pG� }〉. Then we define

θx.G = (θS .G) ,

where moreover λθx.G is the restriction of λG and pθx.G� = pG� . Remark that
θx.G = G if x �∈ ar(G).

The above constructions are analogous to those given in [3, §7.2] for automata
and therefore one can mimic the proof presented there to show that G with this
structure satisfies the axioms of a µ-calculus.

Observe that the operation of forming the predecessor game G− can be
extended to pointed parity games with labeled draws if we choose a variable
xg �∈ ar(G) for each g ∈ TopG: we let in this case λG

−
be the extension of λG

such that λG
−
(g) = xg for g ∈ TopG.
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2.1 The Preorder on G
In order to describe a preorder on the class G, we shall define a new game 〈〈G,H〉〉
for a pair of games G and H in G. This is not a pointed parity game with draws
as defined in the previous section; to emphasize this fact, the two players will be
named Mediator and Opponent instead of Eva and Adam.

Before formally defining the game 〈〈G,H〉〉, we give its informal description
and explanation. Mediator’s goal is to prove that the relation ||G|| ≤ ||H || holds
in any complete lattice; Opponent’s goal is to show that this relation does not
hold. For example, if G =

∨
i∈I Gi has the shape of a join and H =

∧
j∈JHj has

the shape of a meet, then this is an Opponent’s position: Mediator should be
prepared to prove ||Gi|| ≤ ||Hj || for any pair of indexes i and j; thus Opponent
should find a pair of indexes (i, j) and show that ||Gi|| �≤ ||Hj ||. If G =

∧
i∈IGi is

a meet and H =
∨
j∈J Hj is a join, then this is a Mediator’s position: Mediator

should find either an i and show that ||Gi|| ≤ ||H || or a j and show that ||G|| ≤
||Hj ||; Opponent should be prepared to disprove any such relation.4

Thus the game is played on the two boards, simultaneously. At a first ap-
proximation, a position of 〈〈G,H〉〉 is a pair of positions from G and H . Since
we code meets as Adam’s positions and joins as Eva’s positions, Mediator is
playing with Adam on G and with Eva on H ; Opponent is playing with Eva on
G and with Adam on H . Thus a pair (g, h) in PosGA × PosHE clearly belongs to
Mediator and a pair (g, h) in PosGE × PosHA clearly belongs to Opponent. Pairs
in PosGE × PosHE or PosGA × PosHA are ambiguous, as both players could play.
The situation is not symmetric, however, as Opponent is obliged to play while
Mediator is allowed to play, if he wants, but he can also decide to delay his
move. In the formal definition, we code the fact that two players can play from
the same pair by duplicating every pair into a Mediator’s position and into an
Opponent’s position.

Definition 2.1. The game 〈〈G,H〉〉 is defined as follows:

– The set of Mediator’s positions is

PosGE,A,D × {M} × PosHE,A,D ,

and the set of Opponent’s positions is

PosGE,A,D × {O} × PosHE,A,D .

– We describe the moves5 by cases:
• If (g, h) ∈ (PosGE × PosHA,D) ∪ (PosGE,D × PosHA ), then there is just one

“silent” move
(g,M, h) → (g,O, h)

4 These moves suffice to Mediator to reach his goal, as the relation ≤ that we shall
define turns out to be transitive. This fact is analogous to a cut-elimination theorem
and to Whitman’s conditions characterizing free lattices [10].

5 As we wish to distinguish moves coming from G and moves coming from H , the
underlying graph of this game can have distinct edges relating the same pair of
vertices.
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and moves of the form

(g,O, h) → (g′,M, h) (g,O, h) → (g,M, h′)

for every move (g, g′) ∈MG and every move (h, h′) ∈MH .
• If (g, h) ∈ (PosGA × PosHE,D) ∪ (PosGA,D × PosHE ), then there is just one

silent move
(g,O, h) → (g,M, h)

and moves of the form

(g,M, h) → (g′, O, h) (g,M, h) → (g,O, h′)

for every move (g, g′) ∈MG and every move (h, h′) ∈MH .
• If (g, h) ∈ (PosGE × PosHE ) then there are moves of the form

(g,O, h) → (g′,M, h) (g,M, h) → (g,O, h′)

for every move (g, g′) ∈MG and every move (h, h′) ∈MH , and moreover
a silent move

(g,M, h) → (g,O, h) .

• Similarly, if (g, h) ∈ (PosGA × PosHA ) then there are moves of the form

(g,M, h) → (g′, O, h) (g,O, h) → (g,M, h′)

for every move (g, g′) ∈MG and every move (h, h′) ∈MH , and moreover
a silent move

(g,M, h) → (g,O, h) .

• Finally, if (g, h) ∈ PosGD × PosHD , then: If λG(g) = λH(h), then there is
a move

(g,M, h) → (g,O, h)

and no move from (g,O, h). Hence this is a winning position for Mediator.
If λG(g) �= λH(h), then there is a move

(g,O, h) → (g,M, h)

and no move from (g,M, h). The latter is a win for Opponent.
– Now let us define the winning plays for Mediator in this game. As usual

a maximal finite play is lost by the player who cannot move. For infinite
plays, observe that any (maximal) play γ in 〈〈G,H〉〉 defines two plays (not
necessarily maximal) πG(γ) inG and πH(γ) inH . Generalizing what happens
for finite plays we say that Mediator wins an infinite play γ if and only if
either πG(γ) is a win for Adam on G, or πH(γ) is a win for Eva on H .
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In the above definition we must explain the meaning of statements such as
“πH(γ) is a win for Eva on H” whenever πH(γ) is a finite play which is not
maximal. In this case, the last position of the play πH(γ) belongs either to
PosHE or to PosHA : we say that this is a win for Adam in the first case and a
win for Eva in the latter case, with the intuition that the player who gives up
playing loses.

This convention allows Mediator to play just on one board and to give up on
the other if Adam has a winning strategy on G or Eva has a winning strategy on
H . On the other hand, as soon as Opponent gives up on one board, he’s going
to lose. Notice that the game 〈〈G,H〉〉 alternates between Opponent’s positions
and Mediator’s positions, thus if a player among Mediator and Opponent gives
up on one board, this is indeed his own responsibility.

Finally observe that the condition (1): “πG(γ) is a win for Adam on G, or
πH(γ) is a win for Eva on H” implies but is not equivalent to (2): “if πG(γ) is a
win for Eva on G, then πH(γ) is a win for Eva on H”. The logic is complicated
by the fact that πG(γ) could be a draw, but this is also the only obstacle to
obtain the equivalence between (1) and (2).

Definition 2.2. If G andH belong to G, then we declare that G ≤ H if and only
if Mediator has a winning strategy in the game 〈〈G,H〉〉 starting from position
(pG� , O, pH� ).

In the following, we shall write G ∼ H to mean that G ≤ H and H ≤ G. We
continue by listing some useful facts about the game 〈〈G,H〉〉 and the relation
≤.

Lemma 2.3. In the game 〈〈G,H〉〉 Mediator has a winning strategy from a posi-
tion of the form (g,O, h) if and only if he has a winning strategy from (g,M, h).

We do not include a proof of this lemma for lack of space.
An homomorphism from a game G to a game H is a mapping f from the

positions of G to the positions of H such that:

– f(pG� ) = hH� ,
– if g belongs to PosGE (resp. PosGA) then f(g) belongs to PosHE (resp. PosHA )

and ρG(g) = ρH(f(g)),
– if g belongs to PosGD then f(g) belongs to PosHD and λG(g) = λH(f(g)),
– if (g, g′) ∈MG then (f(g), f(g′)) ∈MH .

An homomorphism f from a game G to a game H is a bisimulation if moreover:

– for any position g of G, if (f(g), h) ∈ MH then there exists a position g′ of
G such that (g, g′) ∈MG and h = f(g′).

Lemma 2.4. If there is a bisimulation from G to H, then G ∼ H.
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The proof of this lemma, which we do not include for lack of space, amounts to
observe that both in the game 〈〈G,H〉〉 and the game 〈〈H,G〉〉 Mediator can use
a “copycat” strategy. We can use Lemma 2.4 to establish several equivalences.
Let G be a game and T ⊆ PosGE,A be a collection of positions of G. Let XT ⊆ X
be a subset of variables in bijection with T and such that XT ∩ ar(G) = ∅.
The game GT�XT is obtained as follows: every position t ∈ T is added to the
set of draw positions and labeled by the variable xt which corresponds to t. Of
course there are no more moves from a position t ∈ T in the game GT�XT . The
relation Gg ∼ GT�XT

g [Gt/xt]t∈T holds, as a consequence of the fact that there
is a bisimulation from GT�XT

g [Gt/xt] to Gg. Also, let G′
g be the game obtained

from Gg by considering the reachable part from g. Again, we have Gg ∼ G′
g as

the inclusion of the positions of G′
g into the positions of Gg is a bisimulation.

Thus we are allowed to consider only games in G that are reachable from the
initial position.

Proposition 2.5. The relation ≤ has the following properties:

1. It is reflexive and transitive.
2. Composition is monotonic: If G ≤ H and if for all x ∈ X, σ(x) ≤ σ′(x)

then G[σ] ≤ H [σ′].
3. For any game G and any substitution σ, G ≤ ∧

I [σ] if and only if G ≤ σ(xi)
for all i ∈ I.

4. For any game H and any substitution σ,
∨
I [σ] ≤ H if and only if σ(xi) ≤ H

for all i ∈ I.
5. For θ ∈ {µ, ν}, θx.G ∼ G[θx.G/x].
6. If G[H/x] ≤ H then µx.G ≤ H.
7. If G ≤ G[H/x] then G ≤ νx.H.
8. It is the least relation on G having properties 1 to 7.
9. It is sound and complete with respect to the class of all complete lattices:

G ≤ H if and only if for any complete lattice L and any v : X −→ L

||GpG
�
||(v ◦ λG) ≤ ||HpH

�
||(v ◦ λH) .

Proof. These properties were stated and proved in [20] for a restricted class of
fair games and for a different relation � (similar to the one of [5, 11]). However,
we can prove the following: 1) the relation ≤ is indeed reflexive, transitive, and
monotonic, 2) every game in G is ≤-equivalent to a fair game, 3) if G and H are
fair games, then G ≤ H if and only if G � H .

Therefore the quotient of the class of fair games under the equivalence relation
induced by � is order isomorphic to the quotient of G under the equivalence
relation ∼ and this quotient inherits all the properties proved in [20]. ��

In particular the quotient G/∼ is a lattice where the greatest lower bound
(resp. least upper bound) of the equivalence classes of G1, . . . , Gk is the equiv-
alence class of

∧
k(G1, . . . , Gk) (resp.

∨
k(G1, . . . , Gk)). It is a µ-lattice as well,

meaning that all the µ-terms constructible from the signature 〈�,∧,⊥,∨〉 are
interpretable as infima, suprema, least prefixed points and greatest postfixed
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points of previously defined operations. The µ-lattice G/∼ is freely generated by
the set X , meaning that given any µ-lattice L and any mapping ψ : X −→ L,
there exists a unique extension of ψ to a mapping ψ′ : G/∼ −→ L that preserves
the interpretation of µ-terms. From this property it readily follows that ≤ is the
least preorder having the properties listed above.

3 Ambiguous Classes in the Mostowski Hierarchy

If G is a game then two mappings ρ and ρ′ from PosGE,A to N are said to be
equivalent with respect to G if any infinite path in G is winning according to ρ
if and only if it is winning according to ρ′. Let G be a game and ρ be a mapping
equivalent to ρG w.r.t. G. It is easily observed that the game G′ obtained from
G by substituting the rank function ρ with ρG is equivalent to G: G ∼ G′.

Definition 3.1. We say that a game G belongs to Σ0 = Π0 if and only if it is
acyclic. For n ≥ 1, we say that a game G belongs to Σn (resp. Πn) if there is a
mapping ρ equivalent to ρG w.r.t. G, and an odd (resp. even) number m ≥ n−1
such that ρ(PosGE,A) ⊆ {m − n + 1, . . . ,m}. We say that a game belongs to
Comp(Σn, Πn) if it can be obtained from games in Σn and Πn by a sequence of
applications of the composition operation.

Observe that, by construction, for every n ≥ 1, if G belongs to Σn (resp. Πn)
then µx.G belongs to Σn (resp. Πn+1) and νx.G belongs to Σn+1 (resp. Πn).
Moreover, Comp(Σ0, Π0) = Σ0 and in general Comp(Σn, Πn) ⊆ Σn+1 ∩Πn+1.
We shall show that the converse holds as well.

Lemma 3.2. If a game G belongs to Σ1 ∩Π1 then it is acyclic.

Proof. As G belongs to Σ1 ∩Π1 there are two mappings ρ and ρ′ equivalent to
ρG w.r.t. G whose images are respectively {m} and {m′}, where m is odd and
m′ is even. If G is not acyclic, there exists a position p in G and a non empty
path γ from p to p. The infinite path γω is a win for Adam, according to ρ, and
a win for Eva, according to ρ′. This is a contradiction. ��

Lemma 3.3. If a game G is strongly connected and belongs to Σn+1 ∩ Πn+1

then either it belongs to Σn, or it belongs to Πn.

Proof. If G belongs to Σn+1 ∩ Πn+1 then there exist two mappings ρ and ρ′,
equivalent to ρG w.r.t. G, whose images are respectively included in {m −
n, . . . ,m} and {m′ − n, . . . ,m′} where m is odd and m′ is even.

Assume that there are two positions p, p′ ∈ PosGE,A such that ρ(p) = m and
ρ′(p′) = m′. Since G is strongly connected, there exists a non empty path γ from
p to p′ and a non empty path γ′ from p′ to p. The maximal value of ρ (resp. ρ′)
which occurs infinitely often in the path (γγ′)ω is m (resp. m′). Therefore this
infinite path is a win for Adam according to ρ and a win for Eva according to
ρ′, a contradiction as ρ and ρ′ are equivalent.
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It follows that either ρ never takes the value m on PosGE,A or ρ′ never takes
the value m′ on PosGE,A. In the first case ρ(PosGE,A) ⊆ {m− n, . . . ,m− 1} and
G ∈ Πn. In the second case ρ′(PosGE,A) ⊆ {m′ −n, . . . ,m′ − 1} and G ∈ Σn. ��

Corollary 3.4. If a game G belongs to Σn+1 and to Πn+1, then it belongs to
Comp(Σn, Πn).

Proof. If n = 0 then this is lemma 3.2. Otherwise we can construct G from its
maximal strongly connected components Gi by means of a sequences of substitu-
tions. According to lemma 3.3, each of the Gi is either in Σn or in Πn. Therefore
G ∈ Comp(Σn, Πn). ��

Thus we have argued that the equality (1) holds at the syntactic level. In
the introduction we have stressed that the relevant question is whether such
equality holds with respect to the given interpretation of all complete lattices.
By the characterization in [20], this is the same as asking whether such equation
holds up to the equivalence relation ∼ induced by the preorder ≤.

Definition 3.5. Let G ∈ G and say that G ∈ Sn if there exists a G′ ∈ Σn such
that G ∼ G′. Similarly, say that G ∈ Pn if there exists a G′ ∈ Πn such that
G ∼ G′, and that G ∈ Cn if there exists a G′ ∈ Comp(Σn, Πn) such that G ∼ G′.

The ambiguous class Dn is simply the intersection of Pn and Sn. The main
result of this paper is the following:

Theorem 3.6. The ambiguous class Dn+1 = Pn+1 ∩ Sn+1 and the class Cn are
equal, for every n ≥ 0.

The relation Cn ⊆ Pn+1 ∩ Sn+1 immediately follows from the definition of
the classes Cn,Sn+1,Pn+1 and by the relation (1). For the converse it is enough
to prove the following Proposition.

Proposition 3.7. Let G and H be games in Πn+1 and Σn+1, respectively, and
suppose that G ≤ H. Then there exists a K ∈ Comp(Σn, Πn) such that G ≤ K
and K ≤ H.

Indeed, if G′ ∈ Sn+1 ∩ Pn+1, then let G ∈ Πn+1 and H ∈ Σn+1, such that
G′ ∼ G ∼ H . If K is as in the statement of Proposition 3.7, then the relations

G′ ≤ G ≤ K ≤ H ≤ G′

exhibit G′ as a member of Cn.
Proof (of Proposition 3.7). Let us fix G ∈ Πn+1 and H ∈ Σn+1, thus we
shall assume that ρG(PosGE,A) ⊆ {m − n, . . . ,m} where m is even and that
ρH(PosHE,A) ⊆ {m′−n, . . . ,m′} withm′ odd. We also assume that G ≤ H and fix
a winning strategy for Mediator in the game 〈〈G,H〉〉 from position (pG� , O, p

H
� ).

This game is almost6 a game whose set of infinite winning plays is described by
6 The winning condition can be described using Rabin pairs on the edges.
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a Rabin acceptance condition. Thus, if Mediator has a winning strategy in this
game, then he has a deterministic bounded memory winning strategy as well.
Therefore we shall assume that the fixed winning strategy is deterministic and
has a bounded memory. We shall represent it as the tuple 〈S,U, s�, ψ〉, where
〈S,U, s�〉 is a finite pointed graph, with set of memory states S, set of update
transitions U , and an initial state s�; ψ is an homomorphism of graphs from
〈S,U, s�〉 to the graph of 〈〈G,H〉〉 (mapping every memory state to a position
and an update transition to a move) with the following properties:

– ψ(s�) = (pG� , O, pH� ),
– if s ∈ S and ψ(s) = (g,O, h) is an Opponent’s position, then for every

move (g,O, h) → (g′,M, h′) there exists a unique s′ such that s → s′ and
ψ(s′) = (g′,M, h′),

– if s ∈ S and ψ(s) = (g,M, h) is a Mediator’s position, then there exists a
unique transition s→ s′,

– if s0 → s1 → . . . is an infinite path in the graph 〈S,U〉, then the infinite play
ψ(s0) → ψ(s1) → . . . is a win for Mediator.

Recall from 1.1 the definition of the predecessor game G−. In particular, re-
call that TopG = { g ∈ PosGE,A | ρG(g) = MaxG } and that TopH = { h ∈
PosHE,A | ρH(h) = MaxH }. Observe that, for the games G and H under con-
sideration, G− belongs to Σn and H− belongs to Πn. Intuitively, our next goal
is to show that we can completely decompose the given winning strategy into
a collection of local strategies that Mediator can play either in 〈〈G,H−〉〉, or in
〈〈G,H ′〉〉 for some game H ′ of the form

∧
I , or in 〈〈G−, H〉〉 or in some 〈〈G′, H〉〉

for some game G′ of the form
∨
I .

We shall denote by [ s ] the maximal strongly connected component of the
graph 〈S,U〉 to which s belongs. We observe that the following exhaustive and
exclusive cases arise:

(Ac) The component [ s ] is reduced to the singleton {s}. Observe that we cannot
have a transition s → s as the graph of 〈〈G,H〉〉 is bipartite. Therefore the
component [ s ] is acyclic.

(Cy) The component [ s ] is cyclic (and contains at least two elements). We have
the following subcases:
(CyA) The projection of [ s ] onto H is stuck and belongs to Adam: let

s1, s2 ∈ [ s ] be such that s1 → s2 and let ψ(si) = (gi, Pi, hi) for i = 1, 2;
then h1 = h2 ∈ PosHA and the move (g1, P1, h1) → (g2, P2, h1) is either
a left move (i.e. (g1, g2) ∈MG) or it is a silent move.

(CyE) The projection of [ s ] onto G is stuck and belongs to Eva: the formal
definition is obtained by exchanging H with G and Adam with Eva in
the definition of (CyA).

The previous conditions do not hold and:
(CyG) The projection of [ s ] onto G contains a visit to TopG: there

exists an s′ ∈ [ s ] such that ψ(s′) = (g′, P ′, h′) and ρG(g′) = MaxG.
(CyH) The projection of [ s ] onto H contains a visit to TopH : there

exists an s′ ∈ [ s ] such that ψ(s′) = (g′, P ′, h′) and ρH(h′) = MaxH .
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(CyN) None of the previous conditions hold. In particular, for all s′ ∈
[ s ], if ψ(s′) = (g′, P ′, h′), g′ ∈ PosGE,A implies ρG(g′) < MaxG and
h′ ∈ PosHE,A implies ρG(h′) < MaxH .

The reader should verify that the above cases are indeed disjoint. To see that
(CyA) and (CyE) are disjoint, observe that a proper cycle in the graph of
〈〈G,H〉〉 cannot be stuck both on G and on H . To see that (CyG) and (CyH)
are disjoint consider a maximal strongly connected component [ s ] that visits
both TopG and TopH , and a path γ that visits all the states in [ s ]. The unique
way the path ψ(γω) can be a win in the game 〈〈G,H〉〉 for Mediator is that the
play ψ(γ) is stuck on H on an Adam’s position, in which case [ s ] satisfies (CyA),
or that this play is stuck on G on an Eva’s position, in which case [ s ] satisfies
(CyE).

Definition 3.8. We say that s�→ s′ if and only if there exists a path s = s0 →
s1 → . . .→ sn = s′, but s′ does not belong to the strongly connected component
of s.

Clearly, the relation s�→ s′ is irreflexive and acyclic, and therefore well founded.

Lemma 3.9. Let s ∈ S and ψ(s) = (g, P, h), where P ∈ {O,M}. Suppose that
the strongly connected component [ s ] is of type (CyG) or of type (CyN). If for
each h′ ∈ TopH there exists κ(h′) such that Gg′ ≤ κ(h′) whenever s �→ s′ and
ψ(s′) = (g′, P ′, h′), then

Gg ≤ H−
h [κ(h′)/yh′ ]h′∈TopH .

Of course there is a dual lemma if the stronlgy connected component [ s ] is of
type (CyH); we leave the reader to formulate it. Observe that in order to form
a collection {κ(h′)} satisfying the hypothesis of the lemma, it is enough to let
κ(h′) =

∨
∅ if there is no s′ such that s�→ s′ and ψ(s′) = (g′, P ′, h′).

Proof (of lemma 3.9). The positions of the game 〈〈G,H−
h [κ(h′)/yh′ ]h′∈TopH 〉〉

form a set which is the disjoint union of a component PosGE,A,D × {M,O} ×
(PosHE,A,D−TopH) and of components PosGE,A,D×{M,O}×Pos

κ(h′)
E,A,D for h′ ∈

TopH . Moreover, in the latter components, the game is exactly as in 〈〈G, κ(h′)〉〉.
Mediator can use the strategy S from position ψ(s) on the first component

PosGE,A,D×{M,O}×(PosHE,A,D−TopH), as long as the strategy does not suggest
a move (g′, P, h) → (g′, P ′, h′) for some h′ ∈ TopH . If this is the case and if s′

is the state of the strategy that lifts (g′, P ′, h′), then s�→ s′, because [ s ] cannot
contain a visit to TopH . Hence, by assumption, there is a winning strategy in
the game 〈〈Gg′ , κ(h′)〉〉 from both positions (g′, O, pκ(h′)

� ) and (g′,M, p
κ(h′)
� ), by

lemma 2.3. The move (g′, P, h) → (g′, P ′, h′) becomes a move to (g′, P ′, pκ(h′)
� )

in 〈〈G, κ(h′)〉〉 and Mediator can continue with a winning strategy from the latter
position. ��
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We complete now the proof of Proposition 3.7 by proving the following
stronger claim:

Claim. For each s ∈ S such that ψ(s) = (g, P, h) there is a game Ks in the class
Comp(Σn, Πn) such that Gg ≤ Ks ≤ Hh.

The proof is by induction on the well founded relation �→ and it is subdivided
into cases, according to the type of the strongly connected component [ s ].

We suppose first that the type of [ s ] is (Ac), so that if s→ s′ then s�→ s′.
Observe that if s→ s′ is a transition lifting a silent move of the form

(g,O, h) → (g,M, h) (g,M, h) → (g,O, h)

then there is essentially nothing to prove: we can let Ks = Ks′ since by the
induction hypothesis Gg ≤ Ks′ ≤ Hh.

If g ∈ PosGE and P = O, then for each move (g, g′) ∈ MG there is a move
(g,O, h) → (g′,M, h) and a lifting s → s(g′) of this move. By the induction
hypothesis there are Ks(g′) ∈ Comp(Σn, Πn) such that Gg′ ≤ Ks(g′) ≤ Hh. We
can let Ks =

∨
(g,g′)∈MG Ks(g′) ∈ Comp(Σn, Πn), it follows that

Gg ∼ ∨
(g,g′)∈MG Gg′ ≤ ∨

(g,g′)∈MG Ks(g′) ≤ Hh .

Assume now that g ∈ PosGA, P = M , and that the unique transition s → s′

of the strategy is suggesting a move of the form (g,M, h) → (g′,M, h) for some
(g, g′) ∈ MG. We let Ks = Ks′ ∈ Comp(Σn, Πn), and knowing that Gg′ ≤
Ks′ ≤ Hh we derive

Gg ∼ ∧
(g,g′)∈MGGg′ ≤ Gg′ ≤ Ks ≤ Hh .

We can use a dual argument if h ∈ PosHA and P = O or if h ∈ PosHE and P = M .
If g ∈ PosGD and h ∈ PosHD , then we let Ks be the game with only one position
labeled by λG(g).

We suppose now that the type of [ s ] is (CyA). Observe that if s′ ∈ [ s ] and
ψ(s′) = (g′, O, h) is an Opponent position, then for each move (h, h′) ∈MH there
is a move (g′, O, h) → (g′,M, h′) in 〈〈G,H〉〉 and a lifting of this move s′ → s′(h′)
in 〈S,U〉. By definition of the type (CyA), s′(h′) �∈ [ s ], hence there exists a
Ks′(h′) such that Gg′ ≤ Ks′(h′) ≤ Hh′ . We can let Ks′ =

∧
(h,h′)∈MHKs′(h′)

since this game belongs to Comp(Σn, Πn) and

Gg′ ≤ ∧
(h,h′)∈MHKs′(h′) ≤ ∧

(h,h′)∈MHHh′ ∼ Hh .

If s′ ∈ [ s ] and ψ(s′) = (g′,M, h), then there is a unique transition s′ → s′′.
If s �→ s′ then we can use the inductive hypothesis; otherwise, if s′′ ∈ [ s ],
we observe that ψ(s′′) = (g′′, O, h) is an Opponent position and that we have
described how to construct Ks′′ satisfying the claim in the previous parargraph.
As the relation Gg′ ≤ Gg′′ holds, we can let Ks′ = Ks′′ , since

Gg′ ≤ Gg′′ ≤ Ks′′ ≤ Hh .
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We suppose now that the type of [ s ] is either (CyG) or (CyH). For each
h′ ∈ TopH let

κ(h′) =
∨

s �→ s′

ψ(s′) = (g′, P ′, h′)

Ks′

where the Ks′ ∈ Comp(Σn, Πn) have been previously constructed and satisfy
the relation Gg′ ≤ Ks′ ≤ Hh′ . Observe that Gg′ ≤ κ(h′) whenever s �→ s′ and
ψ(s′) = (g′, P ′, h′), therefore by lemma 3.9 the relation

Gg ≤ H−
h [κ(h′)/yh′ ]h′∈TopH

holds. Also, we have κ(h′) ≤ Hh′ for all h′ ∈ TopH and therefore

H−
h [κ(h′)/yh′ ]h′∈TopH ≤ H−

h [Hh′/yh′ ]h′∈TopH

where the last game is clearly equivalent to Hh. If we let Ks be the game
H−
h [κ(h′)/yh′ ]h′∈TopH , then Ks belongs to Comp(Σn, Πn), since H−

h ∈ Πn,
Πn ⊆ Comp(Σn, Πn), and for all h′ ∈ TopH κ(h′) ∈ Comp(Σn, Πn). More-
over we have shown that Gg ≤ Ks ≤ Hh.

We can use dual arguments if the strongly connected component is of type
(CyE) or (CyH); therefore the claim holds for every s ∈ S and for s� ∈ S in
particular. As we have ψ(s�) = (pG� , O, p

H
� ), the relations

G = GpG
�
≤ Ks� ≤ HpH

�
= H ,

prove Proposition 3.7. ��
Finally we remark that if there exists a bounded memory winning strategy in

the game 〈〈G,H〉〉 for Mediator, then there exists a winning strategy for Mediator
of size |G| × |H |, where |G| = cardPosGE,A,D + cardMG is the size of a game
G. This follows from considerations developed in [8]. Thus effective bounds to
construct K such that G ≤ K ≤ H can be extracted out of this information.
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[2] A. Arnold and D. Niwiński. Fixed point characterization of weak monadic logic
definable sets of trees. In Tree automata and languages (Le Touquet, 1990),
volume 10 of Stud. Comput. Sci. Artificial Intelligence, pages 159–188. North-
Holland, Amsterdam, 1992.

[3] A. Arnold and D. Niwiński. Rudiments of µ-calculus, volume 146 of Studies
in Logic and the Foundations of Mathematics. North-Holland Publishing Co.,
Amsterdam, 2001.

[4] A. Arnold, A. Vincent, and I. Walukiewicz. Games for synthesis of controllers
with partial information. To appear in Theoret. Comput. Sci., 2002.
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Abstract. The paper studies automatic verification of liveness properties with
probability 1 over parameterized programs that include probabilistic transitions,
and proposes two novel approaches to the problem. The first approach is based on
a Planner that occasionally determines the outcome of a finite sequence of “ran-
dom” choices, while the other random choices are performed non-deterministical-
ly. Using a Planner, a probabilistic protocol can be treated just like a non-probabil-
istic one and verified as such. The second approach is based on γ-fairness, a
notion of fairness that is sound and complete for verifying simple temporal prop-
erties (whose only temporal operators are � and � ) over finite-state systems.
The paper presents a symbolic model checker based on γ-fairness. We then show
how the network invariant approach can be adapted to accommodate probabilistic
protocols. The utility of the Planner approach is demonstrated on a probabilistic
mutual exclusion protocol. The utility of the approach of γ-fairness with network
invariants is demonstrated on Lehman and Rabin’s Courteous Philosophers algo-
rithm.

1 Introduction

Probabilistic elements have been introduced into concurrent systems in the early 1980s
to provide solutions (with high probability) to problems that do not have deterministic
solutions. Among the pioneers of probabilistic protocols were ([LR81, Rab82]). One
of the most challenging problems in the study of probabilistic protocols has been their
formal verification. While methodologies for proving safety (invariance) properties still
hold for probabilistic protocols, formal verification of their liveness properties has been,
and still is, a challenge. The main difficulty stems from the two types of nondeterminism
that occur in such programs: Their asynchronous execution, that assumes a potentially
adversarial (though somewhat fair) scheduler, and the nondeterminism associated with
the probabilistic actions, that assumes an even-handed coin-tosser.

It had been realized that if one only wants to prove that a certain property is P-valid,
i.e., holds with probability 1 over all executions of a system, this can be accomplished,
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for finite-state systems, in a manner that is completely independent of the precise prob-
abilities. Decidability of P-validity had been first established in [HSP82] for termina-
tion properties over finite-state systems, using a methodology that is graph-theoretic
in nature. The work in [PZ86b] extends the [HSP82] method and presents deductive
proof rules for proving P-validity for termination properties of finite-state program. The
work in [PZ93] presents sound and complete methodology for establishing P-validity
of general temporal properties over probabilistic systems, and [VW86, PZ93] describe
explicit-state model checking procedures for the finite-state case.

The emerging interest in embedded systems brought forth a surge of research in
automatic verification of parameterized systems, that, having unbounded number of
states, are not easily amenable to model checking techniques. In fact, verification of
such systems is known to be undecidable [AK86]. Much of the recent research has been
devoted to identifying conditions that enable automatic verification of such systems,
and abstraction tools to facilitate the task (e.g., [KP00, APR+01, EN95, EN96, EK00,
KPSZ02].)

One of the promising approaches to the uniform verification of parameterized sys-
tems is the method of network invariants, first mentioned in [BCG86, SG89], further
developed in [WL89] (who also coined the name “network invariant”), and elaborated
in [KM95] into a working method. In [KP00, KPSZ02] we extended the approach by
using a notion of abstraction that takes into account fairness properties. The approach
was developed into a working method and implemented on the Weizmann Institute
Temporal Logic Verifier TLV [PS96].

Another promising approach to the uniform verification of parameterized systems
is the method of counter abstraction: Given a parameterized system with finitely many
local states, a concrete state is abstracted by counting, for each possible local state, the
minimum between 2 and the number of processes with that local state. Traditionally,
counter abstraction is used for proving safety properties of parameterized systems (e.g.,
[Lub84].) More recently ([BLS01, PXZ02]) it was applied also to the verification of
liveness properties; [PXZ02] employs explicit abstraction of fairness requirements.

Since many of the probabilistic protocols that have been proposed and studied (e.g.,
[LR81, Rab82, CLP84]) are parameterized, a naturally arising question is whether we
can combine automatic verification tools of parameterized systems with those of prob-
abilistic ones.

In this paper we propose two novel approaches to the problem. The first is based
on Planners and the second on the notion of γ-fairness introduce in [ZPK02]. When
activated, a planner pre-determines the results of a the next k consecutive “random”
choices, allowing these next choices to be performed in a completely non-deterministic
manner. The approach is sound for finite-state systems: if there is a planner such that a
temporal property holds over all computations of the (non-probabilistic) program that
activates the planner infinitely often, then the property is P-valid. To deal with param-
eterized systems, we abstract a version of the system which activates the planner in-
finitely many times.

The notion of γ-fairness is a notion of fairness that is sound and complete for
verifying simple temporal properties (whose only temporal operators are � and � )
over finite-state systems. We devised a symbolic model checking algorithm based on
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γ-fairness that automatically verifies simple temporal properties of finite-state systems.
The algorithm was implemented using TLV. We also extended the network invariant
method to apply to γ-fairness, obtaining a method for verifying P-validity over param-
eterized systems.

Whereas we consider only P-validity, the PRISM probabilistic model checker
[KNP02], based on Markov chains and processes, allows the user to verify that a prop-
erty holds with arbitrary probability, and not just probability 1. However, PRISM does
not support the uniform verification of parameterized systems, but rather the verification
of individual system configurations. Thus, while PRISM was used to automatically ver-
ify the [PZ86b] mutual exclusion protocol for N = 10, we (in Section 5) automatically
verify it for every N > 1.

The paper is organized as follows: In Section 2 we describe our formal model,
probabilistic discrete systems (PDS), which is a fair discrete system augmented with
probabilistic requirements. We then define the notion of P-validity over PDSs. We also
briefly describe the programming language (SPL augmented with probabilistic goto
statements) that we use in our examples and its relation to PDS. In Section 3 we intro-
duce our two new methods for proving P-validity over finite-state systems: The Planner
approach, and γ-fairness. We also introduce SYMPMC, the symbolic model checker
based on γ-fairness. In Section 4 we describe our model for (fully symmetric) parame-
terized systems, the method of counter abstraction, and the method of network invari-
ants extended to deal with γ-fairness. Section 5 contains two examples: An automatic
P-validity proof of the liveness property of parameterized probabilistic mutual exclu-
sion algorithm [PZ86b] that uses a Planner combined with counter-abstraction, and an
automatic proof of P-validity of the individual liveness of the Courteous Philosophers
algorithm [LR81] using SYMPMC and Network Invariants. The mutual exclusion ex-
ample is, to our knowledge, the first formal and automatic verification of this protocol
(and protocols similar to it.) The Courteous Philosopher example was proven before in
[KPSZ02]. However, there we converted the protocol to a non-probabilistic one with
compassion requirements, that had to be devised manually and checked separately, and
only then applied the network invariant abstraction. Here the abstraction is from a prob-
abilistic, into a probabilistic, protocol. The advantage of this method is that it does not
require the user to compile the list of compassion requirements, nor for the compas-
sion requirements to be checked. Since checking the probabilistic requirements directly
is more efficient than checking multiple compassion requirements, the run times are
significantly faster (speedups of 50 to 90 percent.) We conclude in Section 6.

2 The Framework

As a computational model for reactive systems we take the model of fair discrete sys-
tem (FDS) [KP00], which is a slight variation on the model of fair transition system
[MP95], and add probabilistic requirements that describe the outcomes of probabilistic
selections. We first describe the formal model and the notion of P-validity—validity
with probability 1. We then briefly describe an a simple programming language that
allows for probabilistic selections.
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2.1 Probabilistic Discrete Systems

In the systems we are dealing with, all probabilities are bounded from below. In addi-
tion, the only properties we are concerned with are temporal formulae which hold with
probability 1. For simplicity of presentation, we assume that all probabilistic choices
are binary with equal probabilities. These restrictions can be easily removed without
impairing the results or methods presented in this paper.

A probabilistic discrete system (PDS) S : 〈V,Θ, ρ,P ,J , C〉 consists of the follow-
ing components:

• V : A finite set of typed system variables, containing data and control variables. A
state s is an assignment of type-compatible values to the system variables V . For
a set of variables U ⊆ V , we denote by s[U ] the set of values assigned by state s
to the variables U . The set of states over V is denoted by Σ. We assume that Σ is
finite.

• Θ: An initial condition – an assertion (first-order state formula) characterizing the
initial states.

• ρ: A transition relation – an assertion ρ(V, V ′), relating the values V of the vari-
ables in state s ∈ Σ to the values V ′ in a ρ-successor state s′ ∈ Σ.

• P : A finite set of probabilistic selections, each is a triplet (r, t1, t2) where r, t1 and
t2 are assertions. Each such triplet denotes that t1- and t2-states are the possible
outcomes of a probabilistic transition originating at r-states. We require that for
every s and s′ such that s′ is a ρ-successor of s, there is at most one probabilistic
selection (r, t1, t2) ∈ P and one i ∈ {1, 2} such that s is an r-state and s′ is
a ti-state. Thus, given two states, there is at most a single choice out of a single
probabilistic selection that can lead from one to the other.

• J : A set of justice (weak fairness) requirements, each given as an assertion. They
guarantee that every computation has infinitely many J-states, for every J ∈ J .

• C: A set of compassion (strong fairness) requirements, each is a pair of assertions.
They guarantee that every computation has either finitely many p-states or infinitely
many q-states, for every (p, q) ∈ C.

We require that every state s ∈ Σ has some transition enabled on it. This is often en-
sured by requiring ρ to include the disjunct V = V ′ which represents the idle transition.

Let S be an PDS for which the above components have been identified. We define
a computation tree of S to be an infinite tree whose nodes are labeled by Σ defined as
follows:

• Initiality: The root of the tree is labeled by an initial state, i.e., by a Θ-state.
• Consecution: Consider a node n labeled by a state s. Then one of the following

holds:
1. n has two children, n1 and n2, labeled by s1 and s2 respectively, such that

for some (r, t1, t2) ∈ P , s is an r-state, and s1 and s2 are t1- and t2-states
respectively.

2. n has a single child n′ labeled by s′, such that s′ is a ρ-successor of s and for
no (r, t1, t2) ∈ P is it the case that s is an r-state and s′ is a ti-state for some
i ∈ {1, 2}.
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Consider an infinite path π : s0, s1, . . . in a computation tree. The path π is called just
if it contains infinitely many occurrences of J-states for each J ∈ J . Path π is called
compassionate if, for each (p, q) ∈ C, π contains only finitely many occurrences of
p-states or π contains infinitely many occurrences of q-states. The path π is called fair
if it is both just and compassionate.

A computation tree induces a probability measure over all the infinite paths that
can be traced in the tree, the edges leading from a node with two children have each
probability 0.5, and the others have probability 1. We say that a computation tree is ad-
missible if the measure of fair paths in it is 1. Following [PZ93], we say that a temporal
property ϕ is P-valid over a computation tree if the measure of paths in the tree that sat-
isfy ϕ is 1. (See [PZ93] for a detailed description and definition of the measure space.)
Similarly, ϕ is P-valid over the PDS S if it is P-valid over every admissible computation
tree of S.

Note that when S is non-probabilistic, that is, when P is empty, then the notion of
P-validity over S coincides with the usual notion of validity over S.

2.2 Probabilistic SPL

All our concrete examples are given in SPL (Simple Programming Language), which is
used to represent concurrent programs (e.g., [MP95, MAB+94]). Every SPL program
can be compiled into a PDS in a straightforward manner. In particular, every statement
in an SPL program contributes a disjunct to the transition relation. For example, the as-
signment statement “�0 : x := y + 1; �1 : ” can be executed when control is at location
�0. When executed, it assigns the value of y + 1 to the variable x while control moves
from �0 to �1. This statement contributes to the transition relation, in the PDS that de-
scribes the program, the disjunct at−�0 ∧ at′−�1 ∧ x′ = y + 1 ∧ pres(V − {x, π})
(where for a set U ⊆ V , pres(U) =

∧
u∈U u

′ = u) and nothing to the probabilis-
tic requirements. The predicates at−�0 and at′−�1 stand, respectively, for the assertions
π = 0 and π′ = 1, where π is the control variable denoting the current location within
the process to which the statement belongs (program counter).

In order to represent probabilistic selections, we augment SPL by probabilistic goto
statements of the form

�0 : pr goto {�1, �2}
which adds the disjunct at−�0 ∧ (at′−�1 ∨ at′−�2) ∧ pres(V − {π}) to the transition
relation and the triplet (at−�0, at−�1, at−�2) to the set of probabilistic requirements.
Note that, since we allow stuttering (idling), we lose no generality by allowing only
probabilistic goto’s, as opposed to more general probabilistic assignments.

3 Automatic Verification of Finite-State PDSs

Automatic verification of finite-state PDSs has been studied in numerous works e.g.,
[VW86, PZ86a, KNP02]. Here we propose two new approaches to automatic verifi-
cation of P-validity of finite-state PDSs, both amenable to dealing with parameterized
(infinite-state) systems.
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3.1 Automatic Verification Using Planners

A planner transforms a probabilistic program Q into a non-probabilistic program Q
T

by pre-determining the results of a the next k consecutive “random” choices, allow-
ing these next choices to be performed in a completely non-deterministic manner. The
transformation is such that, for every temporal formula ϕ over (the variables of) Q, if
ϕ is valid overQ

T
, then it is P-valid overQ. Thus, the planner transformation converts

a PDS into an FDS , and reduces P-validity into validity. The transformation is based on
the following consequence of the Borel-Cantelli lemma [Fel68]:

Let b1, . . . , bk be a sequence of values, bi ∈ {1, 2}, for some fixed k. Let σ
be a computation of the program Q which makes infinitely many probabilis-
tic selections. Then, with probability 1, σ contains infinitely many segments
containing precisely k probabilistic choices in which these choices follow the
pattern b1, . . . , bk.

The transformation fromQ to Q
T

can be described as follows: Each probabilistic state-
ment “� : pr goto {�1, �2}” in Q is transformed into:

if consult� > 0

then
[

consult� := consult� − 1
if planner� then goto �1 else goto �2

]

else goto {�1, �2}
Thus, whenever counter consult� is positive, the program invokes the boolean-valued
function planner� which determined whether the program should branch to �1 or to �2.
Each such “counselled” branch decrements the counter consult� by 1. When the counter
is 0, the branching is purely non-deterministic. The function planner� can refer to all
available variables. Its particular form depends on the property ϕ, and it is up to the
user of this methodology to design a planner appropriate for the property at hand. This
may require some ingenuity and a thorough understanding of the analyzed program.

Finally, we augment the system with a parallel process, the activator, that non-
deterministically sets all consult� variables to a constant value k. We equip this process
with a justice requirement that guarantees that it replenishes the counters (activates the
planners) infinitely many times. A proof for the soundness of the method is in Ap-
pendix A.

Example 1. Consider Program up-down in Fig. 1 in which two processes increment and
decrement y ∈ [0..4].

To establish the P-validity of ϕ : � � (y = 0), we can take k = 4 and define
both planner�0 and plannerm0

to always yield 0, thus consistently choosing the second
(decrementing) mode.

3.2 SYMPMC: A Symbolic Probabilistic Model Checker

While the planner strategy is applicable for many systems, there are cases of parame-
terized systems (defined in Section 4) for which it cannot be applied. (See Section 5.2
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local y ∈ [0..4] init 2�
�������

loop forever do�
�����

�0 : pr-goto {�1, �2}
�1 : y := min (y + 1, 4);

goto �0
�2 : y := max (y − 1, 0);

goto �0

�
�����

�
�������

−P1−

�
���������

loop forever do�
�����

m0 : pr-goto {m1, m2}
m1 : y := min (y + 1, 4);

goto m0

m2 : y := max (y − 1, 0);
goto m0

�
�����

−P2−

�
���������

Fig. 1. Program up-down

for an example.) As an alternative method we describe SYMPMC, a symbolic model
checker that verifies P-validity of simple temporal properties—properties whose only
temporal operators are � and � —over finite state PDSs.

The motivation leading to SYMPMC has been the idea that, since all the probabilities
of a finite PDS are bounded from below, the definition of P-validity that directly deals
with measure spaces can be replaced with some simpler notions of fairness. This was
first done in [Pnu83], where extreme-fairness was introduced, a notion of fairness that is
sound and incomplete for proving P-validity. The work in [PZ93] introducedα-fairness,
which was shown to be sound and complete. The work there also introduced an explicit-
state model checker for P-validity that is based on α-fairness. The main drawback of
α-fairness is that it requires fairness with respect to every past formula. From the model
checking procedure of [PZ93] it follows that the only past formulae really needed are
those that appear in the normal-form of the property to be verified. However, obtaining
the normal-form is non-elementary in the size of the property.

In [ZPK02] we observed that a consequence of the model checking procedure of
[PZ93] is that replacing α-fairness by the simpler γ-fairness results in a notion of fair-
ness that is sound and complete for proving simple properties over finite-state programs.
The definition of γ fairness is as follows:

Assume a PDS S : 〈V,Θ, ρ,P ,J , C〉 and a path π = s0, s1, . . . in a computation
tree of S. Let (r, t1, t2) be a probabilistic selection. We say that mode (r, tj), j ∈ {1, 2}
is taken at position i ≥ 0 of π if si |= r and si+1 |= tj . We say that the selection
(r, t1, t2) is taken at position i if either (r, t1) or (r, t2) is taken at i. Let s be a state
of the system. We call i an s-position if si = s. We say that π is γ-fair, if for each
state s (and there are only finitely many distinct states) and each probabilistic selection
(r, t1, t2), either there are only finitely s-positions from which (r, t1, t2) is taken, or for
every i = 1, 2, there are infinitely many s-positions from which (r, ti) is taken. The
following corollary states that the replacement of probability by γ-fairness is sound and
complete with respect to P-validity of simple formulae. It is an immediate consequence
of [PZ86a].

Corollary 1. For every finite-state PDS S and simple formula ϕ, ϕ is P-valid over S
iff σ |= ϕ for every γ-fair computation
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Based on Corollary 1, the explicit-state model checking procedure of [PZ93], and the
non-probabilistic feasibility algorithm of [KPR98], we introduce SYMPMC, a symbolic
model checker for verifying P-validity of simple properties over finite-state PDSs.

The core of SYMPMC is an algorithm for simple response formulae (formulae of
the form � (a → � b), where a and b are assertions) over a finite state PDS. This
algorithm is presented in Fig. 2. It checks the P-validity of ϕ : � (a → � b) for
assertions a and b. The algorithm returns ∅ iff ϕ is γ-valid over S, i.e., if ϕ holds over
all γ-fair computations of S. SYMPMC had been implemented using TLV [PS96].

ALGORITHM RESPONSE(S)
var:

R: relation init |ρ| ∩ (‖¬b‖ × ‖¬b‖)
new: predicate init (‖Θ‖ ◦ ‖ρ‖∗) ∩ ‖¬b‖
oldR: relation init ∅
old: predicate init ∅

while (new �= old ∨ R �= oldR) do
old := new
oldR := R
new := new ∩ (R ◦ new)
R := R ∩ (new × new)
foreach J ∈ J do

new := new ∩ R∗◦ ‖J‖
R:= R ∩ (new × new)

foreach (p, q) ∈ C do
new := (new - ‖p‖) ∪

(new ∩ R∗◦ ‖q‖)
R := R ∩ (new × new)

foreach R ∈ P do
treat-P-requirement(R)

endwhile
return

(‖Θ‖ ◦ ‖ρ‖∗) ∩ (‖a‖ − ‖b‖) ∩ (R∗◦ new)

where for a probabilistic requirement
R = (r, t1, t2),

treat-P-req(R):
var:

qpred: predicate init Σ
someq: predicate init ∅
pbad: predicate

for j =1 to 2 do
qpred := qpred ∩ (R ◦ ‖tj‖)
someq := someq ∪ ‖tj‖
pbad := ‖r‖ - qpred
R := R ∩

[(pbad × (Σ - someq))
∪ ((Σ - pbad)×Σ)]

Fig. 2. Algorithm RESPONSE for model-checking the P-validity of ϕ : � (a→ � b)

The main difference between the algorithm in Fig. 2 and its counterpart in [KPR98] is
the treatment of probabilistic requirements (the third “foreach” in the while loop).
For each probabilistic requirement R = (r, t1, t2), the procedure treat-P-req(R)
removes from the graph all states that are not γ-fair with respect to R.

In [APZ03] we prove:

Theorem 1. For an input PDS S, Algorithm RESPONSE terminates. For assertions a
and b, RESPONSE returns V such that ϕ = � (a→ � b) is P-valid in S iff V = ∅.

By setting a and b to true, Algorithm RESPONSE can be used to check for γ-feasibility
(whether the system has at least one γ-fair computation). It can also be used to check the
validity of simple formulae by composing the system with temporal testers [KPR98].
Thus, SYMPMC can be used for symbolic model checking of whether a simple temporal
formula is P-valid over a finite state program.
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4 Probabilistic Parameterized Systems

In this section we turn to probabilistic parameterized systems and their automatic veri-
fication. We first define the systems that are the scope of this paper and briefly discuss
their automatic verification using Planners and SYMPMC.

4.1 Parameterized Systems

We focus on probabilistic parameterized systems that consist of multiple copies of N
identical finite-state SPL processes. For each value of N > 0, S(N), the PDS that
describes the system, is an instantiation of an PDS. Thus, such a system represents an
infinite family of systems, one for each value of N .

We are interested in properties that hold for every process in the system. Thus,
we are interested in liveness properties of the type ϕ, where ϕ is a temporal formula
referring only to variables local to a single process. The problem of parameterized ver-
ification is to show that ϕ is P-valid over every S(N).

4.2 Counter Abstraction

In [PXZ02] we proposed the method of counter abstraction for the verification of live-
ness properties of parameterized systems. A brief overview of the approach for non-
probabilistic systems is given here. For details see [PXZ02].

For simplicity of presentation, we assume that the system S(N) has a set X of
global shared variables whose size is independent of N , and the only variable local to
each process P [i] is the program counter π[i]. Each global state s of the system S(N)
is then an (N + |X |)-tuple, describing the location of each process and the values of
each x ∈ X . Assume that the program counters range over the set {0 . . .L− 1}.

We define the counter abstraction of state s by an (L + |X |)-tuple, such that each
one of the first |L| elements is the counter of the corresponding location, where for a
location �, the counter of �, denoted by κ�, is defined by:

κ� =




0 − there are no processes in location �
1 − there is exactly one process in location �
2 − there are two or more processes in location �

Properties are similarly abstracted. Thus, for example, the property ∃i : at−��[i] is
abstracted to κ� > 0. Denote by α(ϕ) the counter-abstraction of the property ϕ.

As explained in [PXZ02], in order to be able to prove liveness properties it is nec-
essary to carefully abstract the fairness properties. Once this is done, we obtain the
abstracted system α(S), and can show that for every liveness property ϕ, the validity of
α(ϕ) over α(S) implies the validity of ϕ over S(N) for every N > 1.

Suppose we have a probabilistic parameterized system S(N) and a temporal prop-
erty ϕ we wish to show is P-valid. We can apply a Planner transformation, obtain-
ing a non-probabilistic parameterized system, to which we can then apply counter-
abstraction, which will reduce it to an unparameterized finite-state system. If model
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checking reveals that α(ϕ) is valid for this system, we can safely conclude that ϕ is
P-valid over S(N).

It is important to note that counter-abstraction can be obtained in a fully automatic
way. Obviously, model checking techniques can easily check whether an abstracted
system satisfies abstract properties. The only step in the process that requires user in-
tervention (and ingenuity) is in crafting the functions used by the Planner.

In Section 5.1 we demonstrate the power of the approach by verifying the liveness
of a probabilistic N -process mutual exclusion algorithm. Previous attempts to verify
the same protocol were either manual [PZ86a] or automatic for N ≤ 10 [KNP00].

4.3 Network Invariants

The method of network invariants was first mentioned in [BCG86, SG89], further de-
veloped in [WL89] (who also coined the name “network invariant”), and elaborated in
[KM95] into a working method. The formulation here follows [KP00] and [KPSZ02],
which take into account the fairness properties of the compared systems and support
proofs of liveness properties.

In order to apply the method to PDSs, it is necessary to refine the model, so that it
allows for “environment” actions. Roughly speaking, the set of variables includes a spe-
cial subset consisting of the variables owned by the system. The system then takes steps,
alternating between environment steps that can change all but the owned variables.

It is also necessary to define the observable behavior of a system. To that end, the set
of variables is assumed to includes a set of observables—variables that are externally
observable. The observables are denoted by O.

A γ-observation of S is a projection of a γ-fair computation of S onto O. We
denote by Obsγ(S) the set of all γ-observations of S. Systems SC and SA are said to
be comparable if they have the same sets of observable variables,. System SA, is said to
be a γ-abstraction of the comparable system SC , denoted SC �γ SA, if Obsγ(SC) ⊆
Obsγ(SA). The abstraction relation is reflexive, transitive, and compositional, that is,
whenever SC �γ SA then (SC‖Q) �γ (SA‖Q). It is also property restricting, that is,
if SC �γ SA then SA |=γ p implies that SC |=γ p.

Suppose we are given two comparable systems, a concrete D
C

and an abstract
D

A
, and wish to establish that D

C
�γ D

A
. Without loss of generality, we assume

that V
C
∩ V

A
= ∅, and that there exists a 1-1 correspondence between the concrete

observables O
C

and the abstract observables O
A

.
In Fig. 3, we present a rule for proving that S

A
γ-abstracts S

C
. The rule assumes the

identification of an abstraction mapping α : (U = Eα(V
C
)) which assigns expressions

over the concrete variables to some of the abstract variables U ⊆ VA . For an abstract
assertion ϕ, we denote by ϕ[α] the assertion obtained by replacing the variables in U
by their concrete expressions.
The Abstraction Rule resembles the abstraction rule of [KPSZ02], with the addition of
Premise A6. This premise must, in general, be verified for every assignment U to the
abstract variables VA. The following condition suffices to guarantee premise A6 and is
met in many abstractions:

For every abstract requirement (r, t1, t2) ∈ P
A

, there exists a concrete require-
ment (rC , tC1 , t

C
2 ) ∈ P

C
, where r[α] = rC , t1[α] = tC1 and t2[α] = tC2 .
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A1. ΘC → ∃VA : ΘA [α]
A2. DC |= � (ρC → ∃V ′

A
: ρA [α][α′])

A3. DC |= � (α → OC = OA)
A4. DC |= � � J [α], for every J ∈ JA

A5. DC |= � � p[α] → � � q[α], for every (p, q) ∈ CA

A6. DC |= � � ((VA = U)[α] ∧ r[α] ∧ �
�2

i=1 ti[α]) →�2
i=1 � � ((VA = U)[α] ∧ r[α] ∧ � ti[α]),

for every (r, t1, t1) ∈ PA and every assignment U over VA

SC �γ SA

Fig. 3. Abstraction Rule

Given a parameterized system S(N), the network invariant method calls for devising
a network invariant I — a finite state PDS, intended to provide an abstraction for
the (open) parallel composition of any k processes of the parameterized system. The
method then calls for confirming that I is indeed an abstraction, and model checking
that when composed with a single process it satisfies a property of that process. The
first step, that of designing I, calls for some ingenuity of the verifier. As we showed
in [KPSZ02], the task can be often quite simple. The third step can be achieved us-
ing SYMPMC. The second step, confirming that I is indeed a good abstraction, calls
for establishing the two γ-abstractions (P [1]‖ · · · ‖P [m]) �γ I and (I‖P [i]) �γ I,
where m is a small constant (usually in the range [1..3]) independent of N , and P [i] is
a generic copy of the system’s process.

5 Examples

In this section we present two examples, one for each of the methodologies we de-
scribed in the previous section. To demonstrate the power of the “Planner and Counter
abstraction” approach, we take the probabilistic mutual exclusion protocol of [PZ86b].
To demonstrate the power of the “SYMPMC and network invariant” approach, we take
the Lehman and Rabin’s Courteous Philosopher protocol [LR81].

5.1 Verifying Probabilistic Mutual Exclusion Using a Planner

A flow diagram of the protocol, as well as its SPL code, are in Fig. 4. The usual “trying
section” consists of two parts: A “waiting room” in which a process waits for a “door”
to open in order to be admitted to the “competition”, and the competition. Once the
door closes, no new process can enter the competition. Processes in the competition flip
coins: Losers, those who flip tails, wait until there are no winners. A process that flips
heads, and finds out that it is the only one to have done so (and there are no processes in
the critical or exit region), enters the critical section. Otherwise, it waits until all winners
join it, and they all proceed to flip coins again. Once a process leaves the critical region,
it examines if there are processes in the competition. If there are, it just goes back to its
idle state. Otherwise, it opens the door and waits until all processes in the waiting room
enter the competition before it goes back to the idle state.
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In the original protocol each process has a variable y that can take on eight values,
according to the location(s) of the process. We omit it here, and instead present a version
that includes locations only, and is amenable to counter-abstraction. Each process i can
perform, in a single atomic step, a test consisting of a boolean combination of formulae
of the form ∃j �= i : π[j] ∈ L for L ⊆ [0..15]. We denote such a test by some ∈ L, and
its negation by none ∈ L. The only probabilistic transition is at location �4.

empty

Idle

WaitingRoom

Competition

Critical

OpenDoor

Door

competition

in n : integer where n ≥ 2
n

i=1

P [i] ::


loop forever do


�0 : non-critical
�1 : skip
�2 : await none ∈ {4..13} ∨ some ∈ {14, 15}
�3 : skip
�4 : pr goto {�5, �8}
�5 : if none ∈ {5, 6, 10..15} then goto �10
�6 : skip
�7 : await none ∈ {5, 6, 10..15}

and then goto �4
�8 : await none ∈ {4..7, 10..15}
�9 : goto �4
�10 : Critical
�11 : if none ∈ {4..9} goto �13
�12 : goto �0
�13 : skip
�14 : await none ∈ {2, 3}
�15 : goto �0







Fig. 4. A Probabilistic Mutual Exclusion Protocol

The mutual exclusion property of the protocol, stating that it is never the case that
two or more processes are in �10 at the same time, is easy to model check, for example
using the methodology of [APR+01] or counter-abstraction. The liveness property of
the protocol is ∀i : π[i] = 1 → � (π[i] = 10), and we wish to show its P-validity for
every N ≥ 2.

We take k = 1 and define a planner planner4 which determines the result of the
next probabilistic choice at �4 whenever activated. This planner is defined by

planner4 : none ∈ {5, 6, 10..15}
This planner directs the next branch to �5 if there is no process in any of the locations
H = {5, 6, 10..15}, and to �6 otherwise.

The intuition behind this planner is that a process can enter the critical section, from
location �5, only if there are no other processes in H-locations. When there are pro-
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cesses in H-locations, we want to reduce the number of processes that are likely to join
them, which planner4 accomplishes by returning “0” and thus forcing processes from
�4 to enter �8. When there are no processes in H-locations, we want the first process
that can to enter �5, so that it can enter the critical section. Thus, planner4 returns “1”
in such cases. This planner design can obviously be counter abstracted, hence, we suc-
ceeded to use TLV to establish the livelock-freedom property of the protocol given by:
� (∃i : π[i] = 1 → � (∃i : π[i] = 10)).

Once livelock freedom has been established, it is the structure of the protocol that
guarantees individual liveness, by restricting the number of times a process in the com-
petition can overtake another — once a process i is trying to access the critical section
(enters �2..9), every other process can enter the critical section at most twice before i
does, which trivially implies the individual accessibility or the protocol 3.

We also established the individual liveness property of the protocol directly us-
ing TLV and “counter abstraction save one” ([PXZ02]) using the same planner. See
http://www.cs.nyu.edu/zuck/pubs/pme for TLV code.

5.2 Verifying the Courteous Philosophers Using SYMPMC

The success of the planner strategy in parameterized systems depends on having a single
strategy for random draws that will allow every process to achieve its liveness property.
The [LR81] Courteous Philosophers Algorithm is an example where we cannot use a
planner: any planner strategy that allows one philosopher to eat may preclude its neigh-
bours from eating. Hence, to automatically verify The [LR81] Courteous Philosophers
Algorithm, we use the network invariant approach.

The network invariant we obtained is essentially the one derived in [KPSZ02] and
we omit it here for space reasons. There is, however, a crucial difference: In [KPSZ02]
we replaced the probabilistic requirements by compassion requirements. Here, with
the aid of the revised Abstraction Rule and SYMPMC, we could work directly with
γ-fairness and did not need to (manually) devise adequate compassion requirements
replacing the probabilistic choices. Thus, the resulting network invariant is significantly
simpler and execution time is much shorter.

6 Conclusion and Future Work

The paper deals with the problem of automatic proof of P-validity of liveness proper-
ties over parameterized systems. We started with a discussion of the non-parameterized
case, and described two new approaches to the problem: Planners that convert a proba-
bilistic system into a non-probabilistic one and allow one to treat P-validity as regular
validity, and model checking over γ-fair computations, which is sound and complete
for simple temporal properties. We then outlined the two approaches of automatic ver-
ification of liveness properties of parameterized systems, counter abstraction and net-
work invariants, and showed how the network invariant method can be combined with

3 Bounded overtaking property is a safety property and thus it can be established by ignoring
the probabilistic transitions of the protocol.
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SYMPMC. We demonstrated our techniques by providing automatic proofs for two non-
trivial protocols. The first by Planner & counter-abstraction, the second by SYMPMC &
(extended) network invariants.

Strictly speaking, neither method combination we used in our examples is fully au-
tomatic, they both require user input. On one hand the design of a Planner or a Network
Invariant may require user ingenuity; on the other hand, most systems are verified by
their own designers, who have a pretty good intuition about the appropriate Planner/net-
work invariant.

We are currently working on extending counter-abstraction with γ-fairness. If suc-
cessful, this will provide a fully automatic proofs of P-validity of parameterized system
for the cases that the method of counter-abstraction is applicable.
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A Soundness of the Planner Approach

We prove the soundness of the planner method by reducing its soundness to that of
α-fairness, which was established in [PZ86a].

Let Q : 〈V,Θ, ρ,P ,J , C〉 be a PDS. We make two simplifying assumptions: (1)
P contains exactly one requirement, R = (r, t1, t2), and (2) there is only one location
from whichR is taken. The proof below is easy to generalize once the two assumptions
are removed, at the cost of additional indices.

Let σ = s0, . . . be a fair computation of Q and let ψ be a past temporal formula,
that is, a formula whose only temporal operators are past operators. Computation σ is
α-fair with respect to ψ if either R is taken only finitely many times from ψ-prefixes in
σ, or each mode of R is taken infinitely many times from ψ-prefixes in σ. For a set X
of temporal formula, σ is X -fair if it is α-fair with respect to every ψ ∈ X .

An immediate corollary of the analysis presented in [PZ86a] is:

Corollary 2. . Let X be a set of past formulae and ϕ be a temporal formula. Then:

σ |= ϕ for every X -fair σ =⇒ ϕ is P-valid over Q.

Consider now the PDS QT obtained from Q by a transforming it with a Planner
planner, which is set to make k consecutive “planned” choices. We proceed to construct
a set of past formulae X such that every X -fair computation of Q is a V -projection
of some computation of Q

T
. Thus, for every temporal formula ϕ over V , if all Q

T

computations satisfy ϕ, then all X -fair computations ofQ also satisfy ϕ. It then follows
from Corollary 2 that ϕ is P-valid. It thus remains to construct X and show that every
X -fair computation of Q has a computation of Q

T
with the same V -projection.

For i = 1, 2, let pi be the state assertion characterizing the r-states for which
planner recommends choosing i. Define chose : (t1 ∨ t2) ∧ � r. Formula chose
characterizes all the states immediately following a probabilistic choice. Next, define
gc :

∨
i=1,2(ti ∧ � (r ∧ pi)). Formula gc (standing for good-choice) characterizes all

the states following a probabilistic choice which is compatible with the choice recom-
mended by the planner at this state. Finally, define

ψ0 : T

ψi+1 : (¬chose) S (gc ∧ � ψi) for i = 0, . . . , k−1

Obviously, ψi characterizes a point in the computation such that the last i probabilistic
choices are compatible with the recommendations of the planner. As the set of past
formulae, we take X : {ψ0, . . . , ψk}.

It remains to show that every X -fair computation of Q has a computation of Q
T

with the same V -projection. Let σ be a X -fair computation of Q, and assume that σ
has infinitely many R-transitions. By induction on i = 1, . . . , k, (which is similar to
the proof of the Borel-Cantelli Lemma) it follows that infinitely many times, σ makes k
consecutive choices which are compatible with the recommendation of the planner. It is
easy now to construct a computation of Q

T
in which the planner is activated whenever

σ is to start a sequences of good choices, and is activated nowhere else.
The soundness of the Planner strategy follows.
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Abstract. We introduce a second-order polymorphic π-calculus based
on duality principles. The calculus and its behavioural theories cleanly
capture some of the core elements of significant technical development
on polymorphic calculi in the past. This allows precise embedding of
generic sequential functions as well as seamless integration with impera-
tive constructs such as state and concurrency. Two behavioural theories
are presented and studied, one based on a second-order logical relation
and the other based on a polymorphic labelled transition system. The
former gives a sound and complete characterisation of the contextual con-
gruence, while the latter offers a tractable reasoning tool for a wide range
of generic behaviours. The applicability of these theories is demonstrated
through non-trivial reasoning examples and a fully abstract embedding
of System F, the second-order polymorphic λ-calculus.

1 Introduction

Genericity is a useful concept in software engineering which allows encapsulation
of design decisions such that data-structures and algorithms can be changed more
independently. It arises in two distinct but closely related forms: one, which we
may refer to as universal, aids generic manipulation of data, as in lists, queues,
trees or stacks. The other existential form facilitates hiding of structure from
the outside, asking for it to be treated generically. In both cases, genericity
partitions programs into parts that depend on the precise nature of the data
under manipulation and parts that do not, supporting principled code reuse and
precise type-checking. For example, C++ evolved from C by adding genericity
in the form of templates (universal) and objects (existential).

It is known that key aspects of genericity for sequential functional com-
putation are captured by second-order polymorphism where type variables, in
addition to program variables, can be abstracted and instantiated. In particu-
lar, the two forms of genericity mentioned above are accounted for by the two
forms of quantification coming from logic, ∀ and ∃. Basic formalisms incorpo-
rating genericity include System F (the second-order λ-calculus) [8, 28] and ML
[18]. Centring on these and related formalisms, a rich body of studies on type
disciplines, semantics and proof principles for genericity has been accumulated.

The present work aims to offer a π-calculus based starting point for repo-
sitioning and generalising the preceding functional account of genericity in the
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broader realm of interaction. We are partly motivated by the lack of a general
mathematical basis of genericity that also covers state, concurrency and nonde-
terminism. For example, the status of two fundamental concepts for reasoning
about generic computation, relational parametricity [28] and its dual simulation
principle [1, 19, 27], is only well-understood for pure functions. But a math-
ematical basis of diverse forms of generic computation is important when we
wish to reason about software made up from many components with distinct
behavioural properties, from purely functional behaviour to programs with side
effects to distributed computing, all of which may exhibit certain forms of gener-
icity.

The π-calculus is a small syntax for communicating processes in which we
can precisely represent many classes of computational behaviours, from purely
sequential functions to those of distributed systems [5, 7, 17, 32, 33]. Can we find
a uniform account of genericity for diverse classes of computational behaviour
using the π-calculus? This work presents our initial results in this direction,
concentrating on a polymorphic variant of the linear/affine π-calculus with state
[7, 12, 32, 33]. It turns out that the duality principle in the linear/affine type
structure naturally extends to second-order quantification, leading to a powerful
theory of polymorphism that allows precise embedding of existing polymorphic
functional calculi and unifies some of the significant technical elements of the
known theories of genericity.

Summary of Contributions. The following summarises the main technical
contributions of the present paper.

1. Introduction of the polymorphic linear/affine π-calculus based on duality
principles, as well as its consistent extension to state and concurrency. One
of the central syntactic results is strong normalisability for linear polymor-
phic processes.

2. Theory of behavioural equivalences based on a generic labelled transition
system applicable to both sequential and concurrent polymorphic processes.
We apply the theory to non-trivial reasoning examples as well as to a fully
abstract embedding of System F in the linear polymorphic π-calculus.

3. A sound and complete characterisation of the contextual congruence by a
second-order logical relation for linear/affine polymorphic processes, leading
to relational parametricity and a simulation principle for extensional equal-
ity. The theory offers a tractable reasoning tool for generic processes as we
demonstrate through examples.

Related Work. Originally the second-order polymorphism for the λ-calculus
was discovered by Girard [8] and Reynolds [28] with a main focus on universal
abstraction. Later Mitchell and Plotkin [19, 27] relates its dual form, existential
abstraction, to data hiding. Exploiting a duality principle, the present theory
unifies these two uses of polymorphism, data-hiding and parametricity, into a
single framework, both in operation and in typing. The unification accompanies
new reasoning techniques such as generic labelled transition.
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Turner [30] is the first to study (impredicative) polymorphism in the π-
calculus, giving a type-preserving encoding of System F. His type discipline
is incorporated into Pict [23]. Vasconcelos [31] studies a predicative polymor-
phic typing discipline and shows that it can type-check interesting polymorphic
processes while allowing tractable type inference. Our use of a duality principle
(whose origin can be traced back to Linear Logic [9]) is the main difference from
those previous approaches.

Pierce and Sangiorgi [22] study a behavioural equivalence for Turner’s calcu-
lus and observe that existential types can reduce the number of transitions by
prohibiting interactions at hidden channels. Lazic, Nowak and Roscoe [15] show
that when programs manipulate data abstractly (called data independence), a
transition system with a parametricity property can be used for reasoning, lead-
ing to efficient model checking techniques. The generic labelled transition unifies,
and in some cases strengthens, these ideas as dual aspects of a single framework.
The use of duality also leads to lean and simple constructions.

Pitts studies contextual congruences in PCF-like polymorphic functional cal-
culi and characterises them via syntactic logical relations [25, 26], cf. [24]. His
work has inspired constructions and proof techniques for our corresponding char-
acterisations. The present relational theory for the π-calculus treats several ele-
ments of Pitts’ theories (for example call-by-name and call-by-value) in a uniform
framework. Duality also substantially simplifies the constructions.

Recently, several studies of the semantics of polymorphism based on games
and other intensional models have appeared. Hughes [13] presents game seman-
tics for polymorphism in which strategies pass arenas to represent type pass-
ing and proves full abstraction for System F. His model is somewhat complex
due to its direct representation of type instantiation. Murawski and Ong [21]
substantially simplify Hughes approach, but do not obtain full abstraction for
impredicative polymorphism. Abramsky and Lenisa [3, 4] give a fully abstract
model for predicative polymorphism using interaction combinators. Treatment
of impredicative polymorphism is left as an open issue. In view of the relation-
ship between π-calculi and game semantics [7, 11, 14], it would be interesting to
use typed processes from the present work to construct game-based categories.

Structure of the paper. Section 2 informally illustrates key ideas with exam-
ples. Section 3 introduces the syntax and typing rules. Section 4 gives a sound and
complete characterisation of a contextual congruence by a second-order logical
relation. Section 5 studies a generic labelled transition and the induced equiv-
alence. Section 6 discusses non-trivial applications of two behavioural theories,
including a fully abstract embedding of System F. The full technical develop-
ment of the presented material is found in [6].

Acknowledgement. We thank anonymous referees for their helpful suggestions.
The first two authors are partially supported by EPSRC grant GR/N/37633. The
third author is partially supported by EPSRC grant GR/R33465/01.
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2 Generic Processes, Informally

This section introduces key ideas with simple examples. We start with the fol-
lowing small polymorphic process (which is essentially a process encoding of
the polymorphic identity), using the standard syntax of the (asynchronous) π-
calculus.

�!x(yz).z〈y〉 � x :∀x.(x(x)↑)!

In this process z〈y〉 is an output of y along the channel z and !x(yz).z〈y〉 is
a replicated input, repeatedly receiving two names y and z at x. After having
received y and z, it sends y along z.

The typing x : ∀x.(x(x)↑)! assigns ∀x.(x(x)↑)! to x. x is a type variable: x

indicates the dual of x. (x)↑ sends a name of type x exactly once, while (x(x)↑)!

indicates the behaviour of receiving two names at a replicated input channel,
one used as x and the other as (x)↑. Finally, ∀x universally abstracts x, saying
x can be any type. Here ∀x binds x and its dual simultaneously. The operational
content of typing a channel with a type variable is to enforce that y cannot be
used as an interaction point (which would require a concrete type). Hence y with
a variable x only appears as a value in a message.

Next we consider the process which is dual to the above agent. Let t〈y〉 def=
!y(a1a2z).z〈a1〉, not〈cw〉 def=!c(a1a2z).w〈a2a1z〉 and B

def= ∀x.(xx(x)↑)! (which
are, respectively, truth, negation and the polymorphic boolean type).

� x(yz)(t〈y〉|z(w).e(c)not〈cw〉) � x :∃x.(x(x)↓)? , e : (B)↑ (1)

This process sends y and z (respectively representing the truth and the continu-
ation) via x, where x(yz)P stands for (ν yz)(x〈yz〉|P ). Then it receives a single
name at z and sends its negation via e. To understand the typing, let’s look at
the situation before existential abstraction:

� x(yz)(t〈y〉|z(w).e(c)not〈cw〉) � x : (B(B)↓)? , e : (B)↑ (2)

We now abstract B and its dual at x simultaneously, obtaining ∃x.(x(x)↓)? (∃x
binds both x and x). Thus existential abstraction hides the concrete type B.

The types ∀x.(x(x)↑)! and ∃x.(x(x)↓)? are dual to each other and indicate
that composition of two processes is possible. When composed, the process in-
teracts as follows. Below and henceforth we write id〈x〉 for !x(yz).z〈y〉.
id〈x〉 |x(yz)(t〈y〉|z(w).e(c)not〈cw〉) −→ id〈x〉 | (ν yz)(z〈y〉|t〈y〉|z(w).e(c)not〈cw〉)

−→ id〈x〉 | (ν y)(t〈y〉|e(c)not〈cy〉)
≈ id〈x〉 | e(c)f〈c〉

Here f〈c〉 def=!c(xyz).z〈y〉 (representing falsity) and ≈ is the standard weak bisim-
ilarity. As this interaction indicates, a universally abstracted name, after its re-
ceipt from the environment, can only be used to be sent back to the environment
as a free name. The dual existential side can then count on such behaviour of
the interacting party: in the above case, the process on the right-hand side can
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expect that, via z, it would receive the name y as a free name which it has
exported in the initial reduction, as it indeed does in the second transition.

This duality plays the key role in defining generic labelled transitions, which
induce behavioural equivalences more abstract (larger) than non-generic ones
and which are applicable to the reasoning over a wide range of generic behaviours.
We use an example of a generic transition sequence of the process in (1).

x(yz)(t〈y〉|z(w).e(c)not〈cw〉) x(yz)−→ z〈y〉−→ t〈y〉|e(c)not〈cy〉
A crucial point in this transition is that it does not allow a bound input in the
second action, because the protocol at existentially abstracted names is opaque.
The induced name substitution then opens a channel for internal communication.
In contrast, the process in (2), different from (1) only in type, has the following
transition sequence.

x(yz)(t〈y〉|z(w).e(c)not〈cw〉) x(yz)−→ z(w)−→ t〈y〉|e(c)not〈cw〉.

Note that we have a bound input in the second action; the transition sequence
is now completely controlled by type information, without sending/receiving
concrete values. Here the duality principle dictates existential/universal type
variables correspond to free name passing, while concrete types (which rigorously
specify protocols of interaction by their type structure) correspond to bound
name passing.

This way, the duality in the type structure is precisely reflected in the duality
in behaviour. This duality principle is also essential in the construction of the
second-order logical relations, for proving the strong normalisability of linear
polymorphic processes and for various embedding results.

3 A Polymorphic π-Calculus

3.1 Processes

In this section we formally introduce a polymorphic version of the affine π-
calculus [7] and its extensions to linearity [32, 33] and state [12].

Let x, y, . . . range over a countable set N of names. �y is a vector of names.
Then processes, ranged over by P, Q, R, . . ., are given by the following grammar.

P ::= x(�y).P | !x(�y).P | x〈�y〉 | P |Q | (ν x)P | 0

Names in round parenthesis act as binders, based on which we define the alpha
equality ≡α in the standard way. We briefly illustrate each construct. x(�y).P
inputs via x with a continuation P . Its replicated counterpart is !x(�y).P . x〈�y〉
outputs �y along x. In each of these agents, the initial free occurrence is subject,
while each carried name in an input/output is object. The parallel composition
of P and Q is P |Q and (ν x)P makes x private to P . 0 is the inaction, indicating
the lack of behaviour. The structural equality ≡ is standard [17] (without the
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replication rule !P ≡ P |!P ), which we omit. The reduction relation −→ are
generated from:

x(�y).P |x〈�z〉 −→ P{�z/�y} !x(�y).P |x〈�z〉 −→ !x(�y).P |P{�z/�y}
closing under parallel composition and hiding, taking processes modulo ≡.

3.2 Types

Below we introduce polymorphic extensions of different classes of first-order type
disciplines, starting from the affine sequential polymorphic typing [7]. Following
[7, 32, 33] we use the set of action modes, which are:

↓ Affine input (at most once), ↑ Affine output (at most once),
! Server at replicated input, ? Client requests to !,

as well as �, which indicates non-composability at affine channels. ↓, ! are in-
put modes, while ↑, ? are output modes. Input/output modes are together called
directed modes. p, p′, . . . (resp. p

I
, resp. p

O
) denote directed (resp. input, resp. out-

put) modes. We define p, the dual of p, by: ↓ =↑, ! = ? and p = p.
Let x,x’, ... range over a countable set of type variables. We fix a bijection x

which is self-inverse (i.e. x = x) and irreflexive (i.e. x �= x). Each x is assigned
a directed action mode p, written x

p, so that the mode of x is always dual to
that of x. Channel types are given as follows:

τ ::=τI | τO | 〈τI, τ ′
O〉 τI ::=x

pI | (�τO)pI | ∀x.τI | ∃x.τI τO ::=x
pO | (�τI)pO | ∀x.τO | ∃x.τO

τI and τO are called input type and output type, respectively, which are together
called directed types. Note quantification is given only on directed types. For
each directed τ , the dual of τ , τ , is the result of dualising all action modes, type
variables and quantifiers in τ . In 〈τ, τ ′〉, we always assume τ ′ = τ . Following
[7, 12, 32, 33], we assume the sequentiality constraint on channel types, i.e. ↓-type
carries only ?-types while a !-type carries ?-types and a unique ↑-type, dually
for ↑ /?. We set md(xp) = p, md((�τ )p) = p and md(∀x.τ) = md(∃x.τ) = md(τ),
as well as md(〈τ, τ ′〉) = ! if md(τ) = ! and md(〈τ, τ ′〉) =� if md(τ) =↓. We often
write τp if md(τ) = p.

Quantifications bind type variables in pairs, so that both x and x in τ are
bound in ∀x.τ and ∃x.τ . This extends to type substitution (which should always
respect action modes), e.g. (x(x)↑)! [τ/x] is (τ (τ)↑)! . ftv(τ) is the set of free type
variables in τ , automatically including their duals. τ is closed if ftv(τ) = ∅.

3.3 Typing

We present a polymorphic type discipline based on implicit typing. The full ver-
sion [6] explores different presentations and variants, including explicitly typed
ones. The sequents have the form �φ P � A, where A is an action type, a finite
map from names to channel types, and φ is an IO-mode, which is either I or O.
In �φ P � A, A assign types to free names in P , while φ indicates either P has
an active thread (O) or not (I). We use the following operations and relations:



Genericity and the π-Calculus 109

(Zero)

−
�I 0 � ∅

(Par)

�φi Pi � Ai (i =1, 2)

A1 � A2 φ1 � φ2

�φ1�φ2 P1 | P2 � A1 � A2

(Res)

�φ P � A,x :τ

md(τ ) ∈ {!, �}
�φ (� x)P � A

(Weak)

md(τ ) ∈ {?, �}
�φ P � A-x

�φ P � A, x :τ

(In↓) (xi /∈ ftv(A))

�O P � �y :�τ, ↑?A-x

�I x(�y).P � x :∀�x.(�τ)↓, A

(In!) (xi /∈ ftv(A))

�O P � �y :�τ, ?A-x

�I!x(�y).P � x :∀�x.(�τ )!, A

(Out) (xi /∈ ftv(�τ ′))

τ ′
i = τi[ρi/xi]

�Ox〈�y〉 � x :∃�x.(�τ)pO, �y :�τ ′

Fig. 1. Polymorphic Sequential Typing

– � on IO-modes is a partial operation given by: I� I = I and I� O = O� I = O

(note O � O is not defined). When φ1 � φ2 is defined we write φ1 � φ2.
– � on channel types is the least commutative partial operation such that: (1)

τI� τI = 〈τI, τI〉 and (2) τ � τ = τ and 〈τ , τ〉� τ = 〈τ , τ〉 (md(τ) = ?). Then
A � B iff τ ′�τ ′′ is defined whenever x :τ ′ ∈ A and x :τ ′′ ∈ B. If A � B, then
we set A � B = (A\B) ∪ (B\A) ∪ {x :τ | x :τ ′ ∈ A, x :τ ′′ ∈ B, τ = τ ′ � τ ′′}.

φ1 � φ2 ensures that a well-typed process has at most one thread, while A � B
guarantees determinism. A, B is the union of A and B, assuming their domains
are disjoint; A-x means A such that x �∈ fn(A); and �pA indicates md(A) ⊂ {�p}.

The typing rules are given in Figure 1, which follow structure of processes
except (Weak). In (Out), we assume yi = yj implies τi = τj , ρi = ρj and xi = xj .
�τ is the pointwise dualisation of �τ . In comparison with the first-order affine typing
[7], the only difference is introduction of quantifiers in (In↓,!) and (Out), each
with a natural variable condition. This prefix-wise quantification, close to the
one adopted in [30], quantifies only input types (resp. output types) universally
(resp. existentially). More general forms of polymorphic typing exist, which are
studied in [6]: this form however has the merit in that it is syntactically tractable
while harnessing enough expressive power for many practical purposes. Below
we list simple examples of polymorphic processes (expressions are from Section
2), followed by a basic syntactic result. Henceforth →→ stands for ≡ ∪ −→∗.

Example 1. 1. Let I
def= x :∀x.(x?(x!)↑)! . Then �I id〈x〉 � x :I.

2. �I t〈x〉 � x : B, �I f〈x〉 � x : B and �I not〈xy〉 � x : B, y : B. Further let
if x then P1 else P2

def= x(b1b2z)(!b1(�va).P1|!b2(�va).P2|z(b).b〈�va〉) assuming
�O P1,2 � �v : �τ? , a : τ↑. Then �O if x then P1 else P2 � x : B, �v : �τ? , a : τ↑. We
can check if x then P1 else P2 | t〈x〉 →→ P1|t〈x〉|(ν b2)!b2(�va).P2 ≈ P1|t〈x〉
where ≈ is the standard (untyped) weak bisimilarity.

Proposition 1. (subject reduction) �φ P � A and P →→ P ′ imply �φ P ′ � A.
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3.4 Extension (1): Linearity

The first-order linear typing [32] refines the affine type discipline [7] by adding
causality edges between typed names in an action type. Edges prevent circular
causality. For example, a.b | b.a is typable in the affine system, but not in the
linear one. Its second-order extension simply adds prefix-wise quantification to
[32]. Thus, in Figure 1, the input prefix rules become, with x : τ →A denoting
the result of adding a new edge from x :τ to each maximal node in A:

(In↓) (xi /∈ ftv(A, B))
�O P � �y :�τ , ↑A-x, ?B-x

�Ix(�y).P � (x :∀�x.(�τ )↓→A), B

(In!) (xi /∈ ftv(A))
�O P � �y :�τ , ?A-x

�I!x(�y).P � x :∀�x.(�τ )! →A

Further � and � in (Par) are refined to prohibit circularity of causal chains
following [32]. The resulting system preserves all key properties of the first-order
linear typing, but with greater typability. We state one of the central results.

Theorem 1. (strong normalisability) Let �φ P �A in linear polymorphic typing.
Then P is strongly normalising with respect to −→.

3.5 Extension (2): State and Concurrency

The integration of imperative features and polymorphism is an old and challeng-
ing technical problem [10, 16, 29]. Here we present a basic extension of affine
polymorphic processes to stateful computation. Following [12], we add a con-
stant process Ref〈xy〉, called reference agent. For interacting with reference, we
need selection xini〈�z〉 which selects, in the case of reference, either read (i = 1)
or write (i = 2). For reduction we have:

Ref〈xy〉|xin1〈c〉 −→ Ref〈xy〉|c〈y〉 Ref〈xy〉|xin2〈zc〉 −→ Ref〈xz〉|c
The first rule describes reading of the content y, the second one writing of a new
content z. A significant property of reference agents is that, in combination with
replication, they can represent a large class of stateful computation [2, 12].

For types, we add the mutable replication mode !
M

and its dual ?
M
, as well

as adding [&i�τOi]pI for input types and [⊕i�τIi]pO for output types. For example,
the type of a reference with values of type τ is [(τ)↑&τ()↑]!M , which we write
ref(τ). There are several ways to incorporate polymorphism into mutable types.
Here we present a most basic form. Let us say ∀x.τ (resp. ∃x.τ) is simple when
md(τ) �= !

M
(resp. md(τ) �= ?

M
). We then restrict the set of polymorphic types

which we consider to the simple ones, and introduce the following typing rules.

(Ref)

md(τ ) ∈ {!, !M}
�IRef〈xy〉 � x : ref(τ ), y :τ

(Sel)

−
�O xini〈�y〉 � x : [⊕i�τi]

pO, �y :�τi

(In!M)

�O P � �y :�τ, ?M?A
-x

�I!x(�y).P � x : (�τ)!M, A

Note (In!M) allows a replicated prefix to suppress ?
M
-actions, unlike (In!). Also

note the subject of a reference/!
M
-typed replication is never universally ab-

stracted, in accordance with restriction to simple types. In spite of this limitation,
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a wide variety of imperative polymorphic programs are typable via encoding: for
example, all benchmark programs in Leroy’s thesis [16] as well as Grossman’s
integrations of struct with existentials [10] are typable. This is due to the
distinction between two replicated types, ! and !

M
. For further discussions, see

[6]. For incorporating concurrency, we simply ignore all IO-modes in each rule.
Section 6 presents equational reasoning for stateful polymorphic processes.

4 Contextual Congruence and Parametericity

This section presents a sound and complete characterisation of the contex-
tual congruence by a second-order logical relation for the affine polymorphic
π-calculus. As a consequence we obtain relational parametricity [28] and simula-
tion principle [19, 27], the two fundamental principles for polymorphic λ-calculi.

The contextual congruence for affine polymorphic processes is defined fol-
lowing its first-order counterpart [7]. Write O for ()↑ and write P ⇓x when
P −→∗ (ν �z)(x〈�y〉|P ′) with x �∈ {�z}. Then ∼=∀∃ is the maximum typed congru-
ence over polymorphic processes satisfying

�O P1
∼=∀∃ P2 � x :O ⇔ (P1 ⇓x⇔ P2 ⇓x).

for all �O P1,2 � x :O. We write P ∼=A,φ
∀∃ Q if P and Q are related by ∼=∀∃ under

A, φ (and often omit φ or A, φ). We can easily check that ≡ ∪ −→�∼=∀∃.
We first consider logical relations in a simple shape. Given closed types τ1,2

with md(τ1) = md(τ2) ∈ {↑, !}, a typed relation R : τ1 ↔ τ2 is a family of binary
relations {Rx}x∈N over typed processes such that: (1) if P1RxP2 then �φ Pi�x :τi

with φ = I (resp. φ = O) if md(τi) = ! (resp. md(τi) = ↑) and (2) the family is
closed under injective renaming, i.e. PRxQ iff P

(
xy
yx

)
Ry Q

(
xy
yx

)
.

Given a typed relation R : τ1 ↔ τ2, the dual of R at xu, written R⊥
xu, is a

relation from processes of type x :τ1, u :O to those of type x :τ2, u :O, satisfying:
P1R

⊥
xuP2 iff (ν x)(P1|R1)⇓u ⇔ (ν x)(P2|R2)⇓u for each R1RxR2. The resulting

relations, called typed co-relations, are also taken modulo injective renaming, so
that we simply write R⊥ for the dual of R. Symmetrically we define the dual
of a co-relation, returning to a typed relation. A ⊥⊥-closed relation is a typed
relation closed under double negation, i.e. R such that R⊥⊥ = R.

We can now define logical relations as interpretation of open types under a
relational environment, i.e. a function which maps type variables to ⊥⊥-closed
relations respecting action modes. The interpretation is written ((τ))ξ where ξ is
a relational environment.

(((τ?
1 ..τ?

n ρ↑)!))ξ
def= (((τ1))ξ..((τn))ξ((ρ))ξ)! (((τ1..τn)↑))ξ

def= (((τ1))ξ..((τn))ξ)↑

((x))ξ
def= ξ(x) ((∀x.τ ))ξ

def= ∀x.λR.((τ))ξ·x �→R⊥⊥ ((∃x.τ ))ξ
def= ∃x.λR.((τ))ξ·x �→R⊥⊥

Above, the right-hand side of each definition uses a type-respecting function
on typed relations, given in the following (definitions are presented for simpler
shapes for legibility, with obvious generalisations).
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(R?
1R↑

2)
!
x

def= {〈P, P ′〉 | Q R1y Q′ ⊃ P ◦ x〈yz〉 ◦ Q R2z P ′ ◦ x〈yz〉 ◦ Q′}
(R!)↑x

def= {〈x〈y〉 ◦ Q, x〈y〉 ◦ Q′〉 |QRyQ
′}⊥⊥

∀x.R[x]x
def= {〈P, P ′〉 | ∀R′.P R[R′]x P ′}

∃x.R[x]x
def= {〈P, P ′〉 | ∃R′. P R[R′]x P ′ }⊥⊥,

where all mentioned processes, substitutions etc. should be appropriately typed.
P ◦Q denotes (ν fn(P )∩ fn(Q))(P |Q). R[x] indicates a type-respecting map over
typed relations.3 These rules can be read quite like logical relations for functions:
for example, the first rule says that, if a pair of “resources” are related, then the
corresponding pair of “results” should also be related. In fact, the construction
yields, via encoding, logical relations in the usual sense for both call-by-name and
call-by-value polymorphic PCF-like calculi, cf. [25, 26]. Since each rule returns
a ⊥⊥-closed relation whenever its arguments are, ((τ))ξ is always ⊥⊥-closed.

The above logical relation only relates processes with a single free name. For
equating processes with multiple free names, we extend logical relations to action
types which are connected in the following sense.

Definition 1. (A, φ) is connected if one the following holds.

– φ = I and A contains, in its range, either a unique !-type and zero or more
?-types, or a unique ↓-type, a unique ↑-type and zero or more ?-types.

– φ = O and A contains a unique ↑-type and zero or more ?-types.

If (A, φ) is connected, the name with the unique ↑/! type is its principal port.

Connectedness has both practical and theoretical significance. First, in many
practical examples including the embedding of programming languages, it is
often enough to consider processes of connected types. Second, any process of
an arbitrary action type can always be decomposed canonically into connected
processes, so that results about connected processes often easily extend to non-
connected processes. We now generalise the logical relation to connected types.

Definition 2. Let (A, φ) be connected with principal port x : τ and let fn(A)\
{x} = {yj}j∈J . Then ∼=A,φ

L is a relation on processes of type (A, φ) which relates
P and P ′ iff, for each ξ (

∏
j∈J Pj denotes a parallel composition of {Pj}j∈J),

(∀j ∈ J. Qj ((A(yj)))ξ,yj Q
′
j) ⊃ (ν �y)(P |Πj∈JQj) ((τ))ξ,x (ν �y)(P ′ |Πj∈JQ′

j).

Note that ∼=x:τ,φ
L (with φ given corresponding to τ) coincides with ((τ))x. The

following result is proved closely following the development by Pitts [25, 26].

Theorem 2. (characterisation of ∼=∀∃) ∼=A,φ
L =∼=A,φ

∀∃ for each connected (A, φ).

Corollary 1. 1. (parametricity) P ∼=x:∀x.τ
∀∃ Q if and only if P ((τ))x �→RQ for

each ⊥⊥-closed R.
2. (simulation) P ∼=x:∃x.τ

∀∃ Q if and only if P ((τ))x �→RQ for some ⊥⊥-closed R.

3 In detail: �[x] should map, for fixed τ and τ ′ such that ftv(τ ) ∪ ftv(τ ′) ⊂ {x}, each
�

′ : ρ ↔ ρ′ of mode md(x) to a typed relation �[�′] : τ [ρ/x] ↔ τ ′[ρ′/x].
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The construction and results extend to the whole set of affine polymorphic pro-
cesses, see [6]. The same characterisation result also holds for linear polymorphic
processes, where we use a ⊥⊥-closure based on convergence to a specific boolean
value (this convergence is also used for defining the contextual congruence, which
is necessary since linear processes are always converging). In Section 6 we give
reasoning examples which use these results. The corresponding characterisation
results for non-functional polymorphic behaviour (including state [24] and con-
trol) are left as an open issue.

5 Generic Transitions and Innocence

This section discusses another basic element of the present theory, a generic
labelled transition system and the induced process equivalence. While our pre-
sentation focusses on the affine polymorphic π-calculus, the construction equally
applies to linear, stateful and concurrent polymorphic processes, with the same
soundness result. The duality principle strongly guides the construction. The set
of action labels (l, l′, . . .) are given by:

l ::= x〈(�y)�w〉 | x〈(�y)�w〉 | τ

In the first two labels, names in �y are pairwise distinct and �y is a (not necessarily
consecutive) subsequence of �w (called objects) and distinct from x (called sub-
ject). Names in �y occur bound, while all other names occur free. x(�y) and x〈�y〉
stand for x〈(�y)�y〉 and x〈(ε)�y〉, respectively and similarly for output actions.

Transitions use an extended typing where type variables in action types are
annotated by quantification symbols (as x

∀ and x
∃, called universal type variable

and existential type variable, respectively). The original free type variables and
∀-quantified variables are naturally ∀-annotated, while ∃-quantified variables are
∃-annotated. Free ∃-type variables are introduced by the following added rule:

(∃-Var)
�φ P � A[τ/x∃]

�φ P � A

which we assume to be applicable only as the last rule(s) in a derivation. As an
example of typing, we have �O t〈y〉|z(w).e(c)not〈cw〉 � y : x∃, z : (x∃)↓, e : (B)↑,
abstracting away the type which is both for the resource at y and for the value of
the input via z. Using annotated type variables, the following predicates decide if
the shape of action labels conforms to a given action type. In brief, they say that
free output (resp. input) corresponds to universal type variables (resp. existential
type variables), cf. Section 2. θ below denotes a sequence of quantifiers.

Definition 3. 1. A � τ always.
2. A � x〈(�z)�w〉 : θ(�τ )pI when {�z} ∩ fn(A) = ∅ and A(x) = θ(�τ )pI s.t. wi �∈ {�z}

iff A(wi) = τi where τi is an existential type variable.
3. A � x〈(�z)�w〉 : θ(�τ )pO when {�z} ∩ fn(A) = ∅ and A(x) = θ(�τ )pO s.t. wi �∈{�z}

iff A(wi) = τi where τi is a universal type variable.
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We can now introduce the transition rules (for expository purposes we focus on
key instances). We start from the standard bound input.

(BIn↓) �I x(�y).P � A
x(�y)−→ �O P � A/x, �y :�τ (A � x(�y) : θ(�τ )↓)

This may introduce (output-moded) ∀-type variables, which are used as follows.

(FOut↑) �O x〈�y〉 � A
x〈�y〉−→ �I 0 � A/x (A � x〈�y〉 : θ(�x∀)↑)

We can now infer �I id〈x〉 � x :I
x(yz)−→ z〈y〉−→�I id〈x〉 � x :I (using a replicated version

for input). Next we consider the dual situation, starting from bound output.

(BOut↑) �O x〈�y〉 � A
x(�z)−→ �I Πi[zi → yi]τi � A/x, �z : �τ (A � x(�z) : θ(�τ )↑)

Here [zi → yi]τi is the standard copy-cat agent [7, 12, 14, 32, 33]. For example,
[a → b](()

↑)! def=!a(y).b(y′)y′.y. This rule is best seen in view of the semantic
equality x〈�y〉 ∼= x(�z)Πi[zi → yi]τi . Again this rule may introduce (input-moded)
∃-type variables, used by:

(FIn↓) �I x(�y).P � A
x〈�z〉−→ �O P{�z/�y} � A/x � �z :�x (A � �z :�x

∃ � x〈�z〉 : θ(�x∃)↓)

In the side condition, we compose types for opaque resources to appear in a later
derivation. The rule says an input may receive channels for opaque resources
which have been exported and which are, therefore, free. We can now infer

�O x(yz)(t〈y〉|z(w).R) � x :I, e : (B)↑
x(yz)−→ z〈y〉−→�O t〈y〉|R{y/w} � y :〈x∃,x∃〉, e : (B)↑.

Since a type may carry both type variable(s) and concrete type(s), the general
rule for linear input (resp. output) combines (BIn↓) and (FIn↓) (resp. (BOut↑)
and (FOut↑)). Similarly we have rules for replicated input/output, as well as
standard composition rules. For the generated transition relation we can check,
under the extended typing:

Proposition 2. If �φ P � A and �φ P � A
l−→�φ′ Q � B then �φ′ Q � B.

Define the weak bisimilarity ≈∀∃ induced by generic transitions in the standard
way. The proof of the following is then straightforward.

Proposition 3. (soundness) �φ P ≈∀∃ Q � A implies �φ P ∼=∀∃ Q � A.

The result extends to the linear/stateful extensions in §3.4/5. Further the ana-
logue of Corollary 1(1) (parametricity) easily holds for ≈∀∃. We can also show
polymorphic transition sequences of a typed process can be characterised by an
innocent function as in the first-order affine processes [7]. Again as in [7], finite
generic innocent functions are always realisable as syntactic processes.

6 Reasoning Examples

This section discusses equational reasoning based on the theories in Sections 4
and 5, and outlines a fully abstract embedding of System F.



Genericity and the π-Calculus 115

Inhabitation Results. We begin with an inhabitation result for I using generic
transitions. Let Ω〈x〉 def=!x(yz).(ν ab)(!a(w).b〈w〉|!b(w).a〈w〉|a(c)c.z〈y〉) (which
diverges after the initial input; from now on, the notation Ω〈x〉 is used for
denoting such processes regardless of types). We prove that �I P � x : I implies
either P ≈∀∃ id〈x〉 or P ≈∀∃ Ω〈x〉. Let �I P � x : I. Then we have �I P � x :

I
x(yz)−→ �O P ′�x :I, y :x∀, z : (x∀)↑. By inspecting the action type, if P ′ ever has an

output, it can only be z〈y〉, in which case P ≈∀∃ id〈x〉. If not then P ≈∀∃ Ω〈x〉.
Since id〈x〉 �∼=∀∃ Ω〈x〉, these two are all distinct inhabitants of the type. Similarly
we can check x : B is inhabited by t〈x〉, f〈x〉 and Ω〈x〉. In the linear typing, we
obtain the same results except we lose Ω〈x〉 by totality of transition.

Boolean ADTs. Next we show a simple use of logical relations for equational
reasoning, taking abstract data types of opaque booleans (similar to those dis-
cussed in [22, 25]). The data type should export a “flip”, or negation operation
and allow reading (which means turning an opaque boolean to a concrete one).
Two simple implementations in the λ-calculus with records are:

M
def= pack bool {bit = T, flip = λx :bool.¬x, read = λx :bool.x } as bool

M ′ def= pack bool {bit = F, flip = λx :bool.¬x, read = λx :bool.¬x} as bool

where bool def= ∃x.{bit : x, flip : x → x, read : x → bool}. M and M ′ can be
encoded as (using a call-by-value translation of products, cf. [32]):

bool〈u〉 def= u(m1m2m3)(Q1|Q2|Q3) bool′〈u〉 def= u(m1m2m3)(Q′
1|Q′

2|Q′
3)

where Q1
def= t〈m1〉, Q2

def=!m2(bz).z(b′)not〈b′b〉, Q3
def=!m3(bz).z〈b〉, Q′

1
def= f〈m1〉,

Q′
2 ≡ Q2 and Q′

3
def=!m3(bz).z(b′)not〈b′b〉. We can easily check these processes are

typable under u :∃x.B[x], where B[x] def= (x(x(x)↑)!(x(B)↑)!)↑.
We now show �I bool〈u〉 ∼=∀∃ bool′〈u〉 � x : ∃x.B[x]. By Corollary 1(2), it

is enough to establish bool〈u〉((B[x]))x,x �→Rbool′〈u〉 for some ⊥⊥-closed R. By
definition this means we have to verify:

Q1Rm1Q
′
1, Q2(R(R)↑)!m2

Q′
2, Q3(R(((B)))↑)!m3

Q′
3.

Take R
def= {(t〈x〉, f〈x〉), (f〈x〉, t〈x〉), (Ω〈x〉, Ω〈x〉)} (processes are taken up to

∼=∀∃). Then R is ⊥⊥-closed (by the inhabitation result for B). R obviously relates
Q1 and Q′

1. The key case is Q3(R(((B)))↑)!m3
Q′

3, which means, by definition,
Q3 ◦m3〈xw〉 ◦S (((B)))↑w Q′

3 ◦m3〈xw〉 ◦S′ for any SRS′. The case when (S, S′) =
(Ω〈x〉, Ω〈x〉) is trivial. Let (S, S′) = (t〈x〉, f〈x〉). We can check both Q3◦m3〈xw〉◦
S and Q′

3 ◦m3〈xw〉 ◦S′ reduce to, hence are ∼=∀∃-equivalent to, w〈b〉 ◦ t〈b〉. Now
we use Theorem 2. Similarly when (S, S′) = (f〈x〉, t〈x〉). Reasoning for Q2 and
Q′

2 is similar.

Simple Boolean Agent. In Section 2, we have seen the behaviour of S
def=

x(yz)(t〈y〉|z(w).e(b)not〈bw〉) under x : I, e : (B)↑. Noting this process is typable
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in the linear typing, we show that S and S′ def= e(b)f〈b〉 are contextually con-
gruent as linear polymorphic processes. Since S and S′ have different visible
traces, the use of some extensionality principle is essential. By the character-
isation result along the line of Theorem 2 in the linear setting, it suffices to
show (ν x)(S|P )(((B)↑))e(ν x)(S′|P ) for each �I P � x : I. But if �I P � x : I then
P ∼=∀∃ id〈x〉 by inhabitation. We can then check (ν x)(S|P ) ∼=∀∃ (ν x)(S|id〈x〉) ≈
S′ ≈ (ν x)(S′|id〈x〉) ∼=∀∃ (ν x)(S′|P ), hence done.

Diverging Functions. Another example which needs extensionality, but this
time in the context of affine sequential processes, is the equality of two diverging
functions treated by Pitts [25] (the example is attributed to Stark). Assume we
are given the following two call-by-value functions:

F ′ def= letrec f = λg.fg in f

G′ def= letrec f = λg.if gT then (if gF then fg else T) else fg in f

Let nullλ
def= ∀x.x, Bλ

def= ∀x.(x⇒x⇒x) and α = ∃x.((x⇒Bλ)⇒Bλ). Then we
can check F

def= pack nullλ, F ′ as α and G
def= pack Bλ, G′ as α are well-typed

after existential abstraction. To show F and G are equal, we first encode them
as affine polymorphic processes. In the standard encoding (with recursion being
translated using copy-cats), F and G are represented by, respectively, u(x)Ω〈x〉
and u(x)P where (using some shorthand notations):

P
def=!x(gz).(g(Tw)w(b).if b then [g(Fw′)w′(b′).if w′ then else Ω〈u〉z(T)] elseΩ〈u〉),

both typable under u : ∃x.(τ)↑ with τ = ((x!(B)↓)?(B)↑)! . We can then show
P ∼=∀∃ Ω〈x〉 using a logical relation ((R(B)↓)?(B)↑)!x where Ru is the universal
relation over u :B. Detailed reasoning is given in [6].

State and Concurrency. We apply transition-based reasoning to a simple
concurrent ADT, a cell with a boolean value. It allows three operations, share,
read and write. The first returns the access pointer to the cell, while the latter
two read/write a boolean value from it. The data type of this agent is:

Cell[B] def= ∃x.(((x)↑)!M(x(B)↑)!M(x B()↑)!M)↑.

Below we give two implementations. The first is centralised in that all clients
have access to a single container; while, in the second, each client has a different
proxy which it uses to access the “real” cell. Let

cell〈ul〉 def= u(srw)(S |R |W ) cell′〈ul〉 def= u(srw)(S′ |R′ |W ′) ,

where S
def=!s(z).z〈l〉, R

def=!r(cz).cin1(e)e(x).z〈x〉 and W
def=!w(cbz).cin2〈bz〉,

while S′ def=!s(z).z(c)!c(z′).z′〈l〉, R′ def=!r(cz).c(e)e(r′).r′in1(f)f(x).z〈x〉 and
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W ′ def=!w(cbz).c(w)w(r).rin2〈bz〉. Then both cell〈ul〉 and cell′〈ul〉 are typable
under u :Cell[B], l : ref(B), with ref(τ) def= [(τ)↑&τ()↑]!M .

To show these two typed processes are ≈∀∃-equivalent, we first note that
neither manipulates boolean values non-trivially (they are data independent in
the sense of [15]), hence both are also typable under u : Cell[y∀], l : ref(y∀). By
parametricity of ≈∀∃, it suffices to consider a bisimulation under this typing,
which radically reduces the number of transitions. We now construct a relation
R from the following tuples:

� (S |R |W |Πi[ci → l]ref(y)) R (S′ |R′ |W ′ |Πi!ci(z).z〈l〉)
� s : ((x∃)↑)!M , r : (x∃(y∀)↑)!M , w : (x∃

y
∀()↑)!M , �c :�x∃

together with their derivatives ([6] gives details). Note that Πi[ci → l] on the
left-hand side is generated since S is in fact not allowed to do a free output via
z (because l is not typed by a universal type variable; though it is typed by an
existential variable). Observing that ci :x∃

i prohibits each ci from being used as
the subject of an action, while permitting its use as an object of a free input
(via r and w) that in turn triggers appropriate internal reduction, we can verify
R is a bisimulation.

Fully Abstract Embedding of System F. Using the characterisation of
polymorphic transitions by innocence mentioned in Section 5, we can embed
System F (the second-order λ-calculus) fully abstractly in linear polymorphic
processes. The contextual equality over λ-terms is defined in the standard way
[20], using observables at the polymorphic boolean type. We write M, N, . . . for
polymorphic λ-terms, α, β, . . . for their types, and ∼=∀ for the contextual equality.
We can use different encodings to reach the same result: for example we can use
Turner’s call-by-value encoding [30] (other encodings, including those based on
call-by-name, are discussed in [6]). The mapping of types becomes:

α• def= (α◦)↑ x
◦ def= x

! (α ⇒ β)◦ def= (α◦β•)! (∀x.α)◦ def= ∀x.((α◦)↑)!

Write [[M : α]]u for the encoding of a polymorphic λ-term M : α. Then, setting
∼=∀∃ to be the contextual congruence over linear polymorphic processes discussed
at the end of Section 4, we obtain:

Theorem 3. (full abstraction) Let � M1,2 :α. Then M1
∼=∀ M2 : α if and only

if �I [[M1 :α]]u ∼=∀∃ [[M2 :α]]u � u :α◦.

The proof uses definability arguments based on innocence as in [7] (with addi-
tional treatment of contravariant universal types), see [6] for details.
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Abstract. Lossy channel systems (LCS’s) are systems of finite state
automata that communicate via unreliable unbounded fifo channels. We
propose a new probabilistic model for these systems, where losses of
messages are seen as faults occurring with some given probability, and
where the internal behavior of the system remains nondeterministic, giv-
ing rise to a reactive Markov chains semantics. We then investigate the
verification of linear-time properties on this new model.

1 Introduction

Verification of channel systems. Channel systems [BZ83] are systems of finite
state automata that communicate via asynchronous unbounded fifo channels.
They are a natural model for asynchronous communication protocols, used as
the semantical basis of protocol specification languages such as SDL and Estelle.
Lossy channel systems [Fin94, AJ96b] are a special class of channel systems
where messages can be lost while they are in transit, without any notification.
These lossy systems are the natural model for fault-tolerant protocols where the
communication channels are not supposed to be reliable.

Surprisingly, while channel systems are Turing-powerful [BZ83], several veri-
fication problems become decidable when one assumes channels are lossy: reach-
ability, safety properties over traces, inevitability properties over states, and
fair termination are decidable for lossy channel systems [Fin94, CFP96, AJ96b,
MS02].

This does not mean that lossy channel systems are an artificial model where,
since no communication can be fully enforced, everything becomes trivial. To
begin with, many important problems are undecidable: recurrent reachability
properties are undecidable [AJ96a], so that model checking of liveness properties
is undecidable too. Furthermore, boundedness is undecidable [May00], as well as
all behavioral equivalences [Sch01]. Finally, none of the decidable problems listed
in the previous paragraph can be solved in primitive recursive time [Sch02]!

Probabilistic losses. When modeling real-life protocols, it is natural to see mes-
sage losses as some kind of faults having a probabilistic behavior. This idea led
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to the introduction of a Markov chain model for lossy channel systems [PN97].
Essentially the same model allowed Baier and Engelen to show that qualitative
model checking is decidable, i.e. it can be decided whether a linear-time property
holds almost surely, that is, with probability 1 [BE99]. This is a smart way of
using randomization to circumvent the undecidability of temporal model check-
ing in the non-probabilistic case. However, this result has several limitations:
(l1) it requires that the channel system itself is seen as choosing probabilistically
between its transitions, (l2) it assumes that there is a fixed probability p that
“the current step is a loss”, and (l3) it only gives decidability for p ≥ 0.5, an
unrealistically large value (using a slightly different model, [ABPJ00] shows that
decidability is lost if p is not large enough).

Our contribution. We propose an improved approach that addresses the above-
mentioned limitations. Our first idea is to use a more realistic probabilistic model
for losses, where any message has a fixed probability τ > 0 of being lost during
the current step, independently of other messages possibly in transit at the same
time. We call it the local-fault model (and refer to the proposal by [PN97] as
the global-fault model). In our local-fault model, qualitative model checking is
decidable whatever the value of τ (thus our solution to limitation (l2) solves (l3)
as well).

Our second idea attacks limitation (l1): we move from Markov chains to
reactive Markov chains (or, equivalently, Markovian decision processes) as the
probabilistic model for lossy channel systems: this allows combining a probabilis-
tic behavior for losses with a nondeterministic behavior for the channel system.
The verification problems we investigate are whether a linear-time property holds
almost surely under any scheduling policy (the adversarial viewpoint). We show
that, while the problem is undecidable in general, there exist some decidable
subcases (natural subsets of temporal properties). Furthermore, the problem be-
comes decidable when we restrict ourselves to finite-memory scheduling policies
only. Finally, it turns out that these verification problems are insensitive to the
precise value of the fault rate τ .

Since our decision procedures reduce probabilistic model checking to the
kind of reachability questions that have been successfully verified in practice
(e.g. [AAB99]), we believe our ideas will provide a nice way of verifying live-
ness properties on channel systems with probabilistic losses: the approximations
“almost surely” and “under any finite-memory scheduling policy” are very rea-
sonable and only retract minimally from the rigid “surely” and “for all scheduling
policies” that are the standard goals in algorithmic verification.

Related work. Verifying probabilistic lossy channel systems combines issues from
the verification of infinite-state systems and from the verification of probabilistic
systems 1. These two fields are technically quite involved and it seems that, to
date, the only joint instance that has been investigated are the probabilistic lossy

1 Here we do not mean systems where the timings are probabilistic like, for example,
continuous time Markov chains [BKH99].
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systems. We already explained how our work is a continuation of [PN97, BE99,
ABPJ00] and depart from these earlier papers. The local-fault model has been
independently proposed by Abdulla and Rabinovich [AR03] who proved a result
essentially equivalent to our Theorem 5.4 (but did not investigate adversarial
verification).

Outline of the paper. Section 2 sets the necessary background on the verification
of infinite Markov chains. Channel systems are presented in Section 3, before
we discuss probabilistic losses in Section 4 and study probabilistic lossy systems
(PLCS’s) in Section 5. Nondeterministic PLCS’s are defined in Section 6 and
their verification is studied in Section 7. For lack of space, many proofs have
been omitted in this extended abstract: they can be found in the full version.

2 (Reactive) Markov Chains and Their Verification

We assume some familiarity with Markov chains and only introduce the notations
we need in the rest of the paper (we mostly follow [Var99]).

Definition 2.1. A Markov chain is a tuple M = 〈W, P, P0〉 of a countable set
of configurations W = {σ, . . .}, a transition probability function P : W 2 �→
[0, 1] such that

∑
σ′∈W P (σ, σ′) = 1 for all σ ∈ W , and an initial probability

distribution P0 : W �→ [0, 1].

M is bounded when there exists e > 0 s.t. P (σ, σ′) > 0 entails P (σ, σ′) ≥ e
(i.e. probabilities are not arbitrarily low). M is finite when W is. Finite Markov
chains are bounded.

A run of M is an infinite sequence π ∈ Wω of configurations. The set of runs
Wω is turned into a probability space in the standard way: the measure µ of
events is first defined on basic cylinders with:

µ({π | π starts with σ0, σ1, . . . , σn}) def= P0(σ0)P (σ0, σ1) · · ·P (σn−1, σm) (1)

and is then extended to the Borel field they generate (see [Var99, Pan01]).
Underlying any Markov chain M is the transition system (the directed graph)

GM where there is a transition σ −→ σ′ iff P (σ, σ′) > 0. This explains why we
often rely on standard graph-theoretic terminology and write statements like “σ
is reachable from σ0”, etc., for notions that do not depend on the precise values
of the transition probability function. E.g. the measure (1) is non-zero iff σ0 is
a possible initial configuration and σ0 −→ σ1 −→ . . . −→ σn is a path in GM .

2.1 Reactive Markov Chains

Reactive Markov chains [Var99], called “concurrent Markov chains” in [Var85,
HSP83], were introduced for modeling systems whose behavior has both proba-
bilistic and nondeterministic aspects. They are a special (and equivalent) form
of Markovian decision processes [Der70], where the system nondeterministically
picks what will be its next step, and the outcome of that step follows some
probability law.
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Definition 2.2. A reactive Markov chain (a RMC) is a tuple M = 〈W, N, P, P0〉
s.t. 〈W, P, P0〉 is a Markov chain, and N ⊆ W is the subset of nondeterministic
configurations.

The configurations in W \ N are called probabilistic. For a nondeterministic σ,
the exact value of P (σ, σ′) > 0 has no importance (apart from being positive):
it just means that, when in σ, σ′ is a possible next configuration.

The behavior of a RMC M = 〈W, N, P, P0〉 is driven by the nondetermin-
istic choices and the probabilistic behavior. This is formalized by introducing
the notion of a scheduler (also called adversary, or (scheduling) policy) that is
responsible for the nondeterministic choices. Formally, a scheduler for M is a
mapping u : W ∗N → W such that u(σ0 . . . σn) = σ′ implies P (σn, σ′) > 0.
The intuition is that, when the system is in a nondeterministic configuration
σn, u selects a next configuration σ′ among the allowed ones, based on the his-
tory σ0 . . . σn of the computation (we do not consider more general notions of
adversaries).

Combining a RMC M with a scheduler u gives a bona fide Markov chain
Mu = 〈W+, Pu, Pu

0 〉 describing the stochastic behavior of M against u. Intu-
itively, Mu is obtained by unfolding M into a tree, with W+ the set of non-empty
histories 2, and pruning branches that do not obey u. Formally, for any x ∈ W+

Pu(xσ, xσσ′) def=




P (σ, σ′) if σ �∈ N ,
1 if σ ∈ N and u(xσ) = σ′,
0 otherwise,

and Pu(xσ, yσ′) = 0 when y �= xσ. Finally, Pu
0 is like P0 on histories having

length 1, and zero on longer histories. It is readily verified that Mu is indeed a
Markov chain.

2.2 Verification for Markov Chains

We address verification of linear-time properties that can be expressed in tem-
poral logic (TL), or second-order monadic logic on runs (MLO), and that do not
refer to quantitative information.

Classically such properties can be given under the form of a Büchi automaton
that recognizes exactly the correct runs, so that TL model checking reduces to
repeated reachability of control states in a product system. This approach does
apply to Markov chains if the property is represented by a deterministic ω-
automaton: then the product system is again a Markov chain.

Since deterministic Büchi automata are not expressive enough for TL or
MLO, we shall assume the properties are given by deterministic Street au-
tomata. Then, in order to check TL or MLO properties on Markov chains,
it is enough to be able to check simpler behavioral properties of the form
2 When describing the behavior of some Mu, it is customary to leave the histories

implicit and only consider their last configuration: this informal way of speaking
makes Mu look more like M .
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α =
∧n

i=1(�♦Ai ⇒ �♦A′
i) where, for i = 1, . . . , n, Ai, A

′
i ⊆ W (i.e. α is a

Street acceptance condition). A run π = σ0, σ1, . . . satisfies such a condition,
written π |= α, if for all i = 1, . . . , n, either σj ∈ Ai for finitely many j, or
σj ∈ A′

i for infinitely many j. The following is standard:

Theorem 2.3. Let M be a countable Markov chain and α be a Street acceptance
condition. Then {π | π |= α} is measurable.

We let µM (α) denote this measure and say that M satisfies α with probability
p when µM (α) = p. We often consider the probability, written P(M, σ |= α)
or µσ(α), that a given configuration σ satisfies a property α: this is defined
as µM ′(α) for a Markov chain M ′ obtained from M by changing the initial
distribution.

We say that M satisfies α almost surely (resp. almost never, possibly) when M
satisfies α with probability 1 (resp. with probability 0, with probability p > 0).

Remark 2.4. These notions are inter-reducible: M satisfies α almost surely iff it
satisfies ¬α almost never iff it is not the case that it satisfies ¬α possibly. 
�

2.3 Verification for Markov Chains with a Finite Attractor

Verifying that a finite Markov chain almost surely satisfies a Street property is
decidable [CY95, Var99]. However, the techniques involved do not always extend
to infinite chains, in particular to chains that are not bounded.

It turns out it is possible to extend these techniques to countable Markov
chains where a finite attractor exists. We now develop these ideas, basically by
simply streamlining the techniques of [BE99]. Below we assume a given Markov
chain M = 〈W, P, P0〉.
Definition 2.5 (Attractors). A non-empty set Wa ⊆ W of configurations is
an attractor when

P(M, σ |= �♦Wa) = 1 for all σ ∈ W (2)

The attractor is finite when Wa is.

Assume Wa ⊆ W is a finite attractor. We define GM (Wa) as the finite directed
graph 〈Wa,�〉 where the vertices are the configurations from Wa and where
there is an edge σ � σ′ iff, in M , σ′ is reachable from σ by a non-empty path.
Observe that the edges in GM (Wa) are transitive.

In GM (Wa), we have the usual graph-theoretic notion of (maximal) strongly
connected components (SCC’s), denoted B, B′, . . .. A trivial SCC is a singleton
without the self-loop. These SCC’s are ordered by reachability and a minimal
SCC (i.e. an SCC B that cannot reach any other SCC) is a bottom SCC (a
BSCC). Observe that, in GM (Wa), a BSCC B cannot be trivial: since Wa is an
attractor, one of its configurations must be reachable from B.

For a run π in M , we write limWa(π) for the sets of configurations from Wa

that appear infinitely often in π. Necessarily, if limWa(π) = A then the config-
urations in A are inter-reachable and A is included in some SCC of GM (Wa).
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Lemma 2.6. If µσ({π | limWa(π) = A}) > 0 then A is a BSCC of GM (Wa).

Assume the BSSC’s of GM (Wa) are B1, . . . , Bk. Lemma 2.6 and Eq. (2) entail

µσ({π | limWa(π) = B1}) + · · · + µσ({π | limWa(π) = Bk}) = 1. (3)

Therefore, for a BSCC B, σ ∈ B entails µσ({π | limWa(π) = B}) = 1. Hence
µσ0({π | limWa(π) = B}) > 0 iff B is reachable from σ0.

It is now possible to reduce the probabilistic verification of Street properties
to a finite number of reachability questions:

Proposition 2.7. Assume Wa is a finite attractor of M . Then for any σ ∈ W ,
P(M, σ |= ∧n

i=1(�♦Ai ⇒ �♦A′
i)) > 0 iff there exists a BSCC B of GM (Wa)

such that σ
∗−→ B and, for all i = 1, . . . , n B

∗−→ Ai implies B
∗−→ A′

i.

2.4 Verification for Reactive Markov Chains

Verifying reactive Markov chains usually assumes an adversarial viewpoint on
schedulers. Typical questions are whether, for all schedulers u, Mu satisfies α
almost surely (resp. almost never, resp. possibly)? Cooperative viewpoints (ask-
ing whether for some u, Mu satisfies α almost surely . . . ) are possible but less
natural in practical verification situations. We consider them since they appear
through dualities anyway (Remark 2.4) and since presenting proofs is often easier
under the cooperative viewpoint.

Technically, since we still use properties referring to states of W , one defines
whether a path in Mu satisfies a property by projecting it from (W+)∗ to W ∗

in the standard way [Var99].

One sometimes wants to quantify over a restricted set of schedulers, e.g. for
checking that M almost surely satisfies α for all fair schedulers (assuming some
notion of fairness) [HSP83, Var85]. Such a problem can usually be translated into
an instance of the general adversarial problem by stating the fairness assumption
in the α part.

However, not all restrictions can be transfered in the property to be checked.
In particular we shall consider the restriction to finite-memory schedulers: this is
a convenient way of ruling out infeasible or exaggeratedly malicious schedulers.
Several definitions are possible: here we say that u is finite-memory if there is
a morphism h : W ∗ → H that abstract histories from W ∗ into a finite monoid
H and such that u(σ0 . . . σn) = u′(h(σ0, . . . , σn), σn) for some u′ : H ×X → W .
Thus H is the finite memory on which u′, the true scheduler, is based. When H
is a singleton, u is memoryless.

3 Channel Systems

Perfect channel systems. In this paper we adopt the extended model of channel
systems where emptiness of channels can be tested for.3

3 Our undecidability proofs do not rely on the extension.
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Definition 3.1 (Channel system). A channel system (with m channels) is a
tuple S = 〈Q, C, Σ, ∆, σ0〉 where
– Q = {r, s, . . .} is a finite set of control locations (or control states),
– C = {c1, . . . , cm} is a finite set of m channels,
– Σ = {a, b, . . .} is a finite alphabet of messages,

– ∆ ⊆ Q × ActC × Q is a finite set of rules, where ActC
def
= (C × {?, !} × Σ) ∪

(C × {= ε?}) is a set of actions parameterized by C and Σ,
– σ0 ∈ Q × Σ∗C is the initial configuration (see below).

A rule δ ∈ ∆ of the form (s, c, ?, a, r) (resp. (s, c, !, a, r)) is written “s
c?a−→ r”

(resp. “s
c!a−→ r”) and means that S can move from control location s to r by

reading a from (resp. writing a to) channel c. Reading a is only possible if c is
not empty and its first available message is a. A rule of the form (s, c, = ε?, r)
is written “s

c=ε?−−→ r” and means that S can move from s to r if channel c is empty.

Formally, the behavior of S is given via a transition system: a configuration
of S is a pair σ = 〈r, U〉 where r ∈ Q is a control location and U ∈ Σ∗C is a
channel contents, i.e. a C-indexed vector of Σ-words: for any c ∈ C, U(c) = u
means that c contains u. For s ∈ Q we write ↑s for the set {s} × Σ∗C of all
configurations based on s.

The possible moves between configurations are given by the rules of S. For
σ, σ′ ∈ W , we write σ

δ−→perf σ′ (“perf” is for perfect steps) when:

Reads: δ ∈ ∆ is some s
c?a−→ r, σ is some 〈s, U〉, U(c) is some a1 . . . an with a1 =

a, and σ′ = 〈r, U{c �→ a2 . . . an}〉 (using the standard notation U{c �→ u′}
for variants).

Writes: δ ∈ ∆ is some s
c!a−→ r, σ is some 〈s, U〉, U(c) is some u ∈ Σ∗, and

σ′ = 〈r, U{c �→ u.a}〉.
Tests: δ ∈ ∆ is some s

c=ε?−−→ r, σ is some 〈s, U〉, U(c) = ε, and σ′ = 〈r, U〉.
Idling: Finally, we have idling steps σ

0−→perf σ in any configuration.

We write En(σ) for the set of rules enabled in configuration σ. We consider idling
as a rule and have 0 ∈ En(σ) for all σ. For δ ∈ En(σ), we further write Succδ(σ)
to denote the (unique) successor configuration σ′ obtained by applying δ on σ.
We often omit the superscript δ in steps and only write σ −→perf σ′.

Remark 3.2. Allowing the idling rule is a definitional detail that smoothes out
Definitions 5.1 and 6.1 (deadlocks are ruled out). It also greatly simplifies the
technical developments of section 7 (the possibility of idling gives more freedom
to scheduling policies). 
�

Lossy channel systems. In the standard lossiness model, a lossy step is a perfect
step possibly preceded and followed by arbitrary message losses. Here we
allow losses only after the perfect step. This simplifies the construction of the
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probabilistic model and does not modify the semantics in any essential way 4

unlike, e.g., the notion of front-lossiness used in [Fin94, CFP96, ABPJ00, Sch01].

Formally, we write u � v when u is a subword of v, i.e. u can be obtained
by erasing any number of letters (possibly zero) from v. When u � v, it will
be useful to identify the set ρ ⊆ {1, . . . , |v|} of positions in v where letters
have been erased, and we use the notation “u �ρ v” for that purpose. E.g.
aba �{1,2,5} baabba. Observe that, in general, u � v can be explained by several
distinct erasures ρ, ρ′, . . .

The subword ordering extends to channel contents and to channel systems
configurations in the standard way:

U � V
def⇔ U(c) � V (c) for all c ∈ C,

〈r, U〉 � 〈s, V 〉 def⇔ r = s and U � V.

Erasures extend too: we still write U �ρ V but now ρ ⊆ C × N.

It is now possible to define the lossy steps of channel systems: we write
σ

δ−→loss σ′ when σ′ � σ′′ for some σ′′ s.t. σ
δ−→perf σ′′. Perfect steps are a special

case of lossy steps (they have σ′ = σ′′). Below we omit writing explicitly the
“loss” subscript for lossy steps, and are simply careful of writing −→perf for all
perfect steps.

As usual, σ
∗−→ σ′ denotes that σ′ is reachable from σ. We write σ

+−→ σ′ when
σ′ is reachable via a non-empty sequence of steps. The reachability problem for
lossy channel systems is, given S, σ and σ′, to say if σ′ is reachable from σ in S.
It is know that this problem is decidable (even if testing channels for emptiness
is allowed) [AJ96b, CFP96, May00].

A set A ⊆ W of configurations is reachable from σ if some σ′ ∈ A is. This is
denoted σ

∗−→ A. One can decide whether σ
∗−→ A just by looking at the minimal

elements of A. Since � is a wqo, any A ⊆ W only has a finite number of minimal
elements. Therefore it is decidable whether σ

∗−→ A.

4 The Local-Fault Model for Probabilistic Losses

Earlier proposals for probabilistic lossy channels assume there is a fixed proba-
bility that the next step is the loss of a message [PN97, BE99]. We argued in the
introduction that this model is not very realistic. We prefer a viewpoint where
the fixed fault rate is associated with every single message. Then, the probability
that a given message is lost at the next step is not influenced by the presence or
identity of other messages.5

4 The modification only has to do with where we separate a step from its predecessor
and successor steps, i.e. with the granularity of the operational semantics.

5 This agrees with the actual behavior of many lossy fifo links where each message is
handled individually by various components (switches, routers, buffers, . . . ). Admit-
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Formally, we assume given a fixed fault rate τ ∈ [0, 1] that describes the
probability that any given message will be lost during the next step. From τ ,
one derives pτ (U, U ′), the probability that channels with contents U will have
contents U ′ after one round of probabilistic losses:

pτ (U, U ′) =
∑

ρ s.t. U ′�ρU

τ |ρ|(1 − τ)|U
′|. (4)

Then pτ (U, U ′) > 0 iff U ′ � U (assuming 0 < τ < 1), and
∑

U ′ pτ (U, U ′) = 1 for
any U . It will be convenient to extend this probability distribution from channel
contents to configurations with

pτ (〈s, U〉, 〈r, V 〉) def=
{

pτ (U, V ) if s = r,
0 otherwise. (5)

Example 4.1. Assume we have a single channel c that contains u = aab. Assume
τ = 0.1. Then

pτ (aab, ε) = τ3 = 0.001 pτ (aab, aa) = τ(1 − τ)2 = 0.081
pτ (aab, b) = τ2(1 − τ) = 0.009 pτ (aab, ab) = 2τ(1 − τ)2 = 0.162

pτ (aab, a) = 2τ2(1 − τ) = 0.018 pτ (aab, aab) = (1 − τ)3 = 0.729

Observe that
∑

u′ pτ (u, u′) = 1. The difference between, e.g., pτ (u, a) and
pτ (u, b), comes from the fact that, starting from u, there are two distinct ways
of getting a by losses, while there is only one way of getting b. 
�

5 Probabilistic Lossy Channel Systems

A probabilistic lossy channel system (PLCS) is a tuple S = 〈Q, C, Σ, ∆, σ0, D〉
s.t. 〈Q, C, Σ, ∆, σ0〉 is a channel system, and D : (∆ ∪ {0}) �→ (0,∞) is a weight
function of its rules.

Definition 5.1 (Markov chain semantics of PLCS’s). The Markov chain

M τ
S associated with a PLCS S as above, and a fault rate τ ∈ (0, 1) is M τ

S

def
=

〈W, P, P0〉 where W is the set of configurations of S, P0(σ0)
def
= 1, and where

P (σ, σ′), the probability that S moves from σ to σ′ in one step, is given by

P (σ, σ′)
def
=

∑
δ∈En(σ)

D(δ) × pτ (Succδ(σ), σ′)

∑
δ∈En(σ)

D(δ)
. (6)

tedly, there are situations calling for yet other models: e.g. [ABPJ00] assumes losses
only occur when a message enters the queue.
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It is readily seen that M τ
S is indeed a Markov chain. It is usually infinite and

not bounded.

An important consequence of the local-fault model is that the more messages
are in the queue, the more likely some losses will make the number of messages
decrease. We formalize this by introducing a partition W = W0 + W1 + · · · +
Wn + · · · of the set of configurations of M τ

S given by Wn
def= {σ ∈ W | |σ| = n},

with |〈r, U〉| def=
∑

c|U(c)|. Then for any S and τ we have

Lemma 5.2. For all e > 0 there is a rank I ∈ N s.t. for all i ≥ I and σ ∈ Wi

∑
{P (σ, σ′) | σ′ ∈ W0 ∪ W1 ∪ · · · ∪ Wi−1} > 1 − e. (7)

Corollary 5.3. In M τ
S , W0 is a finite attractor.

Theorem 5.4. (Decidability of model checking for PLCS’s) The prob-
lem of checking whether M τ

S almost-surely (resp. almost-never, resp. possibly)
satisfies a Street property α is decidable.

Proof. Since reachability is decidable for lossy channel systems, the graph
GMτ

S
(W0) can be built effectively. Since W0 is a finite attractor, the graph can

be used to check whether P(M, σ0 |= α) > 0 by using the criterion provided by
Proposition 2.7 (again, using decidability of reachability). Thus it is decidable
whether M τ

S possibly satisfies α. Now, by Remark 2.4, this entails the decidabil-
ity of checking whether α is satisfied almost surely (resp. almost never). 
�

Remark 5.5. From this algorithm, we deduce that, for a PLCS S, whether
P(M τ

S , στ
0 |= α) = 1 does not depend on the exact value of the fault rate τ

or the weight function D of S. 
�

6 Lossy Channel Systems as Reactive Markov Chains

Seeing LCS’s as Markov chains requires that we see the nondeterministic choice
between enabled transitions as being made probabilistically (witness the D
weight function in PLCS’s).

However, it is more natural to see these choices as being made nondeter-
ministically: this nondeterminism models the lack of any assumption regarding
scheduling policies or relative speeds (in concurrent systems), or the lack of any
information regarding values that have been abstracted away (in abstract mod-
els), or the latitude left for later implementation decisions (in early designs).
In all these situations, it is not natural to assume the choices are probabilistic.
Even if, for qualitative properties, the exact values in the weight function are not
relevant (Remark 5.5), the probabilistic viewpoint enforces a very strong fair-
ness hypothesis on the nondeterministic choices, something which is not suitable
except perhaps for concurrent systems.
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For these reasons, it is worthwhile to go beyond the Markov chain model and
use reactive Markov chains. Below, a nondeterministic probabilistic lossy channel
system (a NPLCS) is simply a LCS where losses are probabilistic so that the
semantics is given under the form of a RMC instead of a transition system.

Definition 6.1. (Reactive Markov chain semantics of NPLCS’s) The
RMC associated with a NPLCS S and a fault rate τ is M τ

S = 〈W+ ∪
W−, W+, P, P0〉 where W+ and W− are two copies of the set Q×Σ∗C . P0 selects
σ0,+, the initial configuration, and P is given by

P (〈q, U〉+, 〈q′, U ′〉−) > 0 iff 〈q, U〉 −→perf 〈q′, U ′〉, (8)

P (〈q, U〉−, 〈q′, U ′〉+) =
{

pτ (U, U ′) if q = q′,
0 otherwise. (9)

Thus positive configurations are nondeterministic and implement perfect steps
of S, reaching negative configurations where message losses are probabilistic.
Note that the precise value of P (σ+, σ′−) in (8) is not relevant.

Since the probabilistic configurations are only used as some intermediate
steps between nondeterministic configurations, it is tempting to omit mention-
ing them altogether when discussing the behavior of NPLCS’s. Indeed, in the
next sections, we rarely write configurations with the “−” or “+” subscript they
require: unless explicitly stated, we always refer to the nondeterministic config-
urations.

7 Model Checking NPLCS’s

Model checking for NPLCS’s is trickier than model checking PLCS’s, and the ex-
istence of the finite attractor does not always allow reducing to a decidable finite
problem. The decidability results we provide below rely on the finite attractor
and downward-closure of reachability sets.

We considered the general case (checking for a Street property) as well as
restricted cases where only properties of the form ♦A (reachability), �A (in-
variant),

∧
i�♦Ai (conjunction of Büchi properties), and

∨
i ♦�Ai. Below we

adopt the simplifying assumption that all sets A used in properties either are
singletons or have the form ↑{s1, . . . , sk} for a set of control states s1, . . . , sk.

We exhibit some decidable cases and some undecidable ones. Most problems
are studied under a cooperative “∃u? . . .” form because this is easier to reason
about, but all results are summarized in the adversarial form in Fig. 2 below.

7.1 Some Decidable Problems

We start by consider properties of the simple form α = ♦A. We say a set X ⊆ Q
is safe for α if 〈x, ε〉 ∗−→X A for all x ∈ X . Here the notation “σ

∗−→X σ′”
denotes reachability under the constraint that only control states from X are
used (the constraint applies to the endpoints σ and σ′ as well). This coincides
with reachability in the LCS S|X obtained from S by deleting control states from
Q \ X , and is thus decidable.
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Lemma 7.1. There exists a scheduler u such that P(M τ,u
S , 〈s, ε〉 |= ♦A) = 1 iff

s belongs to a safe X.

Corollary 7.2. It is decidable whether there exists a scheduler u s.t.
P(M τ,u

S , 〈s, ε〉 |= ♦A) = 1.

We now consider properties of the special form α =
∧n

i=1�♦Ai. We say
x ∈ Q is allowed if for all i = 1, . . . , n, 〈x, ε〉 ∗−→ Ai. Otherwise x is forbidden. It
is decidable whether x is allowed or forbidden.

Lemma 7.3. Assume all states in S are allowed. Then there exists a scheduler
u s.t. P(M τ,u

S 〈s, ε〉 |= α) = 1.

Lemma 7.4. Assume x is forbidden and define S −x as the LCS where control
state x has been removed. Then the following are equivalent:
1. There exists a scheduler u s.t. P(M τ,u

S 〈s, ε〉 |= α) = 1.
2. x �= s and there exists a scheduler u′ s.t. P(M τ,u′

S−x〈s, ε〉 |= α) = 1.

Corollary 7.5. It is decidable whether there exists a scheduler u s.t.
P(M τ,u

S , 〈s, ε〉 |= ∧n
i=1�♦Ai) = 1.

7.2 An Undecidable Problem

Theorem 7.6. The problem of checking whether, given a NPLCS S and a Street
property α, P(M τ,u

S |= α) = 1 for all schedulers u, is undecidable.

The proof is by reduction from the boundedness problem for LCS’s, shown un-
decidable in [May00].

S ′ :

r0

r

S

in cleanout clean

cleaning gadget

retry success fail
?Σ

Fig. 1. The NPLCS S′ associated with LCS S

Let S = 〈Q, {c}, Σ, ∆, σ0〉 be a single-channel LCS that does not use empti-
ness tests, and where σ0 = 〈r0, ε〉. We modify S to obtain S′, a new LCS. Fig. 1,
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where S is in the dashed box, illustrates the construction: S′ is obtained by
adding three control states retry, success and fail , rules allowing to jump from
any S-state r ∈ Q to retry or success,6 and some additional rules between the
new states, as depicted in Fig. 1. The “?Σ” label is a shorthand for all ?a where
a ∈ Σ. We further insert a cleaning gadget (not described) that allows to move
from retry to r0 (in a non-blocking way) but empties the channel in the process:
this ensures we only jump back to S via its initial configuration 〈r0, ε〉.

If we now see S′ as a NPLCS with some fault rate τ , we have

Proposition 7.7. S is unbounded iff P(M τ,u
S′ , σ0 |= �♦↑success∧�♦↑retry) > 0

for some scheduler u.

Since boundedness of LCS’s is undecidable, we obtain Theorem 7.6 even for
NPLCS’s without emptiness tests.7

7.3 More Decidability with Finite-Memory Schedulers!

The scheduler we build in the proof of Proposition 7.7 is not finite-memory.
By contrast, all the schedulers exhibited in the proofs in Section 7.1 are finite-
memory, so that these decidable problems do not depend on whether we restrict
schedulers to the finite-memory ones only.

This observation suggests investigating whether some of our undecidable
problems remain undecidable when we restrict to finite-memory schedulers. It
turns out this is indeed the case.

We consider a NPLCS S and a Büchi property α =
∧n

i=1�♦Ai. For finite-
memory schedulers, cooperative possibly and cooperative almost-sure are related
by the following fundamental lemma:

Lemma 7.8. There exists a finite-memory scheduler u s.t. P(M τ,u
S , 〈s, ε〉 |=

α) > 0 iff there is some s′ ∈ Q and a finite-memory scheduler u′ s.t 〈s, ε〉 ∗−→
〈s′, ε〉 and P(M τ,u′

S , 〈s′, ε〉 |= α) = 1.

Combining with Corollary 7.5, and the decidability of reachability, we obtain:

Corollary 7.9. It is decidable whether there exists a finite-memory scheduler u
s.t. P(M τ,u

S , 〈s, ε〉 |= ∧n
i=1�♦Ai) > 0.

Hence the impossibility stated in Theorem 7.6 can be circumvented with:

Theorem 7.10. The problem of checking whether, given a NPLCS S and a
Street property α, P(M τ,u

S |= α) = 1 for all finite-memory schedulers u, is decid-
able.
6 Via some internal rule where no reading or writing or test takes place. Since such

rules are easily simulated by writing to a dummy channel, we simplified Def. 3.1 and
omitted them.

7 Observe that, because of the idling rule, formulae of the form ��A where A is
some ↑{s1, . . . , sn}, lead to decidable adversarial problems! This is an artifact and
undecidability reappears as soon as we consider slightly more general sets A, e.g.

A
def
= ↑success \ 〈success , ε〉.
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8 Conclusions and Perspectives

When verifying lossy channel systems, adopting a probabilistic view of losses it
is a way of enforcing progress and ruling out some unrealistic behaviors (under
probabilistic reasoning, it is extremely unlikely that all messages will be lost).
Progress could be enforced with fairness assumptions, but assuming fair losses
makes verification undecidable [AJ96a, MS02]. It seems this undecidability is an
artifact of the standard rigid view asking whether no incorrect behavior exists,
when we could be content with the weaker statement that incorrect behaviors
are extremely unlikely.

We proposed a model for channel systems where at each step losses of mes-
sages occur with some fixed probability τ ∈ (0, 1), and where the nondeterminis-
tic nature of the channel systems model is preserved. This model is more realistic
than earlier proposals since it uses the local-fault model for probabilistic losses,
and since it does not require to view the rules of the system as probabilistic.
(Picking a meaningful value for τ is not required since the qualitative properties
we are interested in do not depend on that value.)

We advocate a specific approach to the verification of these systems: check
that properties hold almost surely under any finite-memory scheduling policy. It
seems this approach is feasible: these adversarial model checking questions can
be reduced to the decidable reachability questions that are usually verified on
channel systems.

Several questions remain unanswered, and they are good candidates for fur-
ther work:
1. Fig. 2, summarizing our results on the decidability of adversarial verification
when there is no restriction to finite-memory schedulers, should be completed. In
the table, “D” and “U” stand for decidable and undecidable. Some decidability
results are trivial and labeled with “d”.
2. Allowing idling makes our decidability proofs much easier (Remark 3.2). We
believe this is just a technical simplification that has no impact on decidability,
but this should be formally demonstrated.
3. On theoretical grounds, it would be interesting to try to extend our work and
consider RMC models of LCS’s where the probabilistic states are not limited to
message losses but could accommodate probabilistic choices between some rules.
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École Normale Supérieure, Paris

Bruno.Blanchet@ens.fr
2 Max-Planck-Institut für Informatik, Saarbrücken

podelski@mpi-sb.mpg.de

Abstract. In experiments with a resolution-based verification method
for cryptographic protocols, we could enforce its termination by tagging,
a syntactic transformation of messages that leaves attack-free executions
invariant. In this paper, we generalize the experimental evidence: we
prove that the verification method always terminates for tagged proto-
cols.

1 Introduction

The verification of cryptographic protocols is an active research area, see [1–
22]. It is important since the design of protocols is error-prone, and testing
cannot reveal potential attacks against the protocols. In this paper, we study
a verification technique based on Horn clauses and resolution akin to [4,5,24].
We consider a protocol that is executed in the presence of an attacker that
can listen to the network, compute, and send messages. The protocol and the
attacker are translated into a set of Horn clauses such that: if the fact att(M)
is not derivable from the clauses, then the protocol preserves the secrecy of the
message M in every possible execution. The correctness verified is stronger than
the one required since the executions possible in the Horn clause model include
the ones where a send or receive instruction can be applied more than once in
the same session. In practice, the difference between the correctness criteria does
not show (no false alarm arised in our experiments).

The verification technique consists of the translation into Horn clauses, fol-
lowed by the checking of the derivability of facts att(M) by a resolution-based
algorithm. It has the following characteristics.

– It can verify protocols with an unbounded number of sessions.
– It can easily handle a variety of cryptographic primitives, including shared-

key and public-key cryptography (encryption and signatures), hash func-
tions, message authentication codes (mac), and even a simple model of Diffie-
Hellman key agreements. It can also be used to verify authenticity [5].

– It is efficient (many examples of protocols of the literature are verified in less
than 0.1 s; see [5]).
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The resolution-based verification algorithm has one drawback: it does not ter-
minate in general. In fact, in our experiments, we detected infinite loops during
its application to the Needham-Schroeder shared-key protocol [4] and several
versions of the Woo-Lam shared-key one-way authentication protocol [5]. It is
always possible to modify the algorithm to make it work on those cases and any
finite number of other cases, but that will not affect its inherent non-termination
property (inherent by the undecidability of the problem that it tries to solve).
In this paper, we investigate an alternative: tagging the protocol.

Tagging consists in adding a unique constant to each message. For instance,
to encrypt the message m under the key k, we add the tag c0 to m, so that
the encryption becomes sencrypt((c0, m), k). The tagged protocol retains the
intended behaviour of the original protocol; i.e., the attack-free executions are
the same. Under attacks, it is possibly more secure. Therefore, tagging is a feature
of a good protocol design, as explained e.g. in [2]: the receiver of a message uses
the tag to identify it unambiguously; thus tagging prevents type flaws that occur
when a message is taken for another message. (This is formally proved in [16] for
a tagging scheme very similar to ours.) Tagging is also motivated by practical
issues: the decoding of incoming messages becomes easier. For all these reasons,
tags are already present in protocols such as SSH.

In our experiments (including the protocols mentioned above), we obtained
termination after tagging the protocol. In this paper, we give the theory behind
the experiments: the resolution-based verification algorithm always terminates
on tagged protocols. More precisely, on protocols where tags are added to each
use of a cryptographic primitive, which may be among: public-key cryptography
where keys are atomic, shared-key cryptography (unrestricted), hash functions,
and message authentication codes (mac’s).

This means that we show termination for a class of protocols that includes
many relevant examples.

2 Horn Clauses Representing a Protocol

This section and the next one recapitulate the necessary background on the
translation and the algorithm, using material from [4].

Cryptographic protocols can be translated into Horn clauses, either by hand,
as explained in [4,24], or automatically, for instance, from a representation of
the protocol in an extension of the pi calculus, as in [1].

The terms in the Horn clauses stand for messages. The translation uses one
predicate att. The fact att(M) means that the attacker may have the term M .
The fundamental property of this representation is that if att(M) is not derivable
from the clauses, then the protocol preserves the secrecy of M .

The clauses are of two kinds: the clauses in RPrimitives that depend only
on the signature of the cryptographic primitives (they represent computation
abilities of the attacker) and the clauses in RProt that one extracts from the
protocol itself.
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Tuples:
Constructor: tuple (M1, . . . , Mn)
Destructors: projections ithn((M1, . . . , Mn)) → Mi

Shared-key encryption:
Constructor: encryption of M under the key N , sencrypt(M, N)
Destructor: decryption sdecrypt(sencrypt(M, N), N) → M
Public-key encryption:
Constructors: encryption of M under the public key N , pencrypt(M, N)

public key generation from a secret key N , pk(N)
Destructor: decryption pdecrypt(pencrypt(M, pk(N)), N) → M
Signatures:
Constructor: signature of M with the secret key N , sign(M, N)
Destructors: signature verification checksignature(sign(M, N), pk(N)) → M

message without signature getmessage(sign(M, N)) → M
Non-message-revealing signatures:
Constructors: signature of M with the secret key N , nmrsign(M, N)

constant true
Destructor: signature verification nmrchecksign(nmrsign(M, N), pk(N), M) → true
One-way hash functions:
Constructor: hash function hash(M).
Message authentication codes, keyed hash functions:
Constructor: mac of M with key N , mac(M, N)

Fig. 1. Constructors and destructors

Attacker Clauses (“RPrimitives”) The protocols use cryptographic primitives of
two kinds: constructors and destructors (see Figure 1). A constructor f is used
to build up a new term f(M1, . . . , Mn). For example, the term sencrypt(M, N)
is the encoding of the term M with the key N (by shared-key encryption).
A destructor g applied to terms M1, . . . , Mn yields a term M built up from
subterms of M1, . . . , Mn. It is defined by a finite set def(g) of equations written as
reduction rules g(M1, . . . , Mn) → M where the terms M1, ..., Mn, M contain only
constructors and variables. For example, the rule sdecrypt(sencrypt(M, N), N) →
M models the decoding of the term sencrypt(M, N) with the same key used for
the encoding.

The attacker can form new messages by applying constructors and destruc-
tors to already obtained messages. This is modeled, for instance, by the following
clauses for shared-key encryption.

att(x) ∧ att(y) → att(sencrypt(x, y)) (sencrypt)
att(sencrypt(x, y)) ∧ att(y) → att(x) (sdecrypt)

The first clause expresses that if the attacker has the message x and the shared
key y, then he can form the message sencrypt(x, y). The second clause means
that if the attacker has the message sencrypt(x, y) and the key y, then he can
obtain the message x (by applying the destructor sdecrypt and then using the
equality between sdecrypt(sencrypt(x, y), y) and x according to the reduction rule
for sdecrypt).
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We furthermore distinguish between data and cryptographic constructors
and destructors and thus, in total, between four kinds of primitives. The set
DataConstr of data constructors contains those f that come with a destruc-
tor gi defined by gi(f(x1, . . . , xn)) → xi for each i = 1, . . . , n; i.e. gi is used
for selecting the argument of f in the i-th position. It is generally sufficient
to have only tuples as data constructors (with projections as destructors). All
other constructors are said to be cryptographic constructors; they form the set
CryptoConstr . We collect all clauses like the two example clauses above, for each
of the four cases, in the set RPrimitives of clauses or rules defined below.

Definition 1 (Program for Primitives, RPrimitives). The program for prim-
itives, RPrimitives, is the union of the four sets of Horn clauses corresponding to
each of the four cases of cryptographic primitives:

– RCryptoConstr is the set of clauses att(x1)∧ . . .∧att(xn) → att(f(x1, . . . , xn))
where f is a cryptographic constructor.

– RDataConstr is the set of clauses att(x1) ∧ . . . ∧ att(xn) → att(f(x1, . . . , xn))
where f is a data constructor.

– RCryptoDestr is the set of clauses att(M1) ∧ . . . ∧ att(Mn) → att(M) where g
is a cryptographic destructor with the reduction rule g(M1, . . . , Mn) → M .

– RDataDestr is the set of clauses att(f(x1, . . . , xn)) → att(xi) where f is a
data constructor and i = 1, . . . , n.

Protocol Clauses (“RProt”) We note RProt the set of protocol clauses. These
include clauses that directly correspond to send and receive instructions of the
protocol and clauses translating the initial knowledge of the attacker.

In a protocol clause of the form

att(M1) ∧ . . . ∧ att(Mn) → att(M)

the term M in the conclusion represents the sent message. The hypotheses cor-
respond to messages received by the same host before sending M . Indeed, the
clause means that if the attacker has M1, ..., Mn, he can send these messages
to a participant who is then going to reply with M , and the attacker can then
intercept this message.

If the initial knowledge of the attacker consists of the set of terms SInit

(containing e.g. public keys, host names, and a name N that represents all names
that the attacker creates), then it is represented by the facts att(M) where M
is a term in SInit.

We explain protocol clauses on the example of the Yahalom protocol [8]:

Message 1. A → B : (A, Na)
Message 2. B → S : (B, {A, Na, Nb}Kbs

)
Message 3. S → A : ({B, Kab, Na, Nb}Kas , {A, Kab}Kbs

)
Message 4. A → B : ({A, Kab}Kbs

, {Nb}Kab
)

In this protocol, two participants A and B wish to establish a session key Kab,
with the help of a trusted server S. Initially, A has a shared key Kas to com-
municate with S, and B has a shared key Kbs to communicate with S. In the
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first message, A sends to B his name A and a nonce (fresh value) Na. Then B
creates a nonce Nb and sends to the server his own name B and the encryption
{A, Na, Nb}Kbs

of A, Na, Nb under the shared key Kbs. The server then creates
the new (fresh) session key Kab, and sends two encrypted messages to A. The
first one {B, Kab, Na, Nb}Kas gives the key Kab to A, together with B’s name and
the nonces (so that A knows that the key is intended to communicate with B).
The second message cannot be decrypted by A, so A forwards it to B (message
4). B then obtains the session key Kab. The second part of message 4, {Nb}Kab

,
is used to check that A and B really use the same key Kab: B is going to check
that he can decrypt the message with the newly received key. We encode only
one principal playing each role, since others can be included in the attacker.

Message 1 is represented by the clause

att((host(Kas), Na)) (Msg1)

meaning that the attacker gets host(Kas) and Na when intercepting message 1.
In this clause, the host name A is represented by host(Kas). Indeed, the server
has a table of pairs (host name, shared key to communicate between that host
and the server), and this table can be conveniently represented by a constructor
host. This constructor takes as parameter the secret key and returns the host
name. So host names are written host(k). The server can also match a term
host(k) to find back the secret key. The attacker cannot do this operation (he
does not have the key table), so there is no destructor clause for host. There is
a constructor clause, since the attacker can build new hosts with new host keys:

att(k) → att(host(k)) (host)

Message 2 is represented by the clause:

att((a, na)) → att((host(Kbs), sencrypt((a, na, Nb(a, na)), Kbs))) (Msg2)

The hypothesis means that a message (a, na) (corresponding to message 1) must
be received before sending message 2. It corresponds to the situation in which
the attacker sends (a, na) to B, B takes that for message 1, and replies with
message 2, which is intercepted by the attacker. (a and na are variables since B
accepts any term instead of host(Kas) and Na.) The nonce Nb is represented by
the function Nb(a, na). Indeed, since a new name is created at each execution,
names created after receiving different messages are different. This is modeled by
considering names as functions of the messages previously received. This model-
ing is slightly weaker than creating a new name at each run of the protocol, but
it is correct: if a secrecy property is proved in this model, then it is true [1]. The
introduced function symbols will be called “name function symbols”. (In mes-
sage 1, the fresh name Na is a constant because there are no previous messages
on which it would depend.)

Message 3 is represented by the clause:

att((host(kbs), sencrypt((host(kas), na, nb), kbs)))
→ att((sencrypt((host(kbs), Kab(kas, kbs, na, nb), na, nb), kas),

sencrypt((host(kas), Kab(kas, kbs, na, nb)), kbs)))
(Msg3)
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using the same principles. At last, message 4 is represented by

att((sencrypt((b, k, Na, nb), Kas), mb)) → att((mb, sencrypt(nb, k))) (Msg4)

The message sencrypt((host(Kas), k), Kbs) cannot be decrypted and checked by
A, so it is a variable mb.

The goal of the protocol is to establish a secret shared key Kab between
A and B. If the key was a constant, say Kab, then the non-derivability of the
fact att(Kab) from the Horn clauses presented so far would prove its secrecy.
However, Kab, as received by A, is a variable k. We therefore use the following
fact. The key Kab received by A is secret if and only if some constant secretA
remains secret when A sends it encrypted under the key Kab. Thus, we add a
clause that corresponds to the translation of an extra message of the protocol,
Message 5. A → B : {secretA}Kab

.

att((sencrypt((host(Kbs), k, Na, nb), Kas), mb))
→ att(sencrypt(secretA, k))

(Msg5)

Now, the secrecy of the key Kab received by A can be proved from the non-
derivability of the fact att(secretA) from the set of clauses RPrimitives ∪RProt.

For the Yahalom protocol, the translation yields the union of the following
sets of Horn clauses. RCryptoConstr contains (sencrypt) and (host), RCryptoDestr

contains (sdecrypt), RDataConstr contains the tuple construction and RDataDestr

the tuple projections (both not listed), and RProt contains (Msg1), (Msg2),
(Msg3), (Msg4) and (Msg5) and three clauses translating the initial knowledge,
att(N), att(host(Kas)), and att(host(Kbs)).

3 The Resolution-Based Verification Algorithm

To determine whether a fact is derivable from the clauses, we use a resolution-
based algorithm explained below. (We use the meta-variables R, H, C, F for rule,
hypothesis, conclusion, fact, respectively.)

The algorithm infers new clauses by resolution as follows: From two clauses
R = H → C and R′ = F ∧ H ′ → C′ (where F is any hypothesis of R′), it infers
R ◦F R′ = σH ∧ σH ′ → σC′, where C and F are unifiable and σ is the most
general unifier of C and F . The clause R ◦F R′ is the combination of R and R′,
where R proves the hypothesis F of R′. The resolution is guided by a selection
function sel . Namely, sel(R) returns a subset of the hypotheses of R, and the
resolution step above is performed only when sel(R) = ∅ and F ∈ sel(R′).

We can use several selection functions. In this paper, we use:

sel(H → C) =

{
∅ if all elements of H are of the form att(x), x variable
{F} where F �= att(x), F ∈ H , otherwise
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The algorithm uses the following optimizations:

– Decomposition of data constructors: decomp takes a clause and returns a
set of clauses, built as follows. For each data constructor f , decomp re-
places recursively all facts att(f(M1, . . . , Mn)) with att(M1)∧ . . .∧ att(Mn).
When such a fact is in the conclusion of a clause, n clauses are created,
with the same hypotheses and the conclusions att(M1), . . . , att(Mn) respec-
tively. With decomposition, the standard clauses for data constructors and
projections can be removed. The soundness of this operation follows from
the equivalence between att(f(M1, . . . , Mn)) and att(M1) ∧ . . . ∧ att(Mn) in
the presence of the clauses att(x1) ∧ . . . ∧ att(xn) → att(f(x1, . . . , xn)) and
att(f(x1, . . . , xn)) → att(xi) in RDataConstr and RDataDestr.

– Elimination of duplicate hypotheses: elimdup takes a clause and returns the
same clause after keeping only one copy of duplicate hypotheses.

– Elimination of hypotheses att(x): elimattx eliminates hypotheses att(x) when
x does not appear elsewhere in the clause. Indeed, these hypotheses are
always true, since the attacker has at least one term.

– Elimination of tautologies: elimtaut eliminates all tautologies (that is, clauses
whose conclusion is already in the hypotheses) from a set of clauses.

– simplify groups all these simplifications. We extend elimdup and elimattx
naturally to sets of clauses, and define simplify = elimtaut ◦ elimattx ◦
elimdup ◦ decomp.

– condense(R) applies simplify to each clause in R and then eliminates sub-
sumed clauses. We say that H1 → C1 subsumes H2 → C2 if and only if there
exists a substitution σ such that σC1 = C2 and σH1 ⊆ H2. If R contains
clauses R and R′, such that R subsumes R′, R′ is eliminated. (In that case,
R can do all derivations that R′ can do.)

We now define the algorithm saturate(R0). Starting from condense(R0), the
algorithm adds clauses inferred by resolution with the selection function sel
and condenses the set of clauses at each iteration step until a fixpoint is reached.
When a fixpoint is reached, saturate(R0) consists of the clauses R in the fixpoint
such that sel(R) = ∅. By adapting the proof of [4] to this algorithm, it is easy
to show that, for any R0 and any closed fact F , F is derivable from RAll =
R0 ∪ RDataConstr ∪ RDataDestr if and only if it is derivable from saturate(R0) ∪
RDataConstr.

Once the clauses of saturate(R0) have been computed, we use a standard
backward depth-first search to see if a fact can be derived from saturate(R0) ∪
RDataConstr. Taking R0 = RCryptoConstr ∪ RCryptoDestr ∪ RProt, if att(M) can-
not be derived from saturate(R0) ∪ RDataConstr then the protocol preserves the
secrecy of M .

The optimizations enable us to weaken the conditions that guarantee termi-
nation. For instance, the decomposition of data constructors makes it possible
to obtain termination without tagging each data constructor application, while
other constructors such as encryption must be tagged. In the Yahalom protocol,
for example, without decomposition of data constructors, the algorithm would
resolve the clause (Msg2) with itself, immediately yielding an infinite loop.
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Another consequence of the optimizations is that not all terms in a clause can
be variables. Indeed, when x ∈ {x1, . . . , xn}, the clause att(x1)∧ . . .∧ att(xn) →
att(x) is eliminated since it is a tautology. When x /∈ {x1, . . . , xn}, all hypotheses
are eliminated, so the clause becomes att(x) and all other clauses are eliminated
since they are subsumed by att(x), so the algorithm stops immediately: all facts
can be derived. Thus, when sel(R) = ∅, the conclusion of R is not of the form
att(x). Therefore, the above selection function prevents resolution steps in which
att(x) is unified with another fact (actually, with any other fact, which can lead
to non-termination).

4 Sufficient Conditions for Termination

We are now collecting the formal properties of sets of Horn clauses (logic pro-
grams, or programs for short) that together entail termination. The properties
for protocol programs hold for the translation of every protocol. The properties
for plain protocol programs hold for the translation of protocols with a restriction
on their cryptographic primitives and on their keys (this restriction is satisfied
by many interesting protocols, including Yahalom for example). The properties
for tagged protocol programs hold for the translation of those protocols after
they have been tagged. The derivability problem for plain protocol programs is
undecidable (as can be easily seen by a reduction to two-counter machines). The
restriction to tagged programs makes the problem decidable, as will follow.

Given a clause R of the form att(M1)∧ . . .∧att(Mn) → att(M0), we say that
the terms M0, M1, . . . , Mn are the terms of R, and we denote the set of terms
of R by terms(R).

Definition 2 (Protocol program). A protocol program is a set of clauses
RAll = RPrimitives ∪ RProt (where RPrimitives is a program for primitives) that
comes with a finite set of closed terms S0 such that:

C1. For all clauses R in RProt, there exists a substitution σ such that
terms(σR) ⊆ S0.

C2. Every two subterms of terms in S0 of the form a(. . .) with the same name
function symbol a are identical.

C3. The second argument of pencrypt in S0 is of the form pk(M) for some M .

The terminology “argument of f in S0” refers to a term M such that
f(. . . , M, . . .) is a subterm of a term in S0. To see why these conditions are
satisfied by a translation of a protocol, let us consider the intended messages
of the protocol. These are the exchanged messages when the attacker does not
intervene and when there is no unexpected interaction between sessions of the
protocol. We denote by M1, . . . , Mk the closed terms corresponding to these mes-
sages. Each participant does not necessarily have a full view of the messages he
receives; instead, he accepts all messages that are instances of patterns represent-
ing the information he can check. The terms M1, . . . , Mk are particular instances
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of these patterns. So the protocol is represented by clauses R such that there ex-
ists σ such that terms(σR) ⊆ {M1, . . . , Mk}. Defining S0 = {M1, . . . , Mk}∪SInit,
we obtain C1.

For instance, the intended messages for the Yahalom protocol are

M1 = (host(Kas), Na)
M2 = (host(Kbs), sencrypt((host(Kas), Na, MNb

), Kbs))
M3 = (sencrypt((host(Kbs), MK , Na, MNb

), Kas), sencrypt((host(Kas), MK), Kbs))
M4 = (sencrypt((host(Kas), MK), Kbs), sencrypt(MNb

, MK))
M5 = sencrypt(secretA, MK)

with MNb
= Nb(host(Kas), Na) and MK = Kab(Kas, Kbs, Na, MNb

). It is easy to
check that the clauses (Msg1)–(Msg5) satisfy the condition C1.

Condition C2 models that each name function symbol is created at a unique
occurrence in the protocol. Condition C3 means that, in its intended behaviour,
the protocol uses public-key encryption only with public keys.

Definition 3 (Plain protocol program). A plain protocol program is a pro-
tocol program RAll with associated set of closed terms S0, such that:

C4. The only constructors and destructors are those of Figure 1, plus host.
C5. The arguments of pk and host in S0 are atomic constants.

Condition C5 essentially means that the protocol only uses pairs of atomic keys
for public key cryptography, and atomic keys for long-term secret keys.

Tagging a protocol is a simple syntactic annotation of messages. We add a
tag to each application of a primitive sencrypt, pencrypt, sign, nmrsign, hash, mac,
such that two applications of the same primitive with the same tag have the
same parameters. For example, after tagging the Yahalom protocol becomes:

Message 1. A → B : (A, Na)
Message 2. B → S : (B, {c1, A, Na, Nb}Kbs

)
Message 3. S → A : ({c2, B, Kab, Na, Nb}Kas , {c3, A, Kab}Kbs

)
Message 4. A → B : ({c3, A, Kab}Kbs

, {c4, Nb}Kab
)

If the original protocol translates to a plain protocol program, its tagged version
translates to a tagged protocol program, as defined below.

Definition 4 (Tagged protocol program). A tagged protocol program is a
plain protocol program RAll with associated set of closed terms S0 such that:

C6. If f ∈ {sencrypt, pencrypt, sign, nmrsign, hash, mac} occurs in a term in
S0 or in terms(R) for R ∈ RProt, then its first argument is the tuple
(c, M1, . . . , Mn) for some constant c and terms M1, . . . , Mn.

C7. Every two subterms of terms in S0 of the form f((c, . . .), . . .) with the same
primitive f ∈ {sencrypt, pencrypt, sign, nmrsign, hash, mac} and the same tag
c are identical.
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The condition that constant tags appear in terms(R) (Condition C6) means
that honest protocol participants always check the tags of received messages
(something that the informal description of a tagged protocol leaves implicit)
and send tagged terms. The condition also expresses that the initial knowledge
of the attacker consists of tagged terms.

5 Termination Proof

Instead of giving the termination proof in one big step, we first consider a special
case (Section 5.1), and then describe the modification of the first proof that yields
the proof for the general case (Section 5.2).

The special case is defined in terms of the sets Paramspk and Paramshost of
arguments of pk resp. host in S0, namely by the condition that these sets each
have at most one element.

This restriction is meaningful in terms of models of protocols: it corresponds
to merging several keys. In the example of the Yahalom protocol, this means
that, in the clauses, the keys Kas and Kbs should be replaced with a single
key, k0 (so the host names A = host(Kas) and B = host(Kbs) are replaced
with a single name host(k0)). When studying secrecy, merging all keys of honest
hosts in this way helps to model cases in which one host plays several roles in
the protocol. The secrecy for the clauses with merged keys implies secrecy for
the protocol without merged keys. However, this merging is not acceptable for
authenticity [5]. This is why we also consider the general case in Section 5.2.

5.1 The Special Case of One Key

We now define weakly tagged programs by the conditions that we use in the
first termination proof. In the special case, these conditions are strictly more
general than tagged protocol programs. This plays a role to deduce termination
for protocols that are not explicitly tagged (see Remark 1).

A term is said to be non-data when it is not of the form f(. . .) with f in
DataConstr . The set sub(S) contains the subterms of terms in the set S.

The set tagGen contains the non-variable non-data subterms of terms
of clauses in RProt and of terms M1, . . . , Mn in clauses of the form
att(f(M1, . . . , Mn))∧att(x1)∧ . . .∧att(xm) → att(x) in condense(RCryptoDestr)
(this is the form required in W1 below). This set summarizes the terms that
appear in the clauses and that should be tagged.

Definition 5 (Weakly tagged programs). A program RAll of the form
RAll = RPrimitives ∪ RProt (where RPrimitives is a program for primitives) is
weakly tagged if there exists a finite set of closed terms S0 such that:

W1. All clauses in the set R′
CryptoDestr = condense(RCryptoDestr) are of the form

att(f(M1, . . . , Mn)) ∧ att(x1) ∧ . . . ∧ att(xm) → att(x)

where f ∈ CryptoConstr , x is one of M1, . . . , Mn, and f(M1, . . . , Mn) is
more general than every term of the form f(. . .) in sub(S0).
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W2. For all clauses R in RProt, there exists a substitution σ such that
terms(σR) ⊆ S0.

W3. If two terms M1 and M2 in tagGen unify, N1 is an instance of M1 in
sub(S0), and N2 is an instance of M2 in sub(S0), then N1 = N2.

Condition W3 is the key of the termination proof. We are going to show
the following invariant: all terms in the generated clauses are instances of terms
in tagGen and have instances in sub(S0). This condition makes it possible to
prove that, when unifying two terms satisfying the invariant, the result of the
unification also satisfies the invariant; this is because the instances in sub(S0) of
those two terms are in fact equal. Condition W1 guarantees that this continues
to hold if only one of the two terms satisfies the invariant and the other stems
from a clause in R′

CryptoDestr.

Proposition 1. A tagged protocol program where Paramshost and Paramspk

each have at most one element, is weakly tagged.

Proof. For condition W1, the clauses for sdecrypt, pdecrypt, and getmessage are:

att(sencrypt(x, y)) ∧ att(y) → att(x) (sdecrypt)
att(pencrypt(x, pk(y))) ∧ att(y) → att(x) (pdecrypt)
att(sign(x, y)) → att(x) (getmessage)

and they satisfy condition W1 provided that all public-key encryptions in S0 are
of the form pencrypt(M1, pk(M2)) (that is C3). The clauses for checksignature
and nmrchecksign are

att(sign(x, y)) ∧ att(pk(y)) → att(x) (checksignature)
att(nmrsign(x, y)) ∧ att(pk(y)) ∧ att(x) → att(true) (nmrchecksign)

These two clauses are subsumed respectively by the clauses for getmessage (given
above) and true (which is simply att(true) since true is a zero-ary constructor),
so they are eliminated by condense, i.e., they are not in R′

CryptoDestr. (This is
important, because they do not satisfy condition W1.)

Condition W2 is identical to condition C1. We now prove condition W3. Let

S1 = {f((ci, x1, . . . , xn), x′
2, . . . , x

′
n′) |

f ∈ {sencrypt, pencrypt, sign, nmrsign, hash, mac}}
∪ {a(x1, . . . , xn) | a name function symbol}
∪ {pk(x), host(x)} ∪ {c | c atomic constant}

By condition C4, the only term in tagGen that comes from clauses of R′
CryptoDestr

is pk(x). Using condition C6, all terms in tagGen are instances of terms in S1

(noticing that tagGen does not contain variables). Using conditions C2, C5, C7,
and the fact that Paramspk and Paramshost have at most one element, each term
in S1 has at most one instance in sub(S0).
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If M1 and M2 in tagGen unify, they are both instances of the same element
M ′ in S1 (since different elements of S1 do not unify with each other). Let N1

and N2 be any instances of M1 and M2 (respectively) in sub(S0). Then N1 and
N2 are instances of M ′ ∈ S1 in sub(S0) so N1 = N2. Thus we obtain W3. �

Remark 1. The Yahalom protocol is in fact weakly tagged without explicitly
adding constant tags (after merging the keys Kas and Kbs). Indeed, since differ-
ent encryptions in the protocol have a different arity, we can take sencrypt((x1,
. . . , xn), x′) in S1 in the proof above, and use the same reasoning as above to
prove the condition W3. This shows both that type flaws cannot happen in the
original protocol, and that the algorithm also terminates on the original proto-
col. We can say that the protocol is “implicitly tagged”: the arity replaces the
tag. This situation happens in some other examples, and can partly explain why
the algorithm often terminates even for protocols without explicit tags.

A term is top-tagged when it is an instance of a term in tagGen. Intuitively,
referring to the case of explicit constant tags, top-tagged terms are terms whose
top function symbol is tagged. A term is fully tagged when all its non-variable
non-data subterms are top-tagged.

We next show the invariant that all terms in the generated clauses are non-
data, fully tagged, and have instances in sub(S0). Using this invariant, we show
that the size of an instance in sub(S0) of a clause obtained by resolution from R
and R′ is smaller than the size of an instance of R or R′ in sub(S0). This implies
the termination of the algorithm.

Let us define the size of a term M , size(M), as usual, and the size of a clause
by size(att(M1)∧. . .∧att(Mn) → att(M)) = size(M1)+. . .+size(Mn)+size(M).
The hypotheses of clauses form a multiset, so when we compute size(σR) and
the substitution σ maps several hypotheses to the same fact, this fact is counted
several times in size. Intuitively, the size of clauses can increase during resolu-
tion, because the unification can instantiate terms. However, the size of their
corresponding closed instance in sub(S0) decreases.

Proposition 2. Assuming a weakly tagged program (Definition 5) and R0 =
RCryptoConstr∪RCryptoDestr∪RProt, the computation of saturate(R0) terminates.

Proof. We show by induction that all rules R generated from R0 either are in
RCryptoConstr ∪R′

CryptoDestr, or are such that the terms of R are non-data, fully
tagged, and mapped to sub(S0) by a substitution σ, i.e., terms(σR) ⊆ sub(S0).

First, we can easily show that all rules in condense(R0) satisfy this property.
If we combine by resolution two rules in RCryptoConstr ∪ R′

CryptoDestr, we in
fact combine one rule of RCryptoConstr with one rule of RCryptoDestr. The resulting
rule is a tautology by condition W1, so it is eliminated immediately.

Otherwise, we combine by resolution a rule R such that the terms of R
are non-data and fully tagged, and there exists a substitution σ such that
terms(σR) ⊆ sub(S0), with a rule R′ such that one of 1., 2., or 3. holds.
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1. The terms of R′ are non-data and fully tagged, there exists a substitution σ′

such that terms(σ′R′) ⊆ sub(S0), and sel(R′) = ∅ (in which case sel(R) �= ∅).
2. R′ ∈ RCryptoConstr.
3. R′ ∈ R′

CryptoDestr.

Let R′′ be the rule obtained by resolution of R and R′. We show that the terms of
R′′ are fully tagged, and there exists a substitution σ′′ such that terms(σ′′R′′) ⊆
sub(S0) and size(σ′′R′′) < size(σR).

Let M0, . . . , Mn be the terms of R, att(M0) being the atom of R on which we
resolve. In all cases, the terms of R′ are M ′, x1, . . . , xn′ , the variables x1, . . . , xn′

occur in M ′ and are pairwise distinct variables, and att(M ′) is the atom of R′

on which we resolve. (In case 1, because sel(R′) = ∅ and by the optimizations
elimattx and elimdup; in case 2, by definition of constructor rules; in case 3,
by W1.) The terms M0 and M ′ unify, let σu be their most general unifier.
Then the terms of R′′ are σux1, . . . , σuxn′ , σuM1, . . . , σuMn. By the choice of
the selection function, the terms M0 and M ′ are not variables.

We know that σM0, . . . , σMn are in sub(S0). We show that there exists σ′

such that σM0 = σ′M ′.

– In case 1, there exists σ′ such that σ′M ′ ∈ sub(S0). The terms M0 and M ′

are non-data fully tagged, so all their non-variable non-data subterms are
top-tagged. In particular, since they are not variables, M0 and M ′ themselves
are top-tagged, i.e., M0 is an instance of some N0 ∈ tagGen and M ′ is an
instance of some N ′

0 ∈ tagGen. Since M0 and M ′ unify, so do N0 and N ′
0,

σ′M ′ is an instance of N ′
0 in sub(S0), σM0 is an instance of N0 in sub(S0),

so by condition W3, σ′M ′ = σM0.
– In case 2, M ′ is of the form f(x1, . . . , xn′). Since M0 is not a variable and

unifies with M ′, M0 has root symbol f , so σM0 is an instance of M ′.
– In case 3, by condition W1, M ′ is more general than every term in sub(S0)

with the same root symbol, hence the instance σM0 of the term M0 that is
unifiable with M ′ and thus has the same root symbol.

The substitution equal to σ on the variables of R and to σ′ on the variables
of R′ is then a unifier of M0 and M ′. Since σu is the most general unifier, there
exists σ′′ such that σ′′σu is equal to σ on the variables of R, and to σ′ on the
variables of R′. Thus the terms of σ′′R′′ are σ′x1, . . . , σ

′xn′ , σM1, . . . , σMn. The
terms σ′x1, . . . , σ

′xn′ are subterms of σ′M ′ = σM0 which is in sub(S0), so they
are also in sub(S0). So all terms of σ′′R′′ are in sub(S0).

Moreover, size(σ′′R′′) < size(σ′R′). Indeed, x1, . . . , xn′ occur in M ′ and are
different variables. So σ′x1, . . . , σ

′xn′ are disjoint subterms of σ′M ′, and M ′ does
not consist of only a variable, so size(σ′x1) + . . . + size(σ′xn′) < size(σ′M ′) =
size(σM0), and size(σ′′R′′) < size(σM0) + . . . + size(σMn) = size(σR).

We show that the terms of R′′ are fully tagged.

– In case 1, since σu is the most general unifier of fully tagged terms, we can
show that, for all x, σux is fully tagged, so for all fully tagged terms M , we
can show that σuM is fully tagged, so the terms of R′′ are fully tagged.
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– In case 2, for x among x1, . . . , xn′ , σux is a subterm of M0, so is fully tagged.
The terms σuM1, . . . , σuMn are equal to M1, . . . , Mn, also fully tagged.

– In case 3, M ′ = f(M ′
1, . . . , M

′
m) and M0 = f(M ′′

1 , . . . , M ′′
m), so σu is also the

most general unifier of the pairs (M ′
1, M

′′
1 ), . . . , (M ′

m, M ′′
m) of fully tagged

terms. So we conclude as in case 1.

Finally, the terms of R′′ are fully tagged, terms(σ′′R′′) ⊆ sub(S0), and
size(σ′′R′′) < size(σR).

Then it is easy to show that all rules Rs ∈ simplify(R′′) obtained after
simplification of R′′ have non-data fully tagged terms and satisfy terms(σ′′Rs) ⊆
sub(S0), and size(σ′′Rs) < size(σR). Indeed, all rules in decomp(R′′) satisfy this
property. (The decomposition of data constructors transforms fully tagged terms
into non-data fully tagged terms.) This property is preserved by elimdup and
elimattx .

Therefore, for all generated rules R, there exists σ such that size(σR) is
smaller than the maximum initial value of size(σR) for a rule of the protocol.
There is a finite number of such rules (since size(R) ≤ size(σR)). So the algo-
rithm terminates. �

The termination of the backward depth-first search for closed facts is easy
to show, for example by a proof similar to that of [4]. Essentially, the size of
the goal decreases, because the size of the hypotheses of each clause is smaller
than the size of the conclusion. (Recall that all terms of hypotheses of clauses
of saturate(R0) ∪RDataConstr are variables that occur in the conclusion.) So we
obtain:

Theorem 1. The resolution-based verification algorithm terminates for weakly
tagged programs and closed facts.

As a corollary, by Proposition 1, we obtain the same result for tagged protocol
programs, when Paramshost and Paramspk have at most one element.

5.2 Handling Several Keys

The extension to several arguments of pk or of host requires an additional step.
We define a homomorphism h from terms to terms that replaces all elements
of Paramspk and of Paramshost with a special constant k0. We extend h to
facts, clauses, and sets of clauses naturally. For the protocol program h(RProt),
Paramspk and Paramshost each have at most one element. So by Proposition 1,
when RProt is a tagged protocol program, h(RProt) is a weakly tagged program.

Let RProt be any program such that h(RProt) is a weakly tagged program.
We consider a “less optimized algorithm” in which elimination of duplicate hy-
potheses and of tautologies are performed only for facts of the form att(x) and
elimination of subsumed clauses is performed only for the condensing of rules
of RCryptoDestr. We observe that Theorem 1 holds also for the less optimized
algorithm, with the same proof, so this algorithm terminates on h(RProt). All
resolution steps possible for the less optimized algorithm applied to RProt are
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possible for the less optimized algorithm applied to h(RProt) as well (more terms
are unifiable, and the remaining optimizations of the less optimized algorithm
commute with the application of h). Then the less optimized algorithm termi-
nates on RProt. We can show that then the original, fully optimized algorithm
also terminates.

In particular, the algorithm terminates for all tagged protocol programs and
for implicitly tagged protocols, such as the Yahalom protocol without tags by
Remark 1.

Theorem 2. The resolution-based verification algorithm terminates for tagged
protocol programs and closed facts.

We recall that a tagged protocol program may be obtained by translating a
protocol after tagging, and that the algorithm checks the non-derivability of the
closed fact att(M), which shows the secrecy of the message M .

Although, for tagged protocols, the worst-case complexity of the algorithm
is exponential (we did not detail this result by lack of space), it is quite efficient
in practice. It remains to be seen whether there exists a smaller class containing
most interesting examples, and for which the algorithm is polynomial.

6 Related Work

The verification problem of cryptographic protocols is undecidable [13], so one
either restricts the problem, or approximates it.

Decision procedures have been published for restricted cases. In the case
of a bounded number of sessions, for protocols using public-key cryptogra-
phy with atomic keys and shared-key cryptography, protocol insecurity is NP-
complete [23], and decisions procedures appear in [11,19,23]. When messages are
bounded and no nonces are created, secrecy is DEXPTIME-complete [13]. Strong
syntactic restrictions on protocols also yield decidability: [10] for an extension
of ping-pong protocols, [3] with a bound on the number of parallel sessions, and
restricted matching on incoming messages (in particular, this matching should
be linear and independent of previous messages). Model-checking also provides
a decision technique for a bounded number of sessions [18] (with additional con-
ditions). It has been extended, with approximations, to an unbounded number
of sessions using data independence techniques [6,7,22], for sequential runs, or
when the agents are “factorisable”. (Essentially, a single run of the agent has to
be split into several runs, such that each run contains only one fresh value.)

On the other hand, some analyses terminate for all protocols, but at the
cost of approximations. For instance, control-flow analysis [20] runs in cubic
time, but does not preserve relations between components of messages, hence
introduces an important approximation. Interestingly, the proof that control flow
analysis runs in cubic time also relies on the study of a particular class of Horn
clauses. Techniques using tree automata [15] and rank functions [17] also provide
a terminating but approximate analysis. Moreover, the computation algorithm
of rank functions assumes atomic keys.
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It has been shown in [16] that tagging prevents type flaw attacks. It may
be possible to infer from [16] that the depth of closed terms can be bounded in
the search for an attack. This yields the decidability by exhaustive search, but
does not imply the termination of our algorithm (in particular, because clauses
can have an unbounded number of hypotheses, so there is an infinite number of
clauses with a bounded term depth).

As for the approach based on Horn clauses, Weidenbach [24] already gave
conditions under which his algorithm terminates. These conditions may give
some idea of why the algorithm terminates on protocols. They do not seem to
apply to many examples of cryptographic protocols.

Other techniques such as theorem proving [21] in general require human
intervention, even if some cases can be proved automatically [9,12]. In general,
typing [1,14] requires human intervention in the form of type annotations, that
can be automatically checked. The idea of tagging already appears in [14] in a
different context (tagged union types).

7 Conclusion

We have given the theory behind an experimental observation: tagging a protocol
enforces the termination of the resolution-based verification technique used. Our
work has an obvious consequence to protocol design, namely when one agrees
that a design choice in view of a-posteriori verification is desirable.

Our termination result for weakly tagged protocols explains only in part
another experimental observation, namely the termination for protocols without
explicit tags. Although many of those are weakly tagged, some of them are not
(for instance, the Needham-Schroeder public key protocol). The existence of a
termination condition that applies also to those cases is open.

References

1. M. Abadi and B. Blanchet. Analyzing Security Protocols with Secrecy Types and
Logic Programs. In 29th ACM Symp. on Principles of Programming Languages
(POPL’02), pages 33–44, Jan. 2002.

2. M. Abadi and R. Needham. Prudent engineering practice for cryptographic pro-
tocols. IEEE Transactions on Software Engineering, 22(1):6–15, Jan. 1996.

3. R. Amadio and W. Charatonik. On Name Generation and Set-Based Analysis
in the Dolev-Yao Model. In CONCUR’02 - Concurrency Theory, volume 2421 of
LNCS, pages 499–514. Springer, Aug. 2002.

4. B. Blanchet. An Efficient Cryptographic Protocol Verifier Based on Prolog Rules.
In 14th IEEE Computer Security Foundations Workshop (CSFW-14), pages 82–96,
June 2001.

5. B. Blanchet. From Secrecy to Authenticity in Security Protocols. In 9th Inter-
nat. Static Analysis Symposium (SAS’02), volume 2477 of LNCS, pages 342–359.
Springer, Sept. 2002.

6. P. Broadfoot, G. Lowe, and B. Roscoe. Automating Data Independence. In 6th
European Symp. on Research in Computer Security (ESORICS’00), volume 1895
of LNCS, pages 175–190. Springer, Oct. 2000.



152 Bruno Blanchet and Andreas Podelski

7. P. J. Broadfoot and A. W. Roscoe. Capturing Parallel Attacks within the Data In-
dependence Framework. In 15th IEEE Computer Security Foundations Workshop
(CSFW’02), pages 147–159, June 2002.

8. M. Burrows, M. Abadi, and R. Needham. A Logic of Authentication. Proceedings
of the Royal Society of London A, 426:233–271, 1989.

9. E. Cohen. TAPS: A First-Order Verifier for Cryptographic Protocols. In 13th IEEE
Computer Security Foundations Workshop (CSFW-13), pages 144–158, 2000.

10. H. Comon, V. Cortier, and J. Mitchell. Tree Automata with One Memory, Set
Constraints, and Ping-Pong Protocols. In Automata, Languages and Programming,
28th Internat. Colloq., ICALP’01, volume 2076 of LNCS, pages 682–693. Springer,
July 2001.

11. R. Corin and S. Etalle. An Improved Constraint-Based System for the Verifica-
tion of Security Protocols. In 9th Internat. Static Analysis Symposium (SAS’02),
volume 2477 of LNCS, pages 326–341. Springer, Sept. 2002.

12. V. Cortier, J. Millen, and H. Rueß. Proving secrecy is easy enough. In 14th IEEE
Computer Security Foundations Workshop (CSFW-14), pages 97–108, June 2001.

13. N. A. Durgin, P. D. Lincoln, J. C. Mitchell, and A. Scedrov. Undecidability of
bounded security protocols. In Workshop on Formal Methods and Security Proto-
cols (FMSP’99), July 1999.

14. A. Gordon and A. Jeffrey. Authenticity by Typing for Security Protocols. In 14th
IEEE Computer Security Foundations Workshop (CSFW-14), pages 145–159, June
2001.

15. J. Goubault-Larrecq. A Method for Automatic Cryptographic Protocol Verifica-
tion (Extended Abstract), invited paper. In 5th Internat. Workshop on Formal
Methods for Parallel Programming: Theory and Applications (FMPPTA’00), vol-
ume 1800 of LNCS, pages 977–984. Springer, May 2000.

16. J. Heather, G. Lowe, and S. Schneider. How to Prevent Type Flaw Attacks on Se-
curity Protocols. In 13th IEEE Computer Security Foundations Workshop (CSFW-
13), pages 255–268, July 2000.

17. J. Heather and S. Schneider. Towards automatic verification of authentication
protocols on an unbounded network. In 13th IEEE Computer Security Foundations
Workshop (CSFW-13), pages 132–143, July 2000.

18. G. Lowe. Breaking and Fixing the Needham-Schroeder Public-Key Protocol using
FDR. In Tools and Algorithms for the Construction and Analysis of Systems,
volume 1055 of LNCS, pages 147–166. Springer, 1996.

19. J. Millen and V. Shmatikov. Constraint Solving for Bounded-Process Crypto-
graphic Protocol Analysis. In 8th ACM Conf. on Computer and Communications
Security (CCS’01), pages 166–175, 2001.

20. F. Nielson, H. R. Nielson, and H. Seidl. Cryptographic Analysis in Cubic Time.
In TOSCA 2001 - Theory of Concurrency, Higher Order Languages and Types,
volume 62 of ENTCS, Nov. 2001.

21. L. C. Paulson. The Inductive Approach to Verifying Cryptographic Protocols. J.
Computer Security, 6(1–2):85–128, 1998.

22. A. W. Roscoe and P. J. Broadfoot. Proving Security Protocols with Model Checkers
by Data Independence Techniques. J. Computer Security, 7(2, 3):147–190, 1999.

23. M. Rusinovitch and M. Turuani. Protocol Insecurity with Finite Number of Ses-
sions is NP-complete. In 14th IEEE Computer Security Foundations Workshop
(CSFW-14), pages 174–187, June 2001.

24. C. Weidenbach. Towards an Automatic Analysis of Security Protocols in First-
Order Logic. In 16th Internat. Conf. on Automated Deduction (CADE-16), volume
1632 of LNAI, pages 314–328. Springer, July 1999.



A Normalisation Result for Higher-Order

Calculi with Explicit Substitutions

Eduardo Bonelli1,2
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Abstract. Explicit substitutions (ES) were introduced as a bridge be-
tween the theory of rewrite systems with binders and substitution, such
as the λ-calculus, and their implementation. In a seminal paper P.-
A. Melliès observed that the dynamical properties of a rewrite system and
its ES-based implementation may not coincide: he showed that a strongly
normalising term (i.e. one which does not admit infinite derivations) in
the λ-calculus may lose this status in its ES-based implementation. This
paper studies normalisation for the latter systems in the general setting
of higher-order rewriting: Based on recent work extending the theory of
needed strategies to non-orthogonal rewrite systems we show that needed
strategies normalise in the ES-based implementation of any orthogonal
pattern higher-order rewrite system.

1 Introduction

This paper studies normalisation for calculi of explicit substitutions (ES) im-
plementing higher-order term rewrite systems (HORS). The latter are rewrite
systems in which binders and substitution are present, the λ-calculus [Bar84] be-
ing a typical example. A recent approach to the implementation of HORS is the
use of ES [ACCL91, BBLRD96, KR95, DG01]. ES were introduced as a bridge
between HORS and their concrete implementations. Their close relation with
abstract reduction machines [ACCL91, HMP96, BBLRD96] allows us to speak
of ES-based implementations of HORS. The idea behind these implementations
is that the complex notion of substitution is promoted to the object-level by
introducing new operators into the language in order to compute substitutions
explicitly. This allows HORS to be expressed as more fine-grained (first-order)
rewrite systems in which no complex substitution nor binders are present. Such
a process may be applied to any HORS [BKR01]. As an example Fig. 1 shows
the rules of λσ [ACCL91], a calculus of ES implementing the λ-calculus (based
on de Bruijn indices notation [dB72] in order to discard annoying issues related
to the renaming of variables1).
1 Variables in terms are represented as positive integers. Eg. λx.x is represented as λ1,

λx.λy.x as λλ2, and λx.y as λ2.
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Terms X := n | XX | λX | X[s]
Substitutions s := id | ↑ | X · s | s ◦ s

(λX) Y →Beta X[Y · id ]
(X Y )[s] →App X[s] Y [s] (X · s) ◦ t →Map X[t] · (s ◦ t)
(λX)[s] →Lam λX[1 · (s ◦↑)] id ◦ s →IdL s
X[s][t] →Clos X[s ◦ t] (s1 ◦ s2) ◦ s3 →Ass s1 ◦ (s2 ◦ s3)
1[X · s] →VarCons X ↑ ◦ (X · s) →ShiftCons s
1[id ] →VarId 1 ↑ ◦ id →ShiftId ↑

Fig. 1. The λσ calculus

An obstacle which arises when using ES for implementing HORS is that
results on normalisation which hold in the higher-order rewriting setting may
not be preserved in its implementation. A well-known example of this mismatch
is due to Melliès [Mel95]: he exhibited a strongly normalising (typed) term in the
λ-calculus for which the λσ-calculus introduces an infinite derivation. However,
the problem is not confined to the setting of λ-calculus but rather affects any
HORS. For example the following well-typed Haskell program:

map (\x → (map id [ map id [true] ])) [ map id [true] ]

(where id abbreviates \x → x) is easily seen to be strongly normalising (and
reduces to [[[true]]]), however its ES-based implementation (cf. Ex. 2) may
introduce infinite derivations for it in a similar way to [Mel95] (see [Bon03]).

This mismatch calls for careful consideration of normalising strategies in
the context of ES-based implementations of HORS. This paper studies normal-
isation in the latter systems based on needed strategies, a notion introduced
in [HL91]. Needed strategies are those which rewrite redexes which are “needed”
(cf. Section 2.2) in order to attain a normal form, assuming it exists. For eg.
the underlined redex in 1[2 · (λ1) 1 · id ] is not “needed” in order to achieve a
normal form since there is derivation, namely 1[2 · (λ1) 1 · id ] →VarCons 2, that
never reduces it. In fact the infinite λσ-derivation of the aforementioned Haskell
program takes place inside a substitution s in a term of the form 1[X · s].

The literature on needed strategies for HORS has required the systems
to be orthogonal [HL91, Mar92, GKK00]2. A system is orthogonal if no con-
flicts (overlap) between redexes may arise. Neededness for orthogonal systems
does not suffice in our setting since HORS (even orthogonal ones) are im-
plemented as non-orthogonal systems in the ES-based approach. For eg., al-
though the λ-calculus is orthogonal, λσ is not, as witnessed by the critical pair:
(λX)[s]Y [s] ←App ((λX)Y )[s] →Beta X [Y · id ][s]. However, recently an exten-
sion has been introduced for non-orthogonal systems [Mel96, Mel00]. Motivated
by this work on needed derivations for non-orthogonal systems we prove the fol-
lowing new result: all needed strategies in ES-based implementations of arbitrary
2 An exception is [Oos99] however only weakly orthogonal systems are studied.
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orthogonal pattern HORS normalise. This extends the known result [Mel00] that
needed strategies in λσ normalise.

As an example of (one of) the issues which must be revisited in the extended
setting of HORS is a result [Mel00, Lem.6.4] which states that if the first redex in
a standard λσ-derivation occurs under a “λ” symbol, then the whole derivation
does so too. A standard derivation is one in which computation takes place
in an outside-in fashion (Def. 1). What makes “λ” so special in this regard
in the λσ-calculus is that creation of redexes above “λ”, from below it, is not
possible. We introduce the notion of contributable symbol in order to identify
these special symbols in the ES-based implementation of arbitrary higher-order
rewrite systems (under our definition “λ” is uncontributable), and prove an
analogous result.

Structure of the paper. Section 2 reviews the ERSdb higher-order rewrit-
ing formalism and the theory of neededness for orthogonal systems together with
Melliès’ extension to non-orthogonal ones. Section 3 identifies the Standard-
Projection Proposition as the only requirement for an orthogonal pattern HORS
to verify normalisation of needed strategies. Section 4 is devoted to verifying
that the latter holds for HORS. We then conclude and suggest possible future
research directions.

2 Setting the Scene

2.1 The ERSdb Formalism and Its ES-based Implementations

The ERSdb formalism. ERSdb is a higher-order rewriting formalism based
on de Bruijn indices notation [BKR00]. Rewrite rules are constructed from
metaterms; metaterms are built from: de Bruijn indices 1, 2, . . ., metavariables
Xl, Yl, Zl, . . . where l is a label (i.e. a finite sequence of symbols) over an alphabet
of binder indicators α, β, . . ., function symbols f, g, h, . . . equipped with an arity
n with n ≥ 0, binder symbols λ, µ, ν, ξ, . . . equipped with a positive arity, and
a metasubstitution operator M [[N ]]. Terms are metaterms without occurrences
of metavariables nor metasubstitution. A rewrite rule is a pair of metaterms
L→ R such that: the head symbol of L is either a function or a binder symbol,
all metavariables occurring in R also occur in L (disregarding labels), and there
are no metasubstitutions in L. An ERSdb R is a set of rewrite rules. The λσ-
calculus of Fig. 1 is an ERSdb (as well as all first-order rewrite systems). Two
other examples are:

Example 1 (ERSdb rewrite rules).
app(λXα, Yε) →βdb

Xα[[Yε]]

map(ξXα,nil) →map.1 nil
map(ξXα, cons(Yε, Zε)) →map.2 cons(Xα[[Yε]], map(ξXα, Zε))

A rewrite step is obtained by instantiating rewrite rules with valuations; the
latter result from extending assignments (mappings from metavariables to terms)
to the full set of metaterms and computing metasubstitutions M [[N ]] by the
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usual de Bruijn substitution [BKR00]. The labels in metavariables are used to
restrict the set of valuations to “good” ones. For example, the classical ηdb rule
is written λ(app(Xα, 1)) →ηdb

Xε. The Xα and Xε indicate that a valuation
is good if it assigns Xα and Xε some term t in which 1-level indices do not
occur free, for otherwise this index would be bound on the LHS and free on
the RHS . Another example is imply(∃∀Xαβ , ∀∃Xβα)→Comm true where a good
valuation must verify that if t is assigned to Xαβ then the term resulting from
t by interchanging 1 with 2-level indices must be assigned to Xβα [BKR00].

A redex r is a triple consisting of a term M , a valuation, and a position3 p in
M such that M at position p is an instance of the LHS of a rewrite rule via the
valuation; the induced rewrite step is written M →r N . Letters r, s, t, . . . stand
for redexes. We use →R for the rewrite step relation induced by an ERSdb R
and �R for its reflexive-transitive closure. A derivation is a sequence of rewrite
steps; we use |φ | for the length (number of rewrite steps) of a derivation φ;
letters φ, ϕ, . . . stand for derivations. If r1, . . . , rn are composable rewrite steps
then r1; . . . ; rn is the derivation resulting from composing them. Derivations that
start (resp. end) at the same term are called coinitial (resp. cofinal).

ES-based implementations of HORS. Any ERSdb may be implemented
as a first-order rewrite system with the use of ES [BKR01, Bon01]. The im-
plementation process (cf. Rem. 1) goes about dropping labels in metavariables
and replacing metasubstitution operators •[[•]] in rewrite rules with explicit sub-
stitutions •[• · id ]. Also, new rules - the substitution calculus - are added in
order to define the behavior of the new explicit substitutions; roughly, this cal-
culus is in charge of propagating substitutions until they reach indices and then
discarding the substitutions or replacing the indices. In this paper we use the
σ-calculus [ACCL91] as substitution calculus4, its rules have been presented
in Fig. 1 (disregarding Beta); it is confluent [ACCL91] and strongly normalis-
ing [CHR92]. If R is an ERSdb then we write RES

σ for its ES-based implementa-
tion and refer to it as an implementation (of R).

Example 2.
(βdb)

ES
σ =λσ

mapES
σ = map.1 ES ∪map.2 ES ∪ σ where:

map(ξX,nil) →ES(map.1) nil
map(ξX, cons(Y, Z)) →ES(map.2) cons(X[Y · id ], map(ξX, Z))

Two basic properties of ES-based implementations of HORS are Simulation
(if M →R N then for some M ′, M →RES M ′ �σ σ(N), where σ(N) denotes the
σ-normal form of N) and Projection (M →RES

σ
N then σ(M) �R σ(N)). For eg.

map(ξ(cons(1,nil)), cons(2,nil)) →map.2 cons(cons(2,nil),map(ξ(cons(1,nil)),nil))
may be simulated in its ES-based implementation as:

3 As usual, positions are paths in (terms represented as) trees [DJ90, BN98].
4 The rules App and Lam in Fig. 1 are present because λσ implements βdb ; in the

general case we would have f(X1, . . . , Xn)[s] →Funcf f(X1[s], . . . , Xn[s]) for each
function symbol f and ξ(X1, . . . , Xn)[s] →Bindξ

ξ(X1[1 · (s ◦ ↑)], . . . , Xn[1 · (s ◦ ↑)])
for each binder symbol ξ.



A Normalisation Result for Higher-Order Calculi with Explicit Substitutions 157

map(ξ(cons(1,nil)), cons(2, nil))
→ES(map.2) cons(cons(1, nil)[2 · id ], map(ξ(cons(1, nil)),nil))
→Funccons cons(cons(1[2 · id ], nil [2 · id ]), map(ξ(cons(1, nil)),nil))
→VarCons cons(cons(2, nil [2 · id ]), map(ξ(cons(1, nil)),nil))
→Funcnil cons(cons(2, nil),map(ξ(cons(1, nil)),nil))

Remark 1. We restrict attention to a subset of ERSdb , namely the class of Pat-
tern ERSdb(PERSdb). This corresponds to the usual requirement that LHS
of rules be higher-order patterns in other rewrite formalisms [Mil91, Nip91,
KOvR93]. R is defined to be a pattern ERSdb if its ES-based implementation
does not contain explicit substitutions on the LHS . For example, ηdb is trans-
lated to λ(app(X [↑], 1)) →ES(ηdb) X . And Comm to imply(∃∀X, ∀∃X [2 · 1 · (↑
◦ ↑)]) → true [BKR01]. Thus ηdb and Comm are not pattern ERSdb ; those of
Ex. 1 are. The former exhibit the fact that when translating to an ES-based set-
ting, higher-order matching may not always be coded as syntactic matching. The
“occurs check” imposed by ηdb or the “commutation of indices check” imposed
by Comm are complex features of higher-order matching that require further
machinery (matching modulo the calculus of ES) in order to be mimicked in a
first-order setting. This is why we consider pattern ERSdb .

2.2 Standardisation and Neededness

The notion of standard derivations in rewriting5 may be formalised using the
redex-permutation approach [Klo80, Mel96]. We revisit this approach very briefly.

Given two non-overlapping redexes r, s in some term M we define the notion
of a redex residual of r after contracting s (written r/s) with an example. In
M = (λλ(2 2)) ((λ1) 2) 3 →βdb

(λ((λ1) 3) ((λ1) 3)) 3 = N , the residuals of r =
((λ1) 2) in M after contracting the underlined redex s are the two copies of
(λ1) 3 in N . Note that s has no residuals in N (i.e. for any s, s/s = ∅), and
also that r/s is a finite set of redexes. The outermost redex in N is said to
be created since it is not the residual of any redex in M . If UM is a finite set
of non-overlapping redexes (r, s ∈ UM implies r does not overlap s) in M and
s is a redex in M , then UM/s = {v|∃u ∈ UM , v ∈ u/s}. The residuals of r
after a derivation r1; . . . ; rn coinitial with it is defined as ((r/r1)/r2) . . . /rn. A
development of UM is a derivation φ = r1; . . . ; rn s.t. ri ∈ UM/(r1; . . . ; ri−1) for
i ∈ 1..n and UM/φ = ∅ (if this last condition is not satisfied we say φ is a partial
development of UM ). A well-known result called Finite Developments states that
all partial developments are finite [Bar84, Oos94]. This allows one to prove the
following:

Proposition 1 (Parallel Moves or Basic Tile Lemma [Bar84, HL91]).
Given two non-overlapping redexes r, s in some term M , the divergence result-
ing from contracting r and s may be settled by developing their corresponding
residuals (Fig. 2(a)). Moreover, for any u in M , u/(r; s/r)=u/(s; r/s).
5 In the sequel we restrict attention to left-linear rewrite systems: variables occur at

most once in LHSs.
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Fig. 2. Tiles

Fig. 2(b) shows two basic tiles in the λ-calculus, whereK = λλ2. As depicted,
these basic tiles may be “glued” in order to construct tilings between some
coinitial and cofinal derivations φ and ϕ, in which case we write φ ≡ ϕ and
say that φ and ϕ are Lévy-Permutation Equivalent [Lév78, Klo80, Mel96]. For
example, s1; r1; r2 ≡ r3; s2; r2, however I(I 1)→βdb

I 1 �≡ I(I 1)→βdb
I 1, where

I = λ1. Moreover, by comparing the relative positions of r and s ((1) disjoint,
left tile in Fig. 2(b) and (2) nested - a redex s nests r when the position of s is
a prefix of the position of r - right tile in Fig. 2(b)) we can orient these tiles as
indicated in Fig. 2(c,d) and define standard derivations.

Definition 1 (Standard derivation).

1. Let r, s be cointial redexes. If they are disjoint, then r; s/r�s; r/s models
a reversible tile; if s nests r, then r; s/r � s; r/s models an irreversible
one. A reversible step ( r⇒) is defined as φ1; r; s/r;φ2

r⇒ φ1; s; r/s;φ2 where
r; s/r�s; r/s; an irreversible one ( i⇒) as φ1; r; s/r;φ2

i⇒ φ1; s; r/s;φ2 where
r; s/r�s; r/s. ⇒ denotes the least reflexive-transitive closure of r⇒ ∪ i⇒ and
� is the least equivalence relation containing r⇒.

2. Two coinitial and cofinal derivations φ, ϕ are Lévy-permutation equivalent,
if φ ≡ ϕ where ≡ is the least equivalence relation containing ⇒.

3. A derivation φ is standard if it is minimal in the following sense: there is
no sequence of the form φ = φ0

r⇒ . . .
r⇒ φk−1

i⇒ φk, where k ≥ 1.

For example r3; r4 is standard, but r3; s2; r2 is not. The standardisation the-
orem states that every derivation may be standardised into a unique standard
derivation by oriented tiling:

Theorem 1 (Standardisation [Lév78, Bar84, HL91, Mel96]).

1. (Existence) For any φ there exists a standard derivation ϕ s.t. φ⇒ ϕ.
2. (Unicity) If ϕ1 ≡ φ and ϕ2 ≡ φ and ϕ1,2 are standard, then ϕ1 � ϕ2.
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Let std(φ) stand for the (unique modulo �) standard derivation in the ≡-
equivalence class of φ. For example, std(s1; r1; r2) = std(r3; s2; r2) = r3; r4 in
Fig. 2(b).

Standard derivations are used to show that needed strategies are normalising
in orthogonal systems. A rewrite system is orthogonal if any pair of coinitial
redexes r, s do not overlap. Define r in M to be a needed redex if it has at
least one residual in any coinitial derivation φ, unless φ contracts a residual of
r [Mar92]. For example, for the rewriting system {f(Xε, b) → c, a → b} the
right occurrence of a in f(a, a) is needed but not the left one. A needed rewrite
strategy is one that only selects needed redexes. By defining a measure |M | as
“the length of the unique standard derivation (modulo �) to M ’s normal form”
it may be shown [HL91, Mel96] that if M →r N for some needed redex r, then
|M|>|N|; hence needed strategies normalise in orthogonal rewrite systems. This
measure is well-defined since in orthogonal systems any two coinitial derivations
to (the unique) normal form may be tiled [HL91, Mel96].

In the case of non-orthogonal systems the notion of needed redex requires
revision. Indeed, in R = {a →r a, a →s b} the derivation to normal form
φ : a →s b leaves no residual of r. However one cannot conclude that r is not
needed since although r is not reduced in φ a redex which overlaps with r has.
Thus the notion of needed redex is extended to needed derivations as follows:

Definition 2 (Needed derivations in non-orthogonal systems [Mel00]).
φ : M � N is needed in a non-orthogonal rewrite system if |std(φ;ψ)|>|std(ψ)|
for any term P and any derivation ψ : N � P .

Note that now a →r a is needed in the aforementioned example. The con-
cept of needed redexes is extended to that of derivations since, in contrast to
orthogonal systems, terms in non-orthogonal ones may not have needed redexes.
For example, in {xor(true, Xε) →L true, xor(Xε, true) →R true, Ω →Ω true}
the term xor(Ω,Ω) has no needed redexes [Klo92].

Needed derivations get us “closer” to a normal form, however the afore-
mentioned measure for orthogonal systems is no longer well-defined: there may
be two or more ≡-distinct normalising derivations. Eg. φ1 : a →r a →s b,
φ2 : a →r a →r a →s b, φ3 : a →r a →r a →r a →s b, . . ., etc. are ≡-distinct
normalising derivations since each r-step creates a new copy of a. In [Mel00] such
badly-behaved systems are discarded by requiring the following property to be
fulfilled: A normalisation cone6 for a term M is a family {ψi : M � N | i ∈ IM}
of normalising derivations such that every normalising derivation φ : M � N is
Lévy-permutation equivalent to a unique derivation ψi (i.e. ∃!i ∈ IM s.t. φ ≡ ψi).
A rewrite system enjoys finite normalisation cones (FNC ) when there exists a
finite normalisation cone for any term M .

Redefining the measure of a term |M| to be “the length of the longest standard
derivation in M ’s cone to M ’s normal form” allows one to show [Mel00] that

6 This definition differs slightly from [Mel00, Def.4.8] since we make use of the fact
that ES-based implementations of orthogonal HORS are confluent [BKR01].
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if φ : M � N is a needed derivation, then |M |>|N |; hence needed strategies
normalise in non-orthogonal rewrite systems satisfying FNC.

3 FNC for ES-based Implementations of HORS

It is therefore of interest to identify conditions guaranteeing that ES-based im-
plementations of HORS enjoy finite normalisation cones. In [Mel00] the FNC
property is shown for λσ; this result relies on two conditions: (1) if φ is a stan-
dard derivation in λσ ending in a σ-normal form (cf. Sect. 4), then σ(φ) is
standard in the λ-calculus, and (2) needed strategies are normalising for the
λ-calculus; σ(φ) is obtained by mapping each λσ-rewrite step in φ to its “corre-
sponding” or “projected”, if any, rewrite step in λ (see Stage 2, Sect. 4). Eg. if
φ : (1 1)[(λ1) 2 · id ]→Beta (1 1)[1[2 · id ] · id ] then σ(φ) takes the form:

((λ1) 2) ((λ1) 2) →βdb
2 ((λ1) 2) →βdb

2 2

In this paper we show that the FNC property holds for the ES-based imple-
mentation of arbitrary orthogonal PERSdb . This generalizes [Mel00, Thm.7.1],
proved for the λ-calculus. The proof follows the same lines as in [Mel00]; it relies
on our meeting requirement (1), namely

Proposition 2 (Std-Projection Proposition). LetR be a left-linear PERSdb.
Every standard derivation φ : M � N in RES

σ with N in σ-normal form is pro-
jected onto a standard derivation σ(φ) : σ(M) � N in R.

Here is how FNC follows from the Std-Projection Proposition:

Proposition 3. The ES-based implementation of any orthogonal PERSdb R
verifying the Std-Projection Proposition enjoys FNC: every closed RES

σ -term has
FNC.

Proof. Suppose, on the contrary, that there exists a closed RES
σ -term with an in-

finite number of normalising RES
σ -derivations, modulo Lévy-permutation equiva-

lence. We may construct an infinite tree whose nodes are the standard derivations
M � N which may be extended to normalising derivations M � N � P where
nodes are ordered by the prefix ordering, and by König’s Lemma (since every
RES

σ term contains finite redexes) deduce the existence of an infinite derivation
φ∞. Moreover, since σ is strongly normalising we know that φ∞ has an infinite
number of RES-steps.

Let φ∞ be of the form M → M1 → M2 → . . .. Every finite prefix φi : M �
Mi of φ∞ may be extended to a standard normalising path χi : M � Mi � N
(see below, left). And, by Prop. 2, each σ(χi) : σ(M) � σ(Mi) � σ(N) = N is
a standard and normalising R derivation.

SinceR is orthogonal all the normalising derivations σ(χi) : σ(M) � σ(N) =
N must be Lévy-permutation equivalent. Thus we have: σ(χ1) ≡ σ(χ2) ≡
σ(χ3) ≡ σ(χ4) ≡ . . .. And from Thm. 1(2) and the fact that φ � ϕ implies
|φ|=|ϕ| we deduce that: |σ(χ1)|=|σ(χ2)|=|σ(χ3)|=|σ(χ4)|= . . .
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We reach a contradiction from the fact that there are an infinite number of
RES redexes in φ∞ and that Prop. 2 projects RES redexes to unique R-redexes
(see Stage 2, Sect. 4): For every i > 0 there is a j > i such that |σ(χj)|>|σ(χi)|.
See below, right, where the squiggly arrow σ(ri) is the identity if ri is a σ redex
and is an R redex if ri is an RES redex.

M
r1 ��

RES
σ �����

��
��

��
� M1

r2 ��
RES

σ

����

M2

r3 ��

RES
σ				��

��
��

��
. . .

...

N

σ(M)
σ(r1) ����������

R 



����������
σ(M1)

σ(r2) ����������

R ����

≡≡

σ(M2)
σ(r3) ��������

R��������������
. . .

...

σ(N) = N

4 The Std-Projection Proposition

We now concentrate on the proof of the Std-Projection Proposition which pro-
ceeds by contradiction and is developed in three stages. Before continuing how-
ever, we remark that it is non-trivial. In fact, in the general case in which N is
not required to be a σ-normal form it fails:

χ : ((λ(11))1)[(λ1)c · id ] →Beta ((λ(11))1)[1[c · id ] · id ] →Beta (11)[1 · id ][1[c · id ] · id ]

χ is a standard λσ-derivation, however σ(χ) : (λ(11))((λ1)c)→β (λ(11))c→β cc
is not standard in the λ-calculus.

Let χ be any standard RES
σ derivation. The idea of the proof, inspired from

[Mel00], is to show that every reversible (resp. irreversible) step in the projection
σ(χ) of χmay be mimicked by 1 or more reversible (resp. reversible steps followed
by 1 or more irreversible) steps in χ, the ES-based derivation. Hence we may
conclude by reasoning by contradiction. Stage 1 of the proof shows why the
projection of an RES step results in a unique R step if χ ends in a σ-normal
form, Stage 2 uses this fact to prove that reversible steps may be mimicked as
explained above and Stage 3 considers irreversible steps.

Stage 1 (Substitution Zones)

First of all, note that χ consists of two kinds of rewrite steps: RES steps and
σ steps. We argue that it is not possible for a RES step to take place inside a
substitution if χ ends in a σ-normal form. The reason is that in that case the
RES-redex would occur inside some term P in P · s and hence under the “·”
symbol. Since χ is standard, redexes reduced below a “·” symbol cannot create
redexes above it, and since N is a pure term we arrive at a contradiction. We
formalise this argument below (Lemma 2).

Definition 3. Given an implementation RES
σ with Γ the set of function and

binder symbols, we define g ∈ Γ of arity n as uncontributable in RES
σ if

1. either, g does not occur on the LHS of any rule in RES
σ ,

2. or, g occurs on the LHS of a rule in RES
σ only under the form g(X1, .., Xn)

(i.e. it occurs applied to metavariables).

A symbol in Γ which is not uncontributable is called contributable.
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Example 3. The λ-symbol is an example of an uncontributable symbol in the
λσ-calculus, i.e. in (βdb)

ES
σ . Whereas, the application symbol is contributable

in λσ due to the Beta-rule. Also, for any PERSdb R the cons-symbol “·” is
uncontributable in RES

σ since it is only the rules of σ that govern the behaviour
of “·”.

The notion of uncontributable symbol attempts to capture those symbols
from which reduction below it cannot create/erase redexes above it. Note that,
although similar, this concept does not coincide with that of constructor symbol
in a constructor TRS [Klo92]: given a constructor TRS there may be constructor
symbols which are contributable (e.g. “s” in f(s(s(x)))→ x) and likewise there
may be uncontributable symbols that are not constructor symbols (e.g. “f” in
f(x)→ a).

We say that a derivation r1; . . . ; rn preserves a position p when none of the
redexes ri is above p.

Lemma 1. Let RES
σ implement R. Suppose that a position p is strictly above a

redex P →r Q. Every standard derivation φ = r;ψ preserves p when:

1. either, p is a g-node for g an uncontributable symbol in RES
σ ,

2. or, p is a g-node for g a function or binder symbol in RES
σ and ψ is a σ-

derivation.

Proof. Given the standard derivation φ = r;ψ and the position p strictly above
r two cases may arise: either φ preserves p (in which case we are done) or
otherwise φ may be reorganized modulo � into a derivation φ1;u; v;φ2 such
that φ1 preserves the position p, the position p is strictly above a redex u, and
a redex v is above p. We shall see that the latter case results in a contradiction.
Note that the derivation u; v cannot be standard, unless u creates v. Now, in at
least the following two cases creation is not possible:

1. When p is the position of an uncontributable symbol in RES
σ . This follows

from the fact that contraction of a redex below an uncontributable symbol
may not create a redex above it.

2. When the position p is a function or binder symbol node and u is a σ-redex
then an RES-redex must have been created, in other words, the only possible
pattern of creation is when u is a Funcf -redex for some function symbol f or
a Bind ξ-redex for some binder symbol ξ and v is an RES-redex. For example,
the pairM = g(h(c)[id ])→Funch

g(h(c[id ]))→ c whereR = {g(h(X))→ c},
p = ε in M , the position at which v occurs in N is ε and the position at which
u occurs in M is 1. Note that it is not possible for u to be an RES

σ -redex
and v a σ-redex since σ-redexes above function or binder symbols cannot be
created from below them.

The following key lemma states that the left argument of a “·” symbol de-
termines an “enclave” in a standard RES

σ -derivation to σ-normal form.
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Lemma 2. Let RES
σ implement R and let φ : M � N be a standard RES

σ -
derivation with N in σ-normal form. Then no RES

σ -redex ever appears in the left
argument of a substitution P · s.
Proof. By contradiction. Suppose there exists an ri contracted in φ = r1; . . . ; rn
inside the left argument P of a substitution P · s. Since the “·” symbol is uncon-
tributable, then by Lemma 1(1) the derivation ri; . . . ; rn preserves p. Since N is
a pure term (i.e. has no explicit substitutions) we arrive at a contradiction.

Stage 2 (Reversible Steps)

So now we know that every RES redex contracted in χ does not occur inside
a substitution and hence that it has a unique correspondent R-redex in σ(χ).
This means that if σ(χ) = R1; . . . ;Ro, then there is a function ρ : {1, . . . , o} →
{1, . . . , n} which associates to any R-redex Rk in σ(χ) the unique RES-redex
rρ(k) in χ = r1; . . . ; rn to which it corresponds.

It should be mentioned that there are a number of subtle issues regarding the
notion of “correspondence” that must be considered. Due to lack of space these
issues have been relegated to the manuscript [Bon03], however we comment on
them briefly.

– First of all, observe that it does not coincide with that of the residual
relation since RES-redexes may be lost when traversed by substitutions:
For example, the Beta-redex in M is lost in the following σ-derivation:
M = ((λP )Q)[id ]→App (λP )[id ]Q[id ]→Lam (λ(P [1 · id ◦ ↑]))Q[id ]. There-
fore, an appropriate notion of correspondent for tracingRES redexes through
σ derivations must be defined.

– Secondly, since σ rewriting may duplicate terms it must be proved that
the correspondents of redexes not occurring inside substitutions are indeed
unique.

– Finally, the following parametricity property for σ showing the absence of
“syntactical coincidences” [HL91] must be verified: if rρ(i) is a redex in Mi

whose correspondent is Ri in σ(Mi) then the definition of correspondent
should not depend on any particular σ-derivation taking Mi to σ(Mi).

Let Rk and Rk+1 be two consecutive R-redexes in σ(χ). Note that the RES
σ -

derivation ri; . . . ; rj = rρ(k)+1; . . . ; rρ(k+1)−1 between rρ(k) and rρ(k+1) contracts
only σ-redexes, as depicted below:

Mi−1 rρ(k)
��

σ
����

Mi
σ

ri;...;rj

�� ��

σ
����

Mj rρ(k+1)
��

σ
����

Mj+1

σ
����

σ(Mi−1)
Rk

�� σ(Mi) σ(Mj)
Rk+1

�� σ(Mj+1)

We now show that every reversible standardisation step σ(χ) r⇒ ω in R may be
mirrored as a non-empty series of reversible standardisation steps χ r⇒ . . .

r⇒ φ
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in RES
σ , where σ(φ) = ω. It suffices to show that if Rk and Rk+1 can be per-

muted using a reversible tile (Rk;Rk+1�R
′
k;R′

k+1), then a number of reversible
steps may be applied to rρ(k); ri; . . . ; rj ; rρ(k+1) yielding φ s.t σ(φ) = R′

k;R′
k+1.

However, first we need the notion of descendent of a position.
In the same way as the notion of residuals allow us to keep track of redexes

along derivations, the notion of descendent allows us to keep track of positions
(hence symbols) along derivations. Here is an example: if R = {f(Xε, b) → c}
and consider the rewrite step M = f(f(a, b), c) → f(c, c) = N . The “f” at the
root in M descends to the “f” at the root in N and the inner “f” in M (and
the “b”) descends to the “c” in N . The “a” in M , however, has no descendents
in N . The inverse of the descendent relation is called the ancestor relation.

Remark 2 (Origins of positions outside substitutions). Let r be an RES-redex
in M occurring at a position p not inside a substitution. As already noted,
it has a unique corresponding R-redex R in σ(M) occurring at some position
p′. Moreover, the following property on the ancestors of positions not inside
substitutions holds: for every position q′ in σ(M) with q′ < p′ (where < is the
prefix order), we have q < p where q is a position in M of the same symbol and is
the (unique) ancestor of q′ as illustrated below. The fact that q′ is unique follows
from the observation that σ may not create new function or binder symbols.

Let us now turn to the proof of this stage. Suppose two R-redexes Rk and
Rk+1 can be permuted using a reversible tile, that is, Rk;Rk+1�R

′
k;R′

k+1. We
construct an RES

σ -derivation φ s.t. χ � φ and σ(φ) = R1; . . . ;R′
k;R′

k+1; . . . ;Rp.
By Lemma 1(2), the derivation ri; . . . ; rj preserves the position of any function
or binder symbol strictly above rρ(k). And, in particular, the lowest function
or binder symbol g appearing above Rk : σ(P ) → σ(Q) and Rk+1 in the term
σ(P ) which, by Remark 2, is strictly above rρ(k) in P . Then the derivation
ψ = rρ(k); ri; . . . ; rj ; rρ(k+1) may be reorganized modulo � into a derivation ψ′

such that σ(ψ′) = R′
k;R′

k+1 as follows: let p be the position of this occurrence
of g in P and assume P |p= g(N1, . . . , Nm) and suppose rρ(k) occurs in Nl1 and
the head symbol of rρ(k+1) occurs in Nl2 for l1, l2 ∈ 1..m and l1 �= l2:

1. First contract all the redexes in ri; . . . ; rj prefixed by p.l2
2. Second contract rρ(k+1),
3. Third contract the (unique) residual of rρ(k),
4. Finally contract the remaining redexes of ri; . . . ; rj , i.e. those prefixed by
p.1, . . . , p.l2 − 1, p.l2 + 1, . . . , p.m.
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Stage 3 (Irreversible Steps)

Finally, we show that also irreversible standardisation steps in R may be mim-
icked in the implementation: every irreversible standardisation step σ(χ) i⇒ ω

in R may be mirrored as a non-empty series of standardisation steps χ r⇒ . . .
r⇒

φ′ i⇒ . . .
i⇒ φ with at least one irreversible step in RES

σ , where σ(φ) = ω.
Hence the proof of Prop. 2 concludes by reasoning by contradiction since

every standardisation step acting on the projected HO rewrite derivation may
be mimicked by projection-related standardisation steps of the same nature (re-
versible/irreversible) over derivations in the implementation.

Suppose two R-redexes Rk : σ(P )→ σ(Q) and Rk+1 can be permuted using
an irreversible tile Rk;Rk+1 �R′

k;ψ. Observe the following:

Observation: Let r be a redex in M at some position p, instance of a
rule L → R. The pattern of r is the subterm of M at position p where the
arguments of r (i.e. the terms substituted for the variables of L) are replaced by
holes. Similarly to Rem. 2, all the symbols in the pattern of (the σ-ancestor of)
Rk+1 strictly above Rk in σ(P ) are present in P above the occurrence of rρ(k).
Moreover, none of these symbols occurs embraced by a substitution operator.

This follows from two facts:

1. first, by Lemma 1, the derivation ri; . . . ; rj preserves all these symbols (in
particular the lowest one), and

2. second, rρ(k+1) is an RES-redex for R a PERSdb (cf. Rem. 1) hence its LHS
contains no occurrences of the substitution operator •[•].
We consider two cases for Stage 2, reasoning by contradiction in each one:

(A) The redex rρ(k) in P occurs under an uncontributable symbol g belonging to
the pattern of Rk+1, (B) All symbols above rρ(k) in P belonging to the pattern of
Rk+1 are contributable. Note that the second case is not possible in the lambda
calculus since the β-redex pattern always has the uncontributable symbol λ.

A. By Lemma 1(1) the derivation ri; . . . ; rn preserves every uncontributable
symbol strictly above rρ(k). Among these symbols is the symbol g involved
in the pattern of Rk+1. The redex rρ(k+1) is above the position of this symbol.
We reach a contradiction.

B. Suppose that the two R-redexes Rk and Rk+1 can be permuted using an
irreversible tile Rk;Rk+1 �R′

k;ψ; we shall arrive at a contradiction. Let p be
the occurrence of the unique σ-ancestor of the head symbol g of Rk+1 in P ,
and P|p= g(M1, ..,Mm). By Lemma 1(2) the derivation ri; ...; rj preserves p.
Let l ∈ 1..m such that rρ(k) occurs in Ml. We may then reorganize modulo
� the derivation ψ = rρ(k); ri; . . . ; rj ; rρ(k+1) obtaining ψ′, as follows:
(a) First rewrite all redexes in ri; . . . ; rj prefixed by p.1,p.2,...,p.l − 1,p.l +

1,..,p.m in turn (i.e. first all those prefixed by p.1, then those by p.2, and
so on) and those disjoint to p.

(b) Second, rewrite all redexes prefixed by p.l but disjoint to the (unique)
residual of rρ(k). At this moment the redex rρ(k+1) must have emerged
since
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– by the Observation there are no substitution symbols in Ml between
p and the position of rρ(k), and

– rj+1 = rρ(k+1), it is an RES-redex and hence its LHS contains no
occurrences of the substitution operator •[•].

(c) Thirdly, rewrite the (unique) residual of rρ(k), say r′ρ(k), followed by the
redexes in ri; . . . ; rj prefixed by the occurrence of rρ(k), i.e. those not
rewritten in Step 1 or Step 2.

(d) Finally, rewrite rρ(k+1).
Note that ψ′ = ψ′

1;ψ
′
2 where ψ′

1 consists solely of σ-rewrite steps (see Step
1 and 2, above) and ψ′

2 = r′ρ(k); rk1 ; . . . ; rkm ; rρ(k+1) for some m ≤ j − i.
Applying m+ 1 irreversible standardisation steps starting from ψ′

2 we may
obtain ψ′

3 = r′ρ(k+1);ψrρ(k) ;ψrk1
; . . . ;ψrkm

. Finally, setting ψ = ψ′
1;ψ′

3 we
may conclude.

This concludes the proof of Prop. 2. As a consequence we have:

Theorem 2. Let R be any orthogonal pattern ERSdb. All needed derivations
normalise in the ES-based implementation RES

σ of R.

Remark 3. Although our interest is in normalisation we would like to point out
that Prop. 2 may be seen as reducing standardisation for HORS to that of first-
order systems. Given a derivation χ : M � N in an orthogonal pattern ERSdb

R, we recast χ in the ES-based implementation of R, then we standardise the
resulting derivation in the first-order setting [Bou85] and finally we project back
to the HO-setting. The resulting R derivation φ shall not be just any standard
derivation from M to N , but also Lévy-permutation equivalent to χ, in other
words, φ ≡ χ. This may be verified by proving that ϕ⇒ φ implies σ(ϕ) ≡ σ(φ).

5 Conclusions

We have addressed normalisation by needed reduction in the ES-based approach
to the implementation of HORS. Melliès [Mel95] observed that the implementa-
tion of a higher-order rewrite system by means of calculi of explicit substitution
may change its normalisation properties fundamentally; indeed a term possessing
no infinite derivations in the λ-calculus may lose this property when shifting to
the λσ-calculus. Based on an extension of the theory of needed redexes to over-
lapping systems [Mel00] we have shown that all needed derivations normalise
in the ES-based implementation of any orthogonal pattern HORS; the latter
result has been established in the setting of the ERSdb formalism for higher-
order rewriting. The key property that has been addressed in order to apply
the aforementioned theory is to show that standard derivations in the ES-based
implementation of a HORS project to standard derivations in the higher-order
setting (Std-Projection Proposition). The fact that this key property is all that
is required owes to a simplified proof of [Mel00, Thm.7.1] (Prop. 3).
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In [BKR01] the ES-based implementation of HORS does not fix a particular
calculus of explicit substitutions. Instead a macro-based presentation encom-
passing a wide class of calculi of ES is used. The study of the abstract properties
that make the proof of the Std-Projection Proposition go through would allow
the results presented here to be made independent of σ, the calculus of ES which
we have dealt with in this paper.

Further in this line, it would be interesting to insert the work presented here
into the axiomatic setting of Axiomatic Rewrite Systems as developed in [Mel96,
Mel00]. This would require a formulation of calculi of ES based on abstract
axiomatic properties, work which we are currently undertaking.

Acknowledgements. To Delia Kesner, Alejandro Rı́os and the referees for
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[HL91] G. Huet and J-J. Lévy. Computations in orthogonal rewriting systems.
In J.L. Lassez and G.D. Plotkin, editors, Computational Logic; Essays in
honor of Alan Robinson, pages 394–443. MIT Press, 1991.

[HMP96] Th. Hardin, L. Maranget, and P. Pagano. Functional back-ends within the
lambda-sigma calculus. In Proceedings of the International Conference on
Functional Programming, LNCS. Springer-Verlag, 1996.

[Klo80] J.W. Klop. Combinatory Reduction Systems. PhD thesis, CWI, Amster-
dam, 1980. Mathematical Centre Tracts n.127.

[Klo92] J.W. Klop. Term rewriting systems. Handbook of Logic in Computer
Science, 2:1–116, 1992.

[KOvR93] J.W. Klop, V. van Oostrom, and F. van Raamsdonk. Combinatory Re-
duction Systems: introduction and survey. Theoretical Computer Science,
121(1–2):279–308, 1993.
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Abstract. We investigate expressiveness of a fragment of the ambient calculus,
a formalism for describing distributed and mobile computations. More precisely,
we study expressiveness of the pure and public ambient calculus from which the
capability open has been removed, in terms of the reachability problem of the
reduction relation. Surprisingly, we show that even for this very restricted frag-
ment, the reachability problem is not decidable. At a second step, for a slightly
weaker reduction relation, we prove that reachability can be decided by reducing
this problem to markings reachability for Petri nets. Finally, we show that the
name-convergence problem as well as the model-checking problem turn out to be
undecidable for both the original and the weaker reduction relation.

1 Introduction

The ambient calculus [5] is a formalism for describing distributed and mobile compu-
tation in terms of ambients, named collections of running processes and nested sub-
ambients. A state of computation has a tree structure induced by ambient nesting. Mo-
bility is represented by re-arrangement of this tree (an ambient may move inside or
outside other ambients) or by deletion of a part of this tree (a process may dissolve the
boundary of some ambient, revealing its contents). Mobility is ruled by the capabilities
in, out, open owned by the ambients. The ambient calculus also inherits replication,
name restriction and asynchronous communication from the π-calculus [16].

The ambient calculus is a very expressive formalism. It has been proved Turing-
complete in [5] by encoding Turing-machine computations. This encoding uses both
mobility features from the calculus as well as name restriction. However, several vari-
ants of the ambient calculus have been proposed so far [14,2,19] by adding and/or re-
tracting features from the original calculus. In [14], the safe ambient calculus introduces
some co-capabilities. They are used as an agreement on mobility between the moving
ambient (executing a capability) and the ambient where it will move to (executing the
corresponding co-capability). The boxed ambient calculus is another variant [2]; in this
calculus, the possibility to dissolve boundary of ambients has disappeared and is re-
placed by a more sophisticated communication mechanism.

Studying precise expressiveness of these different variants of the ambient calculus
is crucial as it may separate necessary features from redundant ones and it may also help
to design or improve algorithms to verify [18,7,6] or analyze [11,9] programs written
in these ambient formalisms.
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Some works aimed already to study expressiveness of ambient calculus: in [20], it
is shown that the π-calculus, a formalism based only on name communication, can be
simulated in the communication-free safe ambient calculus. In [7], the pure and public
ambient calculus (an ambient calculus in which communication and name restriction
are omitted) is considered and proved to be still very powerful: for this restricted frag-
ment, the reachability problem (i.e. given two processes P and Q, can the process P
evolve into the process Q ?) can not be decided. Recently, in two different works [13]
and [3], it has been established that this fragment is actually Turing-complete. In [3],
the authors also showed that the ambient calculus limited to open capabilities and name
restriction is Turing-complete as it can simulate counters machines computations [17].
The name restriction is needed there as if omitted, divergence for reductions of pro-
cesses can be decided. In this latter paper, the following question is raised: what is the
expressiveness power of the ”dual” calculus, a calculus in which the open capability is
dropped whereas the in, out capabilities are preserved ?

In this paper, we investigate expressiveness of pure and public mobile ambients
without the open capability. Hence, the reduction of a process is limited to the rear-
rangement of its tree structure. To be more precise, we study the reachability problem
for such ambient processes. We show that for this calculus reachability for the reduction
relation between two processes can not be decided. To prove this result, we use a non-
trivial reduction to the acceptance problem of two-counters machines [17]. We figured
out that the major source of undecidability for this fragment comes from the defini-
tion of replication as part of the structural congruence relation (the structural congru-
ence aims to identify equivalent processes having different syntactic representations).
Indeed, we show that if this definition of replication is presented as an (oriented) reduc-
tion rule then the reachability for the reduction relation between two processes becomes
decidable. We prove this statement by reducing this problem to the reachability problem
of markings in Petri nets [15]. Finally, we investigate two problems related to reacha-
bility. The first problem is the name-convergence problem [10]: a process converges to
some name n if this process can be reduced to some process having an ambient named
n at its top-level. We show that this problem is undecidable however the definition of
replication is presented. The second problem is the model-checking problem against the
ambient logic [4]. It is easy to show that the name-convergence problem can be reduced
to an instance of the model-checking problem. Thus, this latter is undecidable as well.

The paper is organized as follows: in Section 2, we give definitions for the ambient
calculus we consider here. Section 3 is devoted to the reachability problem for this
fragment. We give there a negative result: this problem is undecidable. In Section 4, we
consider a weak calculus based on a different reduction relation; we show that for this
particular case the reachability problem becomes decidable. Finally, in Section 5, we
consider other problems such as model-checking and name-convergence. We show that
for the two kinds of reduction we considered those problems are not decidable.

2 Definitions

We present in this section the fragment of the ambient calculus we consider all along
this paper. This fragment corresponds to the ambient calculus defined in [5] for which
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both name restriction, communication and the open capability have been dropped. We
call this fragment in/out ambient calculus.

We assume countably many names ranging over by n,m, a, b, c, . . .. For any name
n, we consider capabilities α of the form in n and out n. The following table defines
the syntax of processes of our calculus.

Processes:

P, Q, R ::= processes
0 inactivity P | Q composition
n[P ] ambient α.P action prefix
!P replication

The semantics of our calculus is given by two relations. The reduction relation P →
Q describes the evolution of processes over time. We write →∗ for the reflexive and
transitive closure of →. The structural congruence relation P ≡ Q relates different
syntactic representations of the same process; it is used to define the reduction relation.

The structural congruence is defined as the least relation over processes satisfying
the axioms from the table below:

Structural Congruence P ≡ Q:

P ≡ P (Str Refl)
P ≡ Q ⇒ Q ≡ P (Str Symm)
P ≡ Q, Q ≡ R ⇒P ≡ R (Str Trans)
P ≡ Q ⇒ P | R ≡ Q |R (Str Par)
P ≡ Q ⇒ n[P ] ≡ n[Q] (Str Amb)
P ≡ Q ⇒ α.P ≡ α.Q (Str Action)
P ≡ Q ⇒ !P ≡ !Q (Str Repl)

P | 0 ≡ P (Str Par Zero)
P | Q ≡ Q | P (Str Par Comm)
(P | Q) | R ≡ P | (Q | R) (Str Par Assoc)
!P ≡ !P | P (Str Repl Copy)
!0 ≡ 0 (Str Repl Zero)
!!P ≡ !P (Str Repl Repl)
!(P | Q) ≡ !P | !Q (Str Repl Par)

The first column specifies that ≡ is a congruence relation over processes. The second
one specifies properties of the replication and parallel operators: in particular, it states
that the parallel operator is associative-commutative and has 0 as neutral element.

The reduction relation is defined as the least relation over processes satisfying the
following set of axioms:

Reduction: P → Q

n[in m.P | Q] | m[R] → m[n[P | Q] | R] (Red In)
m[n[out m.P | Q] | R] → n[P | Q] | m[R] (Red Out)
P → Q ⇒ P | R → Q | R (Red Par)
P → Q ⇒ n[P ] → n[Q] (Red Amb)
P ′ ≡ P, P → Q, Q ≡ Q′ ⇒ P ′ → Q′ (Red ≡)

When writing processes, we may omit irrelevant occurrences of the inactive process
0. For instance, we may write n[] for n[0] and in a.out b for in a.out b.0.

3 The Reachability Problem for in/out Ambient Calculus

In this section we investigate the reachability problem for in/out ambient calculus:
”Given two processes P,Q, does P →∗ Q hold ?”. We show that, despite the small
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fragment of the ambient calculus we consider, this problem is undecidable by defining
a reduction to the acceptance problem of two-counters machine [17].

A two-counters machine M is given by a four tuple (Q, qi, qf , ∆) where Q is a
finite set of states, qi ∈ Q is the initial state, qf ∈ Q is the final state; ∆ is a finite
subset of (Q×{+,−,=}× {0, 1}×Q) called the transition relation. A configuration
of the machine M is given by a triple (q, c0, c1) belonging to the set (Q,N,N) (where
N is the set of natural numbers); c0, c1 are the two counters. The transition relation ∆
defines a step relation �M over configurations as follows: (q, c0, c1) �M (q′, c′0, c′1)
iff one of the three statements is true for i, j ∈ {0, 1} and i �= j: (i) (q,=, i, q′) in ∆,
ci = c′i = 0 and cj = c′j , (ii) (q,+, i, q′) in∆, c′i = ci+1 and cj = c′j , (iii) (q,−, i, q′)
in ∆, ci > 0, c′i = ci − 1 and cj = c′j .

Let �∗
M be the reflexive and transitive closure of �M. A two-counters machine

accepts a natural v if (qi, v, 0) �∗
M (qf , 0, 0).

Theorem 1. [17] For an arbitrary two-counters machine M and an arbitrary natural
v, it is undecidable to test whether M accepts v.

We express the acceptance problem of a natural v by a machine M in terms of
an instance of the reachability problem in the in/out ambient calculus. We encode
within a process [[(q, v0, v1)]] the configuration of the machine (q, v0, v1) (the current
state and the values for the two counters) and the transition relation ∆ of the machine.
The step relation of the machine is then simulated by the reduction of this process. It
should be noticed that not all the different reductions that could be performed by the
process indeed participate to the step relation; the process may engage some wrong
reduction steps. However, we show that in this case, the process either goes stuck in a
form that does not correspond to some valid representation of the machine or carries
on some reduction steps but without any possibility to resume into an encoding of the
two-counters machine. Let us now describe the process [[(q, v0, v1)]]: we assume for
any state q occurring in ∆, two ambient names q and qt: q represents the state of the
machine and qt is used to denote a possible transition of the machine being in the state
q. The process [[(q, v0, v1)]] is defined as

q[in qt] | c0[V (v0) | !k[out c0]] | c1[V (v1) | !k[out c1]] | [[∆]] | PG

The ambient q[in qt] represents the current state of the machine; the ambients c0 and c1
represent the counters with their respective values V (v0) and V (v1). The parametrized
process V (v) encodes the value v recursively as: (i) V (0) = n[!I | !D | in k | a[0]]
and (ii) V (v + 1) = n[!I | !D | in k | b[0] | V (v)]. Intuitively, the value v of the
counter is given by the number of ambients n in the process V (v) minus 1. The two
processes I and D are defined as I = in i.in n.0, D = in z.in z′.out z′.out n.0: the
process I is used to increment the counter and D to decrement it.

The process [[∆]] represents the transition rules of the machine and is defined as
the parallel composition of the replicated processes encoding each transition rule. For-
mally, we have inductively [[∅]] = 0 and [[∆ ∪ {(q, s, j, q′)}]] = [[∆ � {(q, s, j, q′)}]] |
![[(q, s, j, q′)]]. For each kind of transition rules:
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– [[(q,=, j, q′)]] = qt[q′[β
q
j .(in n.in a.out a.out n.out cj .in q

′
t)]]

– [[(q,+, j, q′)]] = qt[i[β
q
j .Nq′ | in q′.out q′.out cj ]] with Nq′ =

n[outi.(!I | !D | ink | b[0] | q′[δq′ .inq′t])] and δq′ = inn.outn.outn.ini.outi.

– [[(q,−, j, q′)]] = qt[d[β
q
j .in n.in b.out b.Z

′
q]]

with Zq′ = z[out d.z′[out z.q′[out z′.out n.out k.in q′t]]]

where βq
j is defined as the sequence of capabilities in q.out q.out qt.in cj .

Finally, the processPG plays the role of some garbage collector (using that !P | P is
structurally congruent to !P ): assuming that q1, . . . , ql are the states of the two-counters
machine, the process PG is defined as

!k[0] | !i[0] | !k[n[!I | !D | d[0] | z[0] | z′[0] | b[0]]] | !q1t [q1[0]] | . . . | !ql
t[q

l[0]]

Note that at any step of the computation, because of the two subprocesses !k[out c0]
and !k[out c1] contained respectively in the ambients c0 and c1, the process can always
perform a reduction step: a copy of k[out cj ] can ”jump” outside of the counter cj .
However, the resulting process k[0] is simply garbage-collected by the process PG.
Hence, the process would simply reduce into itself; therefore, we will not take any
longer into account these irrelevant reduction steps.

Let us now describe how the process [[(q, v0, v1)]] may evolve into another process
[[(q′, v′0, v

′
1)]] according to the transition rules of the two-counters machine. First, the

ambient q[in qt] reduces with a sibling ambient qt. Note that a misleading reduction
with an ambient qt[q[0]] from the process PG may happen. If so, the computation is
stuck. If there exists a transition from the state q in the two-counter machine, then an
alternative reduction could occur with an ambient qt provided by ∆ leading to

qt[q[0] | η[βq
j . . . . | . . .]] | c0[. . .] | c1[. . .] | [[∆]] | PG with η ∈ {i, d, q′}

The sequence of capabilities βq
j allows the transition which has the ”control” (i.e. qt

contains q[0]) to provide ”material” (represented as the ambient η) to treat the counter
addressed by this transition. Once, βq

j is executed we obtain (assuming the transition
addresses the counter c0) c0[η[. . .] | . . .] | c1[. . .] | [[∆]] | PG with η ∈ {i, d, q′}.

Note that qt[q[0]] remaining at the top-level is garbage collected by PG. Now, the
reductions differ according to the kind of transition that was chosen (assuming the tran-
sition addresses the counter c0, things being similar for c1):

• for (q,=,0,q′): the ambient η[. . .] is q′[in n.in a.out a.out n.out c0.in q′t]. If the
value of c0 is 0 then c0 contains an ambient n[a[0] | . . .]. The sequence of capabilities
inn.ina.outa.outn.outc0 can be executed and so, the next configuration is obtained.
Note that if V (v0) is not 0, then the process remains stuck as q can not execute its
capability in a.

• for (q,+,0,q′): the ambient η[. . .] is i[Nq′ | in q′.out q′.out c0]] and the value
V (v0) of the form n[!I | . . .] is one if its siblings. Reminding that Nq′ = n[out i.(!I |
!D | ink | b[0] | q′[δq′ .inq′t])], we can see thatNq′ contains roughly an ambient n used
for incrementing and the successor state q′ that will try to check that the incrementing
has been done properly.
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V (v0) executes the sequence I = in i.in n leading to an ambient c0

c0

[
i

[
n[out i.(!I | !D | in k | b[0] | q′[δq′ .in q′t]) | V (v0)]
| in q′.out q′.out c0

]
| !k[out c0]

]

By executing out i from the top ambient n, one obtains

c0[i[in q′.out q′.out c0] | n[V (v0) | !I | !D | in k | b[0] | q′[δq′ .in q′t]] | !k[out c0]]

At that point, we have almost V (v0 + 1) except the presence of q′ in the top ambient
n. Then, by using δq′ = in n.out n.out n.in i.out i, q′ notices that it has V (v0) as a
sibling (by executing in n.out n) and goes outside of n.

c0[i[in q′.out q′.out c0] | q′[in i.out i.in q′t] | V (v0 + 1) | !k[out c0]]

The ambient i detects it has a sibling q′ (by executing in q′.out q′) and the ambient q′

enters i yielding c0[i[out c0 | q′[out i.in q′t]] | V (v0 + 1) | !k[out c0]]. Then i goes
outside of c0. So, the process is

i[q′[out i.in q′t]] | c0[V (v0 + 1) | . . .] | c1[V (v1) | . . .] | [[∆]] | PG

The ambient q′ exits i, producing the process i[0] | q′[inq′t]. The process i[0] is garbage-
collected by PG, and the result indeed corresponds to the process [[(q′, v0 + 1, v1)]].
• for (q,−,0,q′): the ambient η[. . .] is d[inn.in b.out b.Zq′ ]. If the value of V (v0) is
strictly positive then it is of the form n[b[0] | . . .]. Then d executes in n.in b.out b; the
contents of c0 is then c0[n[d[Zq′ ] | V (v0 − 1) | !I | !D | in k | b[0]] | !k[out c0]].

Note that if V (v0) is 0, then the process remains stuck as d can not execute its
capability in b. The role of Zq′ is interact with V (v0 − 1) in order to trigger for this
latter the possibility to go outside of its surrounding ambient n. We recall that Zq′ =
z[out d.z′[out z.q′[out z′.out n.out k.in q′t]]] and that V (v0 − 1) contains at its top-
levelD = inz.inz′.outz′.outn.0. The ambient z from Zq′ exits d; then, the ambient
V (v0 −1) executes the capabilities inz.inz′ fromD and finally, z′ leaves z. We reach
the following situation for the ambient z′:

z′[q′[out z′.out n.out k.in q′t] | n[out z′.out n | in k | . . .]]

The ambient n executes the remaining capabilities from D, that is out z′.out n; con-
currently, the ambient q′ exits z′. The contents of c0 is then

!k[out c0] | V (v0 − 1) | n[in k | !I | !D | b[] | d[] | z[] | z′[] | q′[out n.out k.in q′t]]

At that point, the value of the counter has been decremented; the rest of the computation
aims to ”clean up” the process allowing the computation to carry on. The ambient n
moves inside an ambient k[out c0]. So, we have in c0

!k[out c0] | V (v0−1) | k[outc0 | n[!I | !D | b[] | d[] | z[] | z′[] | q′[outn.outk.inq′t]]]

In some arbitrary order, the ambient k (containing n) leaves the counter c0 and q′ leaves
the ambient n.

k[n[!I | !D | b[] | d[] | z[] | z′[]] | q′[out k.in q′t]] | c0[V (v0 − 1) | ..] | c1[V (v1) | ..]
| [[∆]] | PG



When Ambients Cannot Be Opened 175

Finally, the ambient q′ exits k by executing its capability out k and the subprocess
k[n[!I | !D | b[0] | d[0] | z[0] | z′[0]]] is garbage-collected by the process PG. The
result indeed corresponds to the expected process [[(q′, v0 − 1, v1)]].

We described above how the step relation of the two-counters machine can be sim-
ulated by some reductions of a process encoding some configuration. The sequences of
reductions we described for each kind of transition relations are not the only possible
ones for the process we considered. However, following some different sequences of
reduction would either lead to a stuck process or would produce only processes that do
not correspond to an encoding of the two-counters machine1. Our encoding is correct
in the following sense:

Proposition 1. For any two-counters machine M = (Q, qi, qf , ∆) and any arbitrary
natural v, M accepts v iff [[(qi, v, 0)]] →∗ [[(qf , 0, 0)]].

Hence, as an immediate consequence using Theorem 1:

Theorem 2. For any two arbitrary processes P,Q from the in/out ambient calculus,
it is undecidable to test whether P →∗ Q.

We believe that our encoding can easily be adapted to safe mobile ambients [14] from
which name restriction, communication, the capability open and the co-capability open
have been removed.

We claim that one of the sources of undecidability of the reachability problem is
the rule (Str Repl Copy) from the structural congruence. On one hand, this rule can be
used to exhibit a new process P from !P ; this creates new possible interactions through
reduction for this occurrence of P . On the other hand, it can be used to transform
!P | P into !P ; we used this feature in our encoding to provide a garbage-collecting
mechanism. Supporting our claim, we will see in the next section that if we drop this
second possibility, then the reachability problem becomes decidable.

4 The Reachability Problem for a Weaker Reduction Relation

In this section, we study the reachability problem for the in/out ambient calculus
equipped with a weaker reduction relation. We show that for this new reduction relation,
the reachability problem becomes decidable.

4.1 Definitions

The weaker reduction relation we consider here has been introduced in [1] 2. Its main
feature is to turn the axiom defining replication, that is !P ≡ !P | P (Str Repl Copy),
into an (oriented) reduction rule !P → P | !P (wRed Repl).

We consider the weak structural congruence ∼= defined as the least congruence re-
lation over processes satisfying all the axioms defining ≡ except (Str Repl Copy). We

1 We prove this fact by defining a general shape matching all reachable processes and by apply-
ing an exhaustive inspection of all possibles reductions.

2 In [19], the iteration is also defined by means of a reduction rule, but for explicit recursion
instead of replication.
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called this structural congruence weak as obviously P ∼= Q implies P ≡ Q whereas
the converse does not hold. Based on this weak structural congruence, we define a weak
reduction relation as the least relation satisfying the following axioms:

Weak Reduction: P →w Q

n[in m.P | Q] | m[R] →w m[n[P | Q] | R] (wRed In)
m[n[out m.P | Q] | R] →w n[P | Q] | m[R] (wRed Out)
!P →w P | !P (wRed Repl)
P →w Q ⇒ P | R →w Q | R (wRed Par)
P →w Q ⇒ n[P ] →w n[Q] (wRed Amb)
P ′ ∼= P, P →w Q, Q ∼= Q′ ⇒ P ′ →w Q′ (wRed ∼=)

This new reduction relation is strictly weaker than the one presented in Section 2:

Proposition 2. For all processes P,Q if P →∗
w Q then P →∗ Q. Moreover, there exist

two processes P ′ and Q′ such that P ′ →∗ Q′ and P ′ �→∗
w Q

′.

Let us point out that if we consider additionally open capabilities and enrich the defini-
tion of →w with the rule open n.P | n[Q] →w P | Q (Red Open) then the reachability
problem for this weak reduction relation is undecidable: the encoding of the Post Cor-
respondence Problem given in [7] provides a proof for this statement.

4.2 The Reachability Problem

We will show that the reachability problem is decidable for the weak reduction relation.

Theorem 3. For all processes S and T , it is decidable to test whether S →∗
w T .

The rest of this section is devoted to the proof of Theorem 3. The main guidelines of
this proof are as follows: first, we introduce a notion of normal form for processes for
which we specialize the weak reduction relation; secondly, we show that the reachability
problem for two arbitrary processes can be expressed as the reachability problem on
their respective normal forms. Finally, we show how to reduce reachability problem for
normal forms into markings reachability in Petri nets, a problem known to be decidable.

• From weak reduction to weak reduction over normal forms: As done in [12,8],
we consider the axioms P | 0 ∼= P , !0 ∼= 0, !!P ∼= !P and !(P | Q) ∼= !P | !Q from the
definition of ∼=. We turn those axioms into a rewrite system W by orienting them from
left to right and we denote �W the AC-rewrite relation induced by W (taking into
account associativity and commutativity for the parallel operator |). It can be shown
that the AC-rewrite relation�W is terminating and confluent. Hence, for any process
P , there exists a unique (modulo associativity and commutativity for |) normal form P̃
of P wrt�W . This implies also that ∼= is decidable.

In the sequel we denote =AC the equality relation over processes modulo associa-
tivity and commutativity for the parallel operator |.

We introduce a new reduction relation for normal forms. In particular, we require
that any process in normal form is reduced to some normalized process. This reduction
relation is denoted� and is given in the table below:
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Normal Weak Reduction: P � Q

n[in m.P ] | m[0]� m[n[P ]] (wRed In 1)
n[in m.P ] | m[R]� m[n[P ] | R] if R �= 0 (wRed In 2)
n[in m.0 | Q] | m[0]� m[n[Q]] (wRed In 3)
n[in m.0 | Q] | m[R]� m[n[Q] | R] if R �= 0 (wRed In 4)
n[in m.P | Q] | m[0]� m[n[P | Q]] if P �= 0 (wRed In 5)
n[in m.P | Q] | m[R]� m[n[P | Q] | R] if P �= 0 and R �= 0 (wRed In 6)
m[n[out m.P ]]� n[P ] | m[0] (wRed Out 1)
m[n[out m.P ] | R]� n[P ] | m[R] (wRed Out 2)
m[n[out m.0 | Q]]� n[Q] | m[0] (wRed Out 3)
m[n[out m.0 | Q] | R]� n[Q] | m[R] (wRed Out 4)
m[n[out m.P | Q]]� n[P | Q] | m[0] if P �= 0 (wRed Out 5)
m[n[out m.P | Q] | R]� n[P | Q] | m[R] if P �= 0 (wRed Out 6)
!P � P | !P (wRed Repl 1)
!P � !P | !P (wRed Repl 2)
P � Q ⇒ P | R� Q | R (wRed Par)
P � Q ⇒ n[P ]� n[Q] (wRed Amb)
P ′ =AC P, P � Q,Q =AC Q′ ⇒ P ′

� Q′ (wRed =AC)

Due to required normalization in presence of 0, several rules have been introduced for
reductions of the in and out capabilities; moreover, one rule has been added for the
reduction of replication; it aims to simulate the weak reduction !P ∼= !!P →w !!P |
!P ∼= !P | !P . It is easy to see that if P is in normal form and P � Q then Q is in
normal form as well. Moreover, we have the following property:

Proposition 3. For all processes P,Q, let P̃ , Q̃ be their respective normal forms. Then
P →∗

w Q iff P̃ �∗ Q̃.

Proposition 3 states that the reachability problem for the weak reduction relation can
be reduced to a similar problem but restricted to normalized processes. This implies in
particular that the use of weak structural congruence has been replaced by the simpler 3

relation of equality modulo associativity and commutativity.

• From normal processes to Petri nets: We first show here how to build up a Petri
net from a normalized process: roughly speaking, this Petri net aims to encode all the
possible reductions over this process. We will show later how to use this Petri net to
solve the reachability problem for processes.

Note that applying a reduction over a process either increases the number of ambi-
ents in the process or leaves it unchanged: more precisely, when the rule (wRed Repl 1)
or (wRed Repl 2) is applied on some process R at some subprocess P containing an
ambient then the rule lets the number of ambients increased in the resulting process;
other kinds of reduction steps leave the number of ambients unchanged. As we want
to decide for two given normalized processes P and Q whether P �∗ Q, the target
process Q is fixed and the number of its ambients is known. Therefore, this can be
used to provide an upper-bound on the maximal number of applications of the rules
(wRed Repl 1) and (wRed Repl 2) when applied to some subprocess containing an am-
bient. A similar argument doesn’t hold for capabilities as they can be consumed by the
reduction rules for the in and out capabilities.

3 For equality modulo associativity and commutativity, every congruence class is finite.
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This remark leads us to split a process into several parts; intuitively, one of those
parts will be a context containing ambients whereas the other ones will be subprocesses
without ambients. An ambient context C is a process in which may occur some holes,
noted as �. Moreover, we require that in any subcontext !C′ ofC,C′ contains some am-
bient. Together with ambient contexts, we consider substitutions mapping occurrences
of holes to ambient-free processes. Hence, the application of one of these substitutions
to an ambient context yields a process.

We will need to refer to a precise occurrence of replication, ambient, capability or
hole � within an ambient context or a process. Therefore, we are going to introduce
a labeling for those objects to be able to distinguish any two of them. We assume for
that a countable set of labels. We say that a process P or an ambient context C is well-
labeled if any label occurs at most once in P or C. For an ambient contextC, we define
Amb(C) as the multiset of ambients in C.

A labeled transition system: for the reachability problem S �∗ T , we consider CS a
well-labeled ambient context as well as a mapping θS from the set of holes in CS to
labeled ambient-free processes of the form !P such that θS(CS) is well-labeled and
θS(CS) = S ignoring labels. We are going to describe as a labeled transition system
LS,T all possible reductions for the context CS : this includes reductions of replications
and capabilities contained in CS as well as capabilities and replications from processes
associated with the holes of the context.

We consider here a labeled transition system LS,T whose states are AC-equivalent
classes of ambient contexts (for simplicity, we often identify a state as one of the rep-
resentants of its class). We also define a mapping θLS,T extending θS . Initially, LS,T

contains (the equivalence class of) CS as a unique state and θLS,T = θS . We iterate
the following construction steps until LS,T is unchanged (we assume that any reduction
through (wRed In i), (wRed Out i), (wRed Repl 1) and (wRed Repl 2) uses implicitly
(wRed Amb), (wRed Par) and (wRed =AC)):

1. for any ambient context C from LS,T , for any labeled capability capwn (cap ∈
{in, out}) inC if this capability can be executed using one of the rules (wRed In i)
or (wRed Out i) leading to some ambient context C′, then the state C′ and a tran-
sition from C to C′ labeled by capwn are added to LS,T .

2. for any ambient context C from LS,T , for any labeled replication !w in C such that
this replication can be reduced using the rule (wRed Repl 1) (resp. (wRed Repl 2)),
we define the ambient context C′ as follows: C′ is identical to C except that the
subcontext !wCa in C is replaced by !wCa | γ(Ca) (resp. !wCa | γ(!wCa)) in C′;
the mapping γ relabels Ca (resp. !wCa) with fresh labels, that is labels occurring
neither in some other state of the currently built transition system LS,T nor in the
currently built θLS,T ; moreover, we require that C′ is well-labeled. If Amb(C′) ⊆
Amb(T ) then the state C′ and a transition from C to C′ labeled by !w➀ (resp. !w➁)
are added to LS,T . Additionally, we define θ′LS,T

as an extension of θLS,T such that

for all �w′
in Ca, (i) θ′LS,T

(γ(�w′
)) and θLS,T (�w′

) are identical ignoring labels,

(ii) labels in θ′LS,T
(γ(�w′

)) are fresh in the currently built transition system LS,T

and in θLS,T and (iii) θ′LS,T
(C′) is well-labeled. Finally, we set θLS,T to θ′LS,T

.
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n[�] | m[0]

a

m[n[�]]

b

!1➀
!2➀

!1➁

!2➁

!1➀

!2➀
!1➁

!2➁
in m

out m

Fig. 1. A labeled transition system for the process n[!1inm.!2outm.0] | m[0]

3. for any ambient context C from LS,T , for any labeled hole �w in C and for any
capability capw′

n (with cap ∈ {in, out}) in the process θLS,T (�w), we consider
the ambient context Cm identical to C except that �w in C has been replaced by
�w | capw′

n.0 in Cm. If this capability capw′
n can be executed in Cm using one

of the rules (wRed In i) or (wRed Out i) leading to some ambient context C′, then
the state C′ and a transition from C to C′ labeled by capw′

n are added to LS,T .
4. for any ambient context C from LS,T , for any labeled hole �w in C associated

by θLS,T with a process of the form !w
′
P , if the replication !w

′
can be reduced in

the process θLS,T (C) using the rule (wRed Repl 1), then for any replication !w
′′

in

θLS,T (�w), two transitions from C to itself, the first one labeled by !w
′′

➀ and the

second one by !w
′′

➁ are added to LS,T .

It should be noticed that in step 2 the reduction of a replication contained in the am-
bient context by means of the rule (wRed Repl 1) or (wRed Repl 2) is done only when
the number of ambients in the resulting process is smaller than the number of ambi-
ents in the target process T . This requirement is crucial as it implies that the transition
system LS,T has only finitely many states.

As an example, we give in Figure 1 the labeled transition system associated with
the process n[!1inm.!2outm.0] | m[0] (we omit in this process unnecessary labels).

One can also notice that the labeled transitions in LS,T for replications and ca-
pabilities from the ambient context correspond effectively to reductions performed on
processes. Things are different for transitions corresponding to replications and capa-
bilities contained in processes associated with holes, as shown in steps 3 and 4: these
transitions are applied for any kind of those capabilities or replications independently
of the fact that they are effectively at this point available to perform a transition.

We will solve this first by giving a model of processes corresponding to holes as
Petri nets and then by synchronizing our two models: the Petri nets and the labeled
transition system LS,T .

From ambient-free processes to Petri nets: we show here how to build a Petri net from
a labeled ambient-free process different from 0. For a set E, we denote E(E) the set of
all multisets that can be built with elements from E. We recall that a Petri net is given
by a 5-tuple (P ,Pi, T , Pre, Post) such that P is a finite set of places, Pi ⊆ P is a set
of initial places, T is a finite set of transitions and Pre, Post : T → E(P) are mappings
from transitions to multisets of places. We say that an ambient-free process is rooted if
it is of the form capw n.P for cap ∈ {in, out} or of the form !wP . We define PN P

the Petri net associated with some rooted process P as follows: places for PN P are
precisely rooted subprocesses of P , and P itself is the unique initial place. Transitions
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!1in m.!2out m.0 in m.!2out m.0 !2out m.0 out m.0

!1➀ !2➀in m out m

!1➁ !2➁

1

1

1 1 1
1

1

1 1

1 2 1 2

Fig. 2. A Petri net for the process !1inm.!2outm.0

are defined as the set of all capabilities in w n, out w′
n occurring in P and of all !w➀ ,!w➁

for replications !w occurring in P . Finally, Pre and Post are defined for all transitions as
follows (for cap ∈ {in, out}):

– Pre(capw n) = {capwn.0} and Post(capw n) = ∅ if capw n.0 is a place in PN P .
– Pre(capw n) = {capw n.(P1 | . . . | Pk)} and Post(capw n) = {P1, . . . , Pk} if
capw n.(P1 | . . . | Pk) is a place in PN P (P1, . . . , Pk being rooted processes).

– Pre(!w➀) = Pre(!w➁) = {!wP}, Post(!w➀) = {!wP, P} and Post(!w➁) = {!wP, !wP} if
!wP is a place in PN P .

For !1inm.!2outm.0, we obtain the Petri net given in Figure 2.
We will denote PN �w the Petri net PN (θLS,T (�w)), that is the Petri net corre-

sponding to the rooted ambient-free process associated with �w by θLS,T .
We will show now how to combine the transition system LS,T and the Petri nets

PN �w into one single Petri net.

Combining the transition system and Petri nets: We first turn the labeled transition
system LS,T into a Petri net PN L = (PL,P i

L, TL, PreL, PostL). PL is the set of states
of LS,T . P i

L is a singleton set containing the state corresponding to CS , the ambient
context of S. The set of transitions TL is the set of triples (s, l, s′) where s, s′ are states
from LS,T with a transition labeled with l from s to s′ in LS,T . For all transitions
t = (s, l, s′), Pre(t) = {s} and Post(t) = {s′}.

We define the Petri net PN S,T = (PS,T ,P i
S,T , TS,T , PreS,T , PostS,T ) as follows:

places (resp. initial places) from PN S,T are the union of places (resp. initial places)
of PN L and of each of the Petri nets PN �w (for �w occurring in one of the states of
LS,T ). Transitions of PN S,T are precisely transitions from PN L. The mappings PreS,T

and PostS,T are defined as follows: for all transitions t (t being of the form (a, f, b)),
(i) PreS,T (t) = {a} and PostS,T (t) = {b} if f doesn’t occur as a transition in any
of the PN �w ’s (for �w occurring in one of the states of LS,T ) and (ii) PreS,T (t) =
{a}∪Pre�w(f) and PostS,T (t) = {b}∪Post�w(f) if f is a transition of PN �w (Pre�w

(resp. Post�w ) being the mapping Pre (resp. Post) of PN �w ).
We depict in Figure 3 the combination of the labeled transition system from Figure

1 and the Petri net from Figure 2.

Deciding reachability: We recall that for a Petri net PN = (P ,Pi, T , Pre, Post), a
markingm is multiset from E(P). We say that a transition t is enabled by a markingm
if Pre(t) ⊆ m. Firing the enabled transition t for the marking m gives the marking m′

defined as m′ = (m � Pre(t)) ∪ Post(t) (where � stands for the multiset difference).
A marking m′ is reachable from m if there exists a sequence m0, . . . ,mk of markings
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•
a

b

• a, in m,b

b, out m,a

a, !1➀,a a, !2➀,a

b, !1➀,b b, !2➀,b

a, !1➁, a a, !2➁,a

b, !1➁, b b, !2➁,b

1

1 1

1

1

1 1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1
1

1

1 1

1

1

1 1

1

1

2

1
2

1 2

12

!1in m.!2out m.0 in m.!2out m.0

out m.0

!2out m.0

Fig. 3. The Petri net for the labeled process n[!1inm.!2outm.0] | m[0]

such that m0 = m, mk = m′ and for each mi,mi+1, there exists an enabled transition
for mi whose firing gives mi+1.

Theorem 4. [15] For all Petri nets P , for all markings m,m′ for P , one can decide
whether m′ is reachable from m.

For the reachability problem S �∗ T , we consider the Petri net PN S,T and the initial
marking mS defined as mS = P i

S,T . In Figure 3 is depicted the initial marking for the
process n[!1inm.!2outm.0] | m[0].

It should be noticed that for any marking m reachable from mS , m contains ex-
actly one occurrence of a place from PL. Roughly speaking, to any reachable marking
corresponds exactly one ambient context. Moreover, the firing of one transition in the
Petri net PN S,T simulates a reduction from �. Thus, markings reachable from ms

correspond to normalized processes reachable from S.
We define now MT , the set of markings of PN S,T corresponding to T . Intuitively,

a marking m belongs to MT if m contains exactly one occurrence C of a place from
PL (that is, representing some ambient context) and in the context C, the holes can be
replaced with ambient-free processes to obtain T . Moreover, each of those replication-
free processes must correspond to a marking of the sub-Petri net associated with the
hole it fills up. Formally, MT is the set of markingsm for PN S,T satisfying: (i) there
exists exactly one ambient context Cm in m, (ii) ignoring labels, σm(Cm) is equal to
T modulo AC, for the substitution σm from holes �w occurring in Cm to ambient-
free processes defined as: σm(�w) = P1 | . . . | Pk for {P1, . . . , Pk} the multiset
corresponding to the restriction of m to the places of PN �w and (iii) for all holes �w

occurring in some state of the transition system LS,T but not in Cm, the restriction of
m to places of PN �w is precisely the set of initial places from PN �w .

Proposition 4. For the Petri net PN S,T built from a problem ”S �∗ T”, there are
only finitely many markings corresponding to T , and their set MT can be computed.

The correctness of our reduction is stated in the following proposition which together
with Theorem 4 implies Theorem 3:
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Proposition 5. For all normalized processes S, T , S �∗ T iff there exists a marking
mT from MT such that mT is reachable from mS in PN S,T .

5 On Decision Problems of Name-Convergence and
Model-Checking

In this section, we investigate two problems closely related to reachability : the name-
convergence problem and the model-checking problem.

5.1 The Name-Convergence Problem

A process P converges to a name n if there exists a process P ′ such that P reduces
to P ′ and P ′ is structurally congruent to n[Q] | R (for some processes Q,R) [10].
The name-convergence problem is, given some process P and some name n, to decide
whether P converges to the name n. We are going to show that this problem is not
decidable for the two versions of the calculus we have considered so far.

In Section 3, we define the acceptance of an integer v by a two-counters machine
M when (qi, v, 0) �∗

M (qf , 0, 0) where qi, qf are respectively the initial and the final
states of the machine M and �∗

M is the reflexive-transitive closure of the step rela-
tion defined by the machine M. This acceptance condition can be weakened as fol-
lows: we say that M accepts v if there exists two natural numbers v1, v2 such that
(qi, v, 0) �∗

M (qf , v1, v2). It is well-known that those two acceptance conditions lead
to equally expressive two-counters machines [17].

Reconsidering the encoding given in Section 3, it can be proved that

Proposition 6. For any two-counters machine M = (Q, qi, qf , ∆) and any natural v,
the process [[(qi, v, 0)]] converges to the name qf iff there exist two natural numbers
v1, v2, such that [[(qi, v, 0)]] →∗ [[(qf , v1, v2)]].

Now, for the weak calculus, it can be shown that

Proposition 7. For all naturals v, v1, v2, if [[(qi, v, 0)]] →∗ [[(qf , v1, v2)]] then there
exists a process R such that [[(qi, v, 0)]] →∗

w [[(qf , v1, v2)]] | R.

Thus, using the fact that the acceptance of a natural number by an arbitrary two-
counters machine is undecidable and Propositions 6 and 7, it holds that

Theorem 5. The name-convergence problem is undecidable both for the in/out am-
bient calculus and for the weak in/out ambient calculus.

5.2 The Model-Checking Problem

The model-checking problem is to decide whether an ambient process satisfies (that is,
is a model of) a given formula. Formulas that we consider here are the ones from the
ambient logic [4]. The ambient logic is a modal logic used to specify properties of an
ambient process; those modalities allow to speak both about time (that is, how a process
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can evolve by reduction) and space (that is, what is the shape of the tree description of
a process). We will not describe the full logic, but focus on features of our interest.

Any process P satisfies the formula T. A process P satisfies the formula ♦ϕ if P
can be reduced to some process Q (P →∗ Q or P →∗

w Q, depending on the considered
calculus) such that Q satisfies the formula ϕ. A process P satisfies the formula n[ϕ] if
P is structurally congruent to some process n[Q] (P ≡ n[Q] or P ∼= n[Q], depending
on the considered calculus) and Q satisfies ϕ. Finally, a process P satisfies the formula
ϕ | ψ if P is congruent to some process Q | R and Q,R satisfy respectively ϕ and ψ.

Proposition 8. A process P converges to the name n iff P satisfies ♦(n[T] | T).

Using Theorem 5 and Proposition 8, we have

Theorem 6. The model-checking problem for the in/out ambient calculus and for the
weak in/out ambient calculus against the ambient logic is undecidable.
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Abstract. We provide several machine-independent characterizations of
deterministic complexity classes in the model of computation proposed
by L. Blum, M. Shub and S. Smale. We provide a characterization of
partial recursive functions over any arbitrary structure. We show that
polynomial time computable functions over any arbitrary structure can
be characterized in term of safe recursive functions. We show that poly-
nomial parallel time decision problems over any arbitrary structure can
be characterized in terms of safe recursive functions with substitutions.

1 Introduction

Why are we convinced by the Church Thesis? An answer is certainly that there
are so many mathematical models, like partial recursive functions, lambda-
calculus, or semi-Thue systems, which are equivalent to Turing machine, but
are also independent from the computational machinery. When computing over
arbitrary structures, like real numbers, the situation is not so clear. Seeking
machine independent characterizations of complexity classes can lend further
credence to the importance of the classes and models considered.

We consider here the BSS model of computation over the real numbers intro-
duced by Blum, Shub and Smale in their seminal paper [BSS89]. The model was
later on extended to a computational model over any arbitrary logical structure
[Goo94, Poi95]. See the monograph [BCSS98] for a general survey about the BSS
model.

First of all, we present a new characterization of computable functions that
extends the one of [BSS89] to any arbitrary structure.
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Theorem 1. Over any structure K = (K, op1, . . . , opk, =, rel1, . . . , rell, α), the
set of partial recursive functions over K is exactly the set of decision functions
computed by a BSS machine over K.

In the BSS model, complexity classes like PTIME and NPTIME can be
defined, and complete problems in these classes can be shown to exist. On many
aspects, this is an extension of the classical complexity theory since complexity
classes correspond to classical complexity classes when dealing with booleans or
integers. The next results strengthen this idea.

In classical complexity theory, several attempts have been done to provide
nice formalisms to characterize complexity classes in a machine independent way.
Such characterizations include descriptive characterization based on finite model
theory like Fagin [Fag74], characterization by function algebra like [Cob62], or
by combining both kinds of characterization like in [Gur83, Saz80]: see [Clo95,
Imm99, EF95] for more complete references.

Despite the success of those approaches to capture major complexity classes,
one may not be completely satisfied because explicit upper bounds on computa-
tional resources or restrictions on the growth rates are present. The recent works
of Bellantoni and Cook [BC92] and of Leivant [Lei95, LM93] suggests another
direction by mean of data tiering which is called implicit computational com-
plexity. There are no more explicit resource bounds. It provides purely syntactic
models of complexity classes which can be applied to programming languages to
analyze program complexity [Jon00, Hof99, MM00].

In this paper, following these lines, we establish two “implicit” character-
izations of the complexity classes. Our characterizations work over arbitrary
structures, and subsume previous ones when restricted to booleans or integers.

First, we characterize polynomial time computable BSS functions. This result
stems on the safe primitive recursion principle of Bellantoni and Cook [BC92].

Theorem 2. Over any structure K = (K, op1, . . . , opk, =, rel1, . . . , rell, α), the
set of safe recursive functions over K is exactly the set of functions computed in
polynomial time by a BSS machine over K.

Second, we capture parallel polynomial time BSS functions based on Leivant
and Marion characterization of polynomial space computable functions [LM95].

Theorem 3. Over any structure K = (K, op1, . . . , opk, =, rel1, . . . , rell, α), the
set of decision functions definable with safe recursion with substitution over K is
exactly the set of decision functions computed in parallel polynomial time over
K.

Observe that, unlike Leivant and Marion, our proofs characterize parallel
polynomial time and not polynomial space: for classical complexity both classes
correspond. However over arbitrary structures, this is not true, since the notion
of working space is meaningless: as pointed out by Michaux [Mic89], on some
structures like (R, 0, 1, =, +,−, ∗), any computable function can be computed in
constant working space.
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From a programming perspective, a way of understanding all these results
is to see computability over arbitrary structures like a programming language
with extra operators which come from some external libraries. This observation,
and its potential to able to build methods to derive automatically computational
properties of programs, in the lines of [Jon00, Hof99, MM00], is one of our main
motivations on making this research.

On the other hand, we believe BSS computational model to provide new in-
sights for understanding complexity theory when dealing with structures over
other domains [BCSS98]: several nice results have been obtained for this model
in the last decade, including separation of complexity classes over specific struc-
tures: see for example [Mee92, Cuc92, CSS94]. We believe these results to con-
tribute to the understanding of complexity theory, even when restricted to clas-
sical complexity [BCSS98].

It is worth mentioning that it is not the first time that the implicit computa-
tional complexity community is interested by computations over real numbers:
see the exciting paper of Cook [Coo92] on higher order functionals, or the works
trying to clarify the situation such as [RIR01]. However this is the first time that
implicit characterizations of this type over arbitrary structures are given.

In Section 2, we give a characterization of primitive recursive functions over
an arbitrary structure. We introduce our notion of safe recursive function in
Section 3. We give the proof of Theorem 2 in Section 4. We recall the notion of
a family of circuits over an arbitrary structure in Section 5. Safe recursion with
substitutions is defined in Section 5.2. Theorem 3 is proved in Section 5.3 and
5.4.

2 Partial Recursive and Primitive Recursive Functions

2.1 Definitions

A structure K = (K, op1, . . . , opk, rel1, . . . , rell, α) is given by some underlying
set K, some operators op1, . . . , opk with arities, and some relations rel1, . . . , rell
with arities. Constants correspond to operators of arity 0. We will not distinguish
between operator and relation symbols and their corresponding interpretations
as functions and relations respectively over the underlying set K.

We assume that equality relation = is always one relation of the structure,
and that there is at least one constant α in the structure. A good example
for such a structure, corresponding to the original paper in [BSS89] is K =
(R, +,−, ∗, =,≤, 0, 1). Another one, corresponding to classical complexity and
computability theory, is K = ({0, 1},∨,∧, =, 0, 1).

K
∗ =

⋃
i∈N

K
i will denote the set of words over alphabet K. In our notations,

words of elements in K will be represented with overlined letters, while simple
elements in K will be represented by simple letters. For instance, a.x stands for
the word in K

∗ whose first letter is a and which ends with the word x. ε will
denote the empty word. The length of a word w ∈ K

∗ is denoted by |w|.
We assume that the reader has some familiarities with the computation model

of Blum Shub and Smale: see [BSS89, BCSS98] for a detailed presentation.
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In particular remember that a problem P ⊂ K
∗ is decidable (respectively a

function f : K
∗ → K

∗ is computable), if there exists a machine M over structure
K that decides P (resp. computes f). A problem P ⊂ K

∗ is in the class PTIME
(respectively a function f : K

∗ → K
∗ is in the class FPTIME), if there exists a

polynomial p and a machine M over structure K that decides P (resp. computes
f) in time p.

As for the classical settings, computable functions over any arbitrary struc-
ture K can be characterized algebraically, in terms of the smallest set of functions
containing some initial functions and closed by composition, primitive recursion
and minimization. In the rest of this section we present such a characterization
that works over any arbitrary structure. See comments below for comparisons
with the one, for the structure of real numbers, in the original paper [BSS89].

We consider functions: (K∗)n → K
∗, taking as inputs arrays of words of

elements in K, and returning as output a word of elements in K. When the
output of a function is undefined, we use the symbol ⊥.

Theorem 1. Over any structure K = (K, op1, . . . , opk, =, rel1, . . . , rell, α), the
set of functions (K∗)n → K

∗ computed by a BSS machine over K is exactly
the set of partial recursive functions, that is to say the smallest set of functions
containing the basic functions, and closed under the operations of composition,
primitive recursion, and minimization defined below.

The basic functions are of four kinds:

– functions making elementary manipulations of words of elements in K. For
any a ∈ K, x, x1, x2 ∈ K

∗:

hd(a.x) = a tl(a.x) = x cons(a.x1, x2) = a.x2

hd(ε) = ε tl(ε) = ε cons(ε, x2) = x2

– Projections: for any n ∈ N, ı ≤ n:

Prn
ı (x1, . . . , xı, . . . , xn) = xı

– functions of structure K: for any operator (including the constants treated
as operators of arity 0) opı or relation relı of arity nı we have the following
initial functions:

Opı(a1.x1, . . . , anı .xnı) = (opı(a1, . . . , anı)).xnı

Relı(a1.x1, . . . , anı .xnı) =
{

α if relı(a1, . . . , anı)
ε otherwise

– test function :

C(x, y, z) =
{

y if hd(x) = α
z otherwise
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Operations mentioned above are:

– composition: Assume f : (K∗)n → K
∗, g1, . . . , gn: (K∗)m → K

∗ are given
partial functions. Then the composition h: (K∗)m → K

∗ is defined by

h(x1, . . . , xm) = f(g1(x1, . . . , xm), . . . , gn(x1, . . . , xm))

– primitive recursion: Assume h: K
∗ → K

∗ and g: (K∗)3 → K
∗ are given partial

functions. Then we define f : (K∗)2 → K
∗

f(ε, x) = h(x)

f(a.y, x) =
{

g(y, f(y, x), x) if f(y, x) 	=⊥
⊥ otherwise

– minimization: Assume f : (K∗)2 → K
∗ is given. Function g: K

∗ → K
∗ is

define by minimization on the first argument of f , also denoted by g(y) =
µx (f(x, y)), if:

µx (f(x, y)) =
{⊥ if ∀t ∈ N : hd(f(0t, y)) 	= α

αk : k = min{t | hd(f(0t, y)) = α} otherwise

Note 1. Our definition of primitive recursion and of minimization is sightly dif-
ferent from the one found in [BSS89]. In this paper, the authors introduce a
special integer argument for every function, which is used to control recursion
and minimization, and consider the other arguments as simple elements in K.
Their functions are of type: N ∗ K

k → K
l. Therefore, they only capture fi-

nite dimensional functions. It is known that, on the real numbers with +,−, ∗
operators, finite dimensional functions are equivalent to non-finite dimensional
functions (see [Mic89]), but this is not true over other structures, for instance
Z2. Our choice is to consider arguments as words of elements in K, and to use
the length of the arguments to control recursion and minimization. This allows
us to capture non-finite dimensional functions,. We consider it to be a more
general and a more natural way to define computable functions, and moreover
not restricted to structure K = (R, +,−, ∗, =,≤, 0, 1).

Observe that primitive recursion can be replaced by simultaneous primitive
recursion:

Proposition 1. [BMdN02] Simultaneous primitive recursion is definable with
primitive recursive functions.

The proof of Theorem 1, similar to the proof of Theorem 2 in section 3, is not
given here.

3 Safe Recursive Functions

In this section we define the set of safe recursive functions over any arbitrary
structure K, extending the notion of safe recursive functions over the natural
numbers found in [BC92].
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Safe recursive functions are defined in a quite similar manner as primitive
recursive functions. However, in the spirit of [BC92], safe recursive functions
have two different types of arguments, each of which having different properties
and different purposes. The first type of argument, called “normal” arguments, is
similar to the arguments of the previously defined partial recursive and primitive
recursive functions, since it can be used to make basic computation steps or to
control recursion. The second type of argument is called “safe”, and can not be
used to control recursion. This distinction between safe and normal arguments
ensures that safe recursive functions can be computed in polynomial time.

We will use the following notations: the two different types of arguments are
separated by a semicolon “;” : normal arguments (respectively: safe arguments)
are placed at left (resp. at right) of the semicolon.

We define now safe recursive functions:

Definition 1. The set of safe recursive functions over K is the smallest set of
functions: (K∗)k → K

∗, containing the basic safe functions, and closed under
the operations of safe composition and safe recursion

Basic safe functions are the basic functions of Section 2, their arguments
defined all as safe.

Operations mentioned above are:

– safe composition: Assume f : (K∗)m × (K∗)n → K
∗, g1, gm : (K∗)p → K

∗ and
gm+1, gm+n : (K∗)p×(K∗)q → K

∗ are given functions. Then the composition
is the function h : (K∗)p × (K∗)q → K

∗:

h(x1, . . . , xp; y1, . . . , yq) = f (g1(x1, . . . , xp), . . . , gm(x1, . . . , xp);
gm+1(x1, . . . , xp; y1, . . . , yq), . . . , gm+1(x1, . . . , xp; y1, . . . , yq))

Note 2. It is possible to move an argument from the normal position to the
safe position, whereas the reverse is forbidden. By “move”, we mean the
following: for example, assume g : K

∗× (K∗)2 → K
∗ is a given function. One

can then define with safe composition a function f : f(x, y; z) = g(x; y, z) but
a definition like the following is not valid: f(x; y, z) = g(x, y; z).

– safe recursion: Assume h1, . . . , hk : K
∗ × K

∗ → K
∗ and g1, . . . , gk : (K∗)2 ×

(K∗)k+1 → K
∗ are given functions. Functions f1, . . . , fk : (K∗)2 × K

∗ → K
∗

can then be defined by safe recursion:

f1(ε, x; y), . . . , fk(ε, x; y) = h1(x; y), . . . , hk(x; y)

f1(a.z, x; y) =
{

g1(z, x; f1(z, x; y), . . . , fk(z, x; y), y) if ∀ı fı(z, x; y) 	=⊥
⊥ otherwise

...

fk(a.z, x; y) =
{

gk(z, x; f1(z, x; y), . . . , fk(z, x; y), y) if ∀ı fı(z, x; y) 	=⊥
⊥ otherwise
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Note 3. The operation of primitive recursion previously defined is a simple re-
cursion, whereas the operation of safe recursion is a simultaneous recursion. As
stated by Proposition 1, it is possible to simulate a simultaneous primitive recur-
sion with single primitive recursion, whereas this does not seem to be true with
safe recursion. As shown in the simulation of a BSS machine by safe recursive
functions, we need to have a simultaneous recursion able to define simultane-
ously three functions in order to prove Theorem 2. In the classical setting, this
is the choice made by Leivant and Marion in [LM95], while Bellantoni and cook
used a smash function # to build and break t-uples [BC92]. Both choices are
equivalent.

4 Proof of Theorem 2

Theorem 2 is proved in two steps. First, we prove that a safe recursive function
can be computed by a BSS machine in polynomial time. Second, we prove that
all functions computable in polynomial time by a BSS machine over K can be
expressed as safe recursive functions.

4.1 Polynomial Time Evaluation of a Safe Recursive Function

This is a straightforward consequence of the following lemma.

Lemma 1. Let f(x1, . . . , xn; y1, . . . , ym) be any safe recursive function. If we
write T �f(. . .)� for the evaluation time of f(. . .),

T �f(x1, . . . , xn; y1, . . . , ym)� ≤ pf (T �x1� + . . . + T �xn�) + T �y1� + . . . + T �ym�

for some polynomial pf .

This is proved by induction on the depth of the definition tree of the safe
recursive function. Let f be a safe recursive function.

– If f is a basic safe function, the result is straightforward.
– if f is defined by safe composition from safe recursive functions g, h1, h2,

using induction hypothesis, f is easily shown to be computable in polynomial
time by a BSS machine.

– The non-trivial case is the case of a function f defined with simultaneous
safe recursion. In order to simplify the notations, we assume that f is defined
with a single safe recursion. The proof is in essence the same.
Let us apply induction hypothesis to function g in the expression
f(a.z, x; y) = g(z, x; f(z, x; y), y). Assuming a “clever” strategy, y needs to be
evaluated only once, even though it appears in several recursive calls. Thus,
if we assume that y has already been evaluated, the time needed to evaluate
f(a.z, x; y) = g(z, x; f(z, x; y), y) is given by pg(T �z�+T �x�)+T �f(z, x; y)�.
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We get:

T �f(a.z, x; y)�
≤ T �y� + pg(T �z� + T �x�) + T �f(z, x; y)�
≤ T �y� + pg(T �z� + T �x�) + pg(T �tl(z)� + T �x�) + . . .

. . . + pg(T �ε� + T �x�) + ph(T �x�) .

Assuming without loss of generality pg monotone, we get

T �f(a.z, x; y)� ≤ |a.z|pg(T �z� + T �x�) + ph(T �x�) + T �y�,

from which the lemma follows.

4.2 Simulation of a Polynomial Time BSS Machine

Let M be a BSS machine over the structure K. In order to simplify our exposition
we assume, without any loss of generality, that M has a single tape. M computes
a partial function fM from K

∗ to K
∗. Moreover, we assume that M stops after

c|x|r computation steps, where x denotes the input of the machine M . Our goal
is to prove that fM can be defined as a safe recursive function.

In what follows, we represent the tape of the machine M by a couple a
variables (y1, y2) in (K∗)2 such that the non-empty part is given by y1

R.y2,
where y1

R is the reversed word of y1, and that the head of the machine is on the
first letter of y2.

We also assume that the m nodes in M are numbered with natural numbers,
node 0 being the initial node and node 1 the terminal node. We assume that
the terminal node is a loopback node, i.e., its only next node is itself. In the
following definitions, node number q will be coded by the word αq of length q.

Let q (q ∈ N) be a move node. Three functions are associated with this node:

Gı(; y1, y2) = αq′

Hı(; y1, y2) = tl(; y1) or hd(; y2).y1

Iı(; y1, y2) = hd(; y1).y2 or tl(; y2)

according if one moves right or left. Function Gı returns the encoding of the
following node in the computation tree of M , function Hı returns the encoding
of the left part of the tape, and function Iı returns the encoding of the right
part of the tape.

Let q (q ∈ N) be a node associated to some operation op of arity n of the
structure. We also write Op for the corresponding basic operation. Functions Gı,
Hı, Iı associated with this node are now defined as follows:

Gı(; y1, y2) = αq′

Hı(; y1, y2) = y1

Iı(; y1, y2) = cons(; Op(; hd(; y2), . . . , hd(; tl(n−1)(; y2))), tl(n)(; y2))
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Let q (q ∈ N) be a node corresponding to a relation rel of arity n of the
structure. The three functions associated with this node are now:

Gı(; y1, y2) = C(; rel(; hd(; y1), . . . , hd(; tl(n−1)(; y2))), αq′
, αq′′

)
Hı(; y1, y2) = y1

Iı(; y1, y2) = y2

One can define easily without safe recursion, for any integer k, a function
Equalk such that:

Equalk(; y1) =
{

α if y1 = αk

ε otherwise

We can now define the safe recursive functions nextstate, nextleft and
nextright which, given the encoding of a state and of the tape of the machine,
return the encoding of the next state in the computation tree, the encoding of
the left part of the tape and the encoding of the right part of the tape:

nextstate(; s, y1, y2) = C (; Equal0(; s),G0(; y1, y2), C (; Equal1(; s),G1(; y1, y2),
. . . C (; Equalm(; s),Gm(; y1, y2), ε) . . .))

nextleft(; s, y1, y2) = C (; Equal0(; s),H0(; y1, y2), C (; Equal1(s),H1(; y1, y2),
. . . C (; Equalm(; s),Hm(; y1, y2), ε) . . .))

nextright(; s, y1, y2) = C (; Equal0(; s), I0(; y1, y2), C (; Equal1(; s), I1(; y1, y2),
. . . C (; Equalm(; s), Im(; s, y1, y2), ε) . . .))

From now on, we define with safe recursion the encoding of the state of the
machine reached after k computation nodes, where k is encoded by the word
αk ∈ K

∗, and we also define the encoding of the left part and the right part of
the tape. All this is done with functions compstate, compleft and compright as
follows:

compstate(ε; y1, y2) = ε

compstate(αk+1; y1, y2) = nextstate

(
; compstate(αk; y1, y2), compleft(αk; y1, y2),

compright(αk; y1, y2)
)

compleft(ε; y1, y2) = y1

compleft(αk+1; y1, y2) = nextleft

(
; compstate(αk; y1, y2), compleft(αk; y1, y2),

compright(αk; y1, y2)
)

compright(ε; y1, y2) = y2

compright(αk+1; y1, y2) = nextright

(
; compstate(αk; y1, y2), compleft(αk; y1, y2),

compright(αk; y1, y2)
)

In order to simplify the notations, we write the above as follows:

comp(ε; y1, y2) = ε
comp(αk+1; y1, y2) = next

(
; comp(αk; y1, y2)

)
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On input x, with the head originally on the first letter of x, the final state of
the computation of M is then reached after t computation steps, where

t = c|x|r

The reachability of this final state is given by the following lemma:

Lemma 2. [BMdN02] For any c, d ∈ N, one can write a safe recursive function
Pc,d such that, on any input x with |x| = n, |Pc,d(x; )| = cnd.

Let us apply this lemma and define such a Pc,r. Then, we define
finalcomp(x; ) = comp(Pc,r(x; ); ε, x). The encoding of the tape at the end of the
computation is then given by finalcompleft(x; ) and finalcompright(x; ) ending
here our simulation of the BSS machine M .

5 A Characterization of the Parallel Class PAR�

5.1 A Parallel Model of Computation

In this section, we assume that our structure K has at least two different constant,
denoted by α and β. This is necessary to respect the P-uniformity provisio as
below: One needs to describe an exponential gate number with a polynomially
long codification.

Recall the notion of circuit over an arbitrary structure K [Poi95, BCSS98].

Definition 2. A circuit over the structure K is an acyclic directed graph whose
nodes are labeled either as input nodes of in-degree 0, output nodes of out-degree
0, test nodes of in-degree 3, or by a relation or an operation of the structure, of
in-degree equal to its arity.

The evaluation of a circuit on a given valuation of input nodes is defined in
the straightforward way, all nodes behaving as one would expect: any test node
tests whether its first parent is labeled with α, and returns the label of its second
parent if this is true or the label of its third parent if not. See [Poi95, BCSS98])
for formal details.

We say that a family Cn, n ∈ N of circuits is P-uniform if and only if there
exists a polynomial time deterministic function describing each gate of each
circuit.

The reader can find in [BCSS98] the definition of parallel machine over a
structure K. We will not give formal definitions here, since we will actually
use the alternative characterization given by Proposition 2 below, proved in
[BCSS98].

Proposition 2. The PARK class of problems decidable in polynomial time by a
parallel machine using an exponentially bounded number of processors is exactly
the class of problem decidable by a P-uniform family of circuits of polynomial
depth.

The rest of this section is devoted to prove that, over any structure K, class
PARK also corresponds to the class of decision functions definable with safe
recursion with substitution.
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5.2 Safe Recursion with Substitutions

Definition 3. The set of functions defined with safe recursion with substitutions
over K is the smallest set of functions: (K∗)n → K

∗, containing the basic safe
functions, and closed under the operations of safe composition and safe recursion
with substitutions.

Basic safe functions are defined in Section 3, as well as the operation of safe
composition. We only need to define the notion of safe recursion with substitution
: Let h1, . . . , hk : K × (K∗)2 → K

∗ and g1, . . . , gk : (K)2 × (K∗)kl+1 → K
∗. Let

the following safe recursive functions σı, : K
∗ → K

∗, 0 < ı ≤ k, 0 <  ≤ l for an
arbitrary l, called substitution functions. These functions need to be instanciated
in the scheme. Here we assume that the arguments of these substitution functions
are all safe. Functions f1, . . . , fk : (K)2 × (K∗)2 → K

∗ can then be defined by
safe recursion with substitutions:

f1(ε, z; u, y), . . . , fk(ε, z; u, y) = h1(z; u, y), . . . , hk(z; u, y)

f1(a.x, z; u, y)

=




g1 (x, z; f1(x, z; σ1,1(; u), y), . . . , f1(x, z; σ1,l(; u), y), . . .
fk(x, z; σk,1(; u), y), . . . , fk(x, z; σk,l(; u), y), y)

if ∀ı,  fı(x, z; σı,(; u), y) 	=⊥
⊥ otherwise

...
fk(a.x, z; u, y)

=




gk (x, z; f1(x, z; σ1,1(; u), y), . . . , f1(x, z; σ1,l(; u), y), . . .
fk(x, z; σk,1(; u), y), . . . , fk(x, z; σk,l(; u), y), y)

if ∀ı,  fı(x, z; σı,(; u), y) 	=⊥
⊥ otherwise

5.3 Simulation of a P-uniform Family of Circuits

By hypothesis, the family of circuits we want to simulate here is P-uniform.
This means that there exists a polynomial time deterministic function which,
given n the length of the input of the circuit and m the gate number, gives the
description of the mth gate of circuit Cn.

We detail now how a gate is described:

– The single (remember, we simulate a decision function) output node is num-
bered 0. It is represented by ε ∈ K

∗.
– Let r be the maximal arity of a relation or a function of the structure.

Let s = �lg(max{r, 3})� be the size necessary to write the binary encoding
of 0, 1, . . . , max{r, 3}, the maximum number of parents for a given node.
Assume that a gate is represented by y. Its parents nodes, from its first to
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its mth, are represented by a0.y, . . . , am−1.y, where aı ∈ {β, α}∗ represents
the binary encoding of ı in K

∗, β being put in place of 0 and α in place of
1. We add as many βs as needed in front such that these aı have length s.

We define the safe recursive functions σı such that σı(y) = aı.y where aı is
defined above.

Note 4. We assume here a “tree” viewpoint for the description of the circuit, by
opposition to the (more classical) “Directed Acyclic Graph” (DAG) viewpoint.
In this tree viewpoint, the representations of a gate are codifications of the paths
from the output node to it. In particular, a gate may have several representations.
P-uniformity ensures that the translation can be done in polynomial time by a
deterministic function.

Theorem 2 proved before in this paper ensures that this description can be
computed with safe recursive functions. Therefore, we assume that we have the
following safe recursive function Gate, which returns a code for the label of the
node y in the circuit Cn, where n = |x| is the size of the input, and x = x1. . . . .xn:

Gate(x; y) =




β.xı for an input gate corresponding
to the ıth coordinate of the input

αı for a gate labeled with opı

αk+ı for a gate labeled with relı
αk+l+1 for a test node

Remember the functions Equalk defined in Section 4, and denote with t, the
current depth in the simulation of the circuit. The simulation of the circuit is
done with the function Eval defined as follows, where kı is the arity of opı and
lı the arity of relı:

Eval(ε, x; y) = C(; Gate(x; y), tl(; Gate(x; y)), ε)
Eval(t1.t, x; y) = C

(
; Equal1(; Gate(x; y)), Op1 (; Eval(t, x; σ0(; y)),

. . . , Eval(t, x; σk1(; y))
)
,

...
. . . C

(
; Equalk+1(; Gate(x; y)), Rel1 (; Eval(t, x; σ0(; y)),

. . . , Eval(t, x; σl1(; y))
)
,

...
. . . C

(
; Equalk+l(; Gate(x; y)), Rell (; Eval(t, x; σ0(; y)),

. . . , Eval(t, x; σll(; y))
)
,

C (; Equalk+l+1(; Gate(x; y)),
C

(
Eval(t, x; σ0(y; )), Eval(t, x; σ1(y; )), Eval(t, x; σ2(y; ))

)
,

C(; Gate(x; y), tl(; Gate(x; y)), ε))) . . .) . . .))
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Assume p(n) = cnd is a polynomial bounding the depth of the circuit Cn.
The evaluation of Cn on input x of length n is then given by Eval(t, x; ε) where
|t| = cnd. Lemma 2 gives the existence of a safe recursive function Pc,d such that
|Pc,d(x; )| = cnd. The evaluation of the P-uniform family of circuits Cn, n ∈ N is
then given by the function Circuit(x; ) = Eval(Pc,d(x; ), x; ε) defined with safe
recursion with substitutions.

5.4 Evaluation of a Function Defined with Safe Recursion with
Substitutions

Let f be a function defined with safe recursion with substitutions, and denote
by fn the restriction of f on the set of inputs of size at most n. We need to
prove that f can be simulated by a P-uniform family of circuits C(f)n, n ∈ N of
polynomial depth, each C(f)n simulating fn.

Let us prove by induction on the definition tree of f the following lemma:

Lemma 3. For any function f : (K∗)r × (K∗)s defined with safe recursion with
substitutions, let us denote by D�f(. . .)� the depth of the circuit Cn simulating
f(. . .) on inputs of size at most n. Then,

D�f(x1, . . . , xr; y1, . . . , ys)�
≤ pf (max{D�x1�, . . . , D�xr�}) + max{D�y1�, . . . , D�ys�}

for some polynomial pf , and

|f(x1, . . . , xr; y1, . . . , ys)| ≤ qf (|x1| + . . . + |xs|)

for some polynomial qf .

Proof.

– If f is a basic function, the result is straightforward.
– If f is defined with the operation of safe composition:

f(x1 . . . , xr, y1, . . . , yp1 , z1, . . . , zp2 ; t1, . . . , tm)
= g(h1(x1, . . . , xr, y1, . . . , yp1 ; ); h2(x1, . . . , xn, z1, . . . , zp2 ; t1, . . . , tm))

then, C(f)n is the obtained by plugging C(h1)n and C(h2)n in the input nodes
of C(g)qh1 (n)+qh2 (n). Thus, when we apply the induction hypothesis to g:

pf(n) ≤ pg (ph1(n)) + max{ph1(n), ph2(n)}
qf (n) ≤ qg (qh1(n))

– If f is defined with the operation of safe recursion with substitutions:
– The non-trivial case is the case of a function f defined with safe recursion,

as in Definition 3.
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Let us apply induction hypothesis to function gı in the expression
fı(a.x, z; u, y). u and y are given by their respective circuits plugged at the
right position. The depth of the circuit evaluating

fı(a.x, z; u, y) = gı (x, z; f1(x, z; σ1,1(; u), y), . . . , f1(x, z; σ1,l(; u), y), . . .
fk(x, z; σk,1(; u), y), . . . , fk(x, z; σk,l(; u), y), y)

is given by pgı(max{D�x�, D�z�}) + maxı,{D�fı(x, z; σı,(; u), y)�, D�y�}.
Assume: for any ı, pgı is bounded by some polynomial pg. Assume moreover:
for any ı, , pσı, is bounded by some pσ. We get:

D�f(a.x, z; u, y)�
≤ D�y� + pg(max{D�x�, D�z�}) + maxı,{D�fı(x, z; σı,(; u), y)�}
≤ D�y� + pg(max{D�x�, D�z�}) + pg(max{D�tl(x)�, D�z�}) + . . .

. . . + pg(max D�ε�, D�z�}) + ph(D�z�) + max{|a.x|pσ() + D�u�, D�y�}
Assuming without loss of generality pg monotone, we get

D�f(a.x, z; u, y)� ≤ |a.z|pg(max{D�x�, D�z�})
D�y� + ph(D�z�) + max{|a.x|pσ() + D�u�, D�y�},

from which the result follows for pf . For qf , we need:
|fı(a.x, z, u; y)| ≤ qgı (|x| + |x|) . This ends the proof of our lemma.

It follows from the lemma that every circuit of the family C(f)n has a poly-
nomial depth in n. The P-uniformity is given by the description of the circuit as
above.

In the classical setting (see [LM95]), safe recursion with substitution char-
acterizes the class PSPACE. However, in the general setting, this notion of
working space is meaningless, as pointed in [Mic89]: on some structures like
(R, 0, 1, =, +,−, ∗), any computation can be done in constant working space.
However, since we have in the classical setting PAR = PSPACE, our result
extends the classical one from [LM95].
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Abstract. In previous work we have investigated a notion of approx-
imate bisimilarity for labelled Markov processes. We argued that such
a notion is more realistic and more feasible to compute than (exact)
bisimilarity. The main technical tool used in the underlying theory was
the Hutchinson metric on probability measures. This paper gives a more
fundamental characterization of approximate bisimilarity in terms of the
notion of (exact) similarity. In particular, we show that the topology
of approximate bisimilarity is the Lawson topology with respect to the
simulation preorder. To complement this abstract characterization we
give a statistical account of similarity, and by extension, of approximate
bisimilarity, in terms of the process testing formalism of Larsen and Skou.

1 Introduction

Labelled Markov processes provide a simple operational model of reactive proba-
bilistic systems. A labelled Markov process consists of a measurable space (X, Σ)
of states, a family Act of actions, and a transition probability function µ−,− that,
given a state x ∈ X and an action a ∈ Act, yields the probability µx,a (A) that
the next state of the process will be in the measurable set A ∈ Σ after perform-
ing action a in state x. These systems are a generalization of the probabilistic
labelled transition systems with discrete distributions considered by Larsen and
Skou [16].

The basic notion of process equivalence in concurrency is bisimilarity. This
notion, due to Park [18], asserts that processes are bisimilar iff any action by
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either can be matched with the same action by the other, and the resulting pro-
cesses are also bisimilar. Larsen and Skou adapted the notion of bisimilarity to
discrete probabilistic systems, by defining an equivalence relation R on states to
be a bisimulation if related states have exactly matching probabilities of mak-
ing transitions into any R-equivalence class. Later the theory of probabilistic
bisimilarity was extended beyond the discrete setting by Edalat, Desharnais and
Panangaden [8]. From quite early on, however, it was realized that for probabilis-
tic systems a notion of approximate bisimilarity might prove more appropriate
than a notion of exact bisimilarity. One advantage of such a notion is that it
is more informative: one can say that two processes are almost bisimilar, even
though they do not behave exactly the same. More fundamentally, one could
even argue that the idea of exact bisimilarity is meaningless if the probabilities
appearing in the model of a system are approximations based on statistical data,
or if the algorithm used to calculate bisimilarity is not based on exact arithmetic.

Desharnais, Gupta, Jagadeesan and Panangaden [9] formalized a notion of
approximate bisimilarity by defining a metric1 on the class of labelled Markov
processes. Intuitively the smaller the distance between two processes, the more
alike their behaviour; in particular, they showed that states are at zero distance
just in case they are bisimilar. The original definition of the metric in [9] was
stated through a real-valued semantics for a variation of Larsen and Skou’s
probabilistic modal logic [16]. Later it was shown how to give a coinductive
definition of this metric using the Hutchinson metric on probability measures [4].
Using this characterization [5] gave an algorithm based on linear programming to
approximate the distance between the states of a finite labelled Markov process.

The fact that zero distance coincides with bisimilarity can be regarded as
a sanity check on the definition of the metric. The papers [9,4] also feature a
number of examples showing how processes with similar transition probabilities
are close to one another. A more precise account of how the metric captures
approximate bisimilarity is given in [6], where it is shown that convergence in the
metric can be characterized in terms of the convergence of observable behaviour;
the latter is formalized by Larsen and Skou’s process testing formalism [16]. As
Di Pierro, Hankin and Wiklicky [20] argue, such an account is vital if one wants
to use the metric to generalize the formulations of probabilistic non-interference
based on bisimilarity.

Both of the above mentioned characterizations of the metric for approximate
bisimilarity are based on the idea of defining a distance between measures by in-
tegration against a certain class of functions, which is a standard approach from
functional analysis. But it is reasonable to seek an intrinsic characterization of
approximate bisimilarity that does not rely on auxiliary notions such as integra-
tion. In this paper we give such a characterization. We show that the topology
induced by the metric described above coincides with the Lawson topology on the
domain that arises by endowing the class of labelled Markov processes with the
probabilistic simulation preorder. The characterization is intrinisic: the Lawson

1 Strictly speaking, a pseudometric since distinct processes can have distance zero.
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topology is defined solely in terms of the order on the domain. For this reason,
we view this characterization as more fundamental than the existing ones.

Our results are based on a simple interaction between domain theory and
measure theory. This is captured in Corollary 2 which shows that the Lawson
topology on the probabilistic powerdomain of a coherent domain agrees with
the weak topology on the family of subprobability measures on the underlying
coherent domain, itself endowed with the Lawson topology. A simple corollary of
this result is that the probabilistic powerdomain of a coherent domain is again
coherent, a result first proved by Jung and Tix [15] using purely domain-theoretic
techniques.

We use the coincidence of the Lawson and weak topologies to analyze a re-
cursively defined domain D of probabilistic processes first studied by Desharnais
et al. [10]. The key property of the domain D is that it is equivalent (as a pre-
ordered class) to the class of all labelled Markov processes equipped with the
simulation preorder. The proof of this result in [10] makes use of a discretiza-
tion construction, which shows how an arbitrary labelled Markov process can be
recovered as the limit of a chain of finite state approximations. In this paper,
we give a more abstract proof: we use the coincidence of the Lawson and weak
topologies to show that the domain D has a universal property: namely, it is
final in a category of labelled Markov processes.

A minor theme of the present paper is to extend the characterization of ap-
proximate bisimilarity in terms of the testing formalism of Larsen and Skou [16].
We show that bisimilarity can be characterized as testing equivalence, where
one records only positive observations of tests. On the other hand, characteriz-
ing similarity requires one also to record negative observations, i.e., refusals of
actions.

2 Labelled Markov Processes

Let us assume a fixed set Act of actions. For ease of exposition we suppose that
Act is finite, but all our results hold in case it is countable.

Definition 1. A labelled Markov process is a triple 〈X, Σ, µ〉 consisting of a
set X of states, a σ-field Σ on X, and a transition probability function µ :
X ×Act×Σ → [0, 1] such that

1. for all x ∈ X and a ∈ Act, the function µx,a (·) : Σ → [0, 1] is a subprobability
measure, and

2. for all a ∈ Act and A ∈ Σ, the function µ−,a (A) : X → [0, 1] is measurable.

The function µ−,a describes the reaction of the process to the action a selected
by the environment. This represents a reactive model of probabilistic processes.
Given that the process is in state x and reacts to the action a chosen by the
environment, µx,a (A) is the probability that the process makes a transition to a
state in the set of states A. Note that we consider subprobability measures, i.e.
positive measures with total mass no greater than 1, to allow for the possibility
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that the process may refuse an action. The probability of refusal of the action a
given the process is in state x is 1− µx,a (X).

An important special case is when the σ-field Σ is the powerset of X and,
for all actions a and states x, the subprobability measure µx,a (·) is completely
determined by a discrete subprobability distribution. This case corresponds to
the original probabilistic transition system model of Larsen and Skou [16].

A natural notion of a map between labelled Markov processes is given in:

Definition 2. Given labelled Markov processes 〈X, Σ, µ〉 and 〈X ′, Σ′, µ′〉, a mea-
surable function f : X → X ′ is a zigzag map if for all x ∈ X, a ∈ Act and
A′ ∈ Σ′, µx,a (f−1 (A′)) = µ′

f(x),a (A).

Probabilistic bisimulations (henceforth just bisimulations) were first intro-
duced in the discrete case by Larsen and Skou [16]. They are the relational
counterpart of zigzag maps and can also be seen, in a very precise way, as the
probabilistic analogues of the strong bisimulations of Park and Milner [17]. The
definition of bisimulation was extended to labelled Markov processes in [8,10].

Definition 3. Let 〈X, Σ, µ〉 be a labelled Markov process. A reflexive relation
R on X is a simulation if whenever x R y, then for all a ∈ Act and all R-
closed A ∈ Σ, µx,a (A) � µy,a (A). A set A is R-closed if x ∈ A and x R y
imply y ∈ A. We say that R is a bisimulation if, in addition, whenever x R y
then µx,a (X) = µy,a (X). Two states are bisimilar if they are related by some
bisimulation.

The notions of simulation and bisimulation are very close in the probabilistic
case. The extra condition µx,a (X) = µy,a (X) in the definition of bisimulation
allows one to show that if R is a bisimulation, then the inverse relation R−1 is
also a bisimulation. It follows that the union of all bisimulations is an equiva-
lence relation R such that xRy implies µx,a (A) = µy,a (A) for all a ∈ Act and
measurable R-closed A ⊆ X . This equality, which entails infinite precision, is the
source of the fragility in the definition of bisimilarity. This motivates the idea of
defining a notion of approximate bisimilarity.

2.1 A Metric for Approximate Bisimilarity

We recall a variant of Larsen and Skou’s probabilistic modal logic [16], and a real-
valued semantics due to Desharnais et al. [9]. The set of formulas of probabilistic
modal logic (PML), denoted F , is given by the following grammar:

f ::= � | f ∧ f | f ∨ f | 〈a〉f | f −· q

where a ∈ Act and q ∈ [0, 1] ∩Q.
The modal connective 〈a〉 and truncated subtraction replace a single connec-

tive 〈a〉q in Larsen and Skou’s presentation.
Fix a constant 0 < c < 1 once and for all. Given a labelled Markov process

〈X, Σ, µ〉, a formula f determines a measurable function f : X → [0, 1] according
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to the following rules.� is interpreted as the constant function 1, conjunction and
disjunction are interpreted as max and min respectively, truncated subtraction
is defined in the obvious manner, and (〈a〉f)(x) = c

∫
fdµx,a for each a ∈ Act.

Thus the interpretation of a formula f depends on c. The role of this constant
is to discount observations made at greater modal depth.

Given a labelled Markov process 〈X, Σ, µ〉, one defines a metric d on X by

d(x, y) = sup
f∈F
|f(x)− f(y)| .

It is shown in [9] that zero distance in this metric coincides with bisimilarity.
Roughly speaking, the smaller the distance between states, the closer their be-
haviour. The exact distance between two states depends on the value of c, but
one consequence of our results is that the topology induced by the metric d is
independent of the original choice of c.

Example 1. In the labelled Markov process below, d(s0, s3) = c2δ. The two states
are bisimilar just in case δ = 0.

s1

a,1

��

s0

a, 1
2

����������

a, 1
2 ���

��
��

��
� s3

a, 1
2+δ

����������

a, 1
2−δ����

��
��

��

s2

3 Domain Theory

A directed subset A ⊆ D of a poset D is one for which every finite subset of A has
an upper bound in A, and a directed complete partial order (dcpo) is a poset D in
which each directed set A has a least upper bound, denoted 
A. If D is a dcpo,
and x, y ∈ D, then we write x� y if each directed subset A ⊆ D with y � 
A
satisfies ↑x ∩ A �= ∅. We then say x is way-below y. Let ↓↓y = {x ∈ D | x � y};
we say that D is continuous if it has a basis, i.e., a subset B ⊆ D such that for
each y ∈ D, ↓↓y ∩ B is directed with supremum y. We use the term domain to
mean a continuous dcpo.

A subset U of a dcpo D is Scott-open if it is an upper set (i.e., U = ↑U) and
for each directed set A ⊆ D, if 
A ∈ U then A ∩ U �= ∅. The collection ΣD of
all Scott-open subsets of D is called the Scott topology on D. If D is continuous,
then the Scott topology on D is locally compact, and the sets ↑↑x where x ∈ D
form a basis for this topology. Given dcpos D and E, a function f : D → E is
continuous with respect to the Scott topologies on D and E iff it is monotone
and preserves directed suprema: for each directed A ⊆ D, f(
A) = 
f(A).

Another topology of interest on a continuous dcpo D is the Lawson topology.
This topology is the join of the Scott topology and the lower interval topology,
where the latter is generated by sub-basic open sets of the form D\↑x. Thus, the
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Lawson topology has the family {↑↑x \ ↑F | x ∈ D, F ⊆ D finite} as a basis. The
Lawson topology on a domain is always Hausdorff. A domain which is compact
in its Lawson topology is called coherent.

4 The Probabilistic Powerdomain

We briefly recall some basic definitions and results about valuations and the
probabilistic powerdomain.

Definition 4. Let (X, Ω) be a topological space. A valuation on X is a mapping
µ : Ω → [0, 1] satisfying:

1. µ∅ = 0.
2. U ⊆ V ⇒ µU � µV .
3. µ(U ∪ V ) + µ(U ∩ V ) = µU + µV , U, V ∈ Ω

Departing from standard practice, we also require that a valuation is Scott con-
tinuous as a map (Ω,⊆)→ ([0, 1], �).

Each element x ∈ X gives rise to a valuation δx defined by δx(U) = 1 if
x ∈ U , and δx(U) = 0 otherwise. A simple valuation has the form

∑
a∈A raδa

where A is a finite subset of X , ra � 0, and
∑

a∈A ra � 1.
We write VX for the space whose points are valuations on X , and whose

topology is generated by sub-basic open sets of the form {µ | µU > r}, where
U ∈ Ω and r ∈ [0, 1]. The specialization order2 on VX with respect to this
topology is given by µ � µ′ iff µU � µ′U for all U ∈ Ω. V extends to an
endofunctor on Top – the category of topological spaces and continuous maps –
by defining V(f)(µ) = µ ◦ f−1 for a continuous map f .

Suppose D is a domain regarded as a topological space in its Scott topology.
Jones [14] has shown that the specialization order defines a domain structure on
VD, with the set of simple valuations forming a basis. Furthermore, it follows
from the following proposition that the topology on VD is actually the Scott
topology with respect to the pointwise order on valuations.

Proposition 1 (Edalat [11]). A net 〈µα〉 converges to µ in the Scott topology
on VD iff lim inf µαU � µU for all Scott open U ⊆ D.

Finally, Jung and Tix [15] have shown that if D is a coherent domain then so is
VD. In summary we have the following proposition.

Proposition 2. The endofunctor V : Top→ Top preserves the subcategory ωCoh
of coherent domains with countable bases equipped with their Scott topologies.

The fact that we define the functor V over Top rather than just considering the
probabilistic powerdomain as a construction on domains has a payoff later on.

2 The specialization preorder on a topological space is defined by x � y iff, for every
open set U , x ∈ U implies y ∈ U . It is a partial order precisely when the space is T0.
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Obviously, valuations bear a close resemblance to measures. In fact, any
valuation on a coherent domain D may be uniquely extended to a measure
on Borel σ-field generated by the Scott topology (equivalently by the Lawson
topology) on D [2]. Thus we may consider the so-called weak topology on VD.
This is the weakest topology such that for each Lawson continuous function
f : D → [0, 1], Φf (µ) =

∫
fdµ defines a continuous function Φf : VD → [0, 1].

Alternatively, it may be characterized by saying that a net of valuations 〈µα〉
converges to µ iff lim inf µαO � µO for each Lawson open set O (cf. [19, Thm
II.6.1]). We emphasize that the weak topology on VD is defined with respect to
the Lawson topology on D.

5 The Lawson Topology on VD

In this section we show that for a coherent domain D, the Lawson topology on
VD coincides with the weak topology.

Proposition 3. [Jones [14]] Suppose µ ∈ VD is an arbitrary valuation, then∑
a∈A raδa � µ iff (∀B ⊆ A)

∑
a∈B ra � µ(↑B).

Proposition 4. Let F = {x1, ..., xn} ⊆ D, µ ∈ VD and ε > 0 be given. Then
there exists a finite set K of simple valuations such that µ �∈ ↑K but if ν ∈ VD
satisfies ν(↑F ) > µ(↑F ) + ε then ν ∈ ↑K.

Proof. Let δ = ε/n. Define fδ : [0, 1]→ [0, 1] by fδ(x) = max{mδ | mδ � x, m ∈
N}. Next we define K to be the finite set

K =

{
n∑

i=1

riδxi | µ(↑F ) <

n∑
i=1

ri � 1 and {r1, ..., rn} ⊆ Ran fδ

}
.

From Proposition 3 we immediately deduce µ �∈ ↑K. Now given ν ∈ VD with
ν(↑F )> µ(↑F )+ ε, we set ri = fδ(ν(↑ xi \

⋃
j<i ↑ xj)) for i ∈ {1, ..., n}. First we

verify that
∑m

i=1 riδxi ∈ K. Now

ν(↑F )−
n∑

i=1

ri = ν(↑F )−
n∑

i=1

fδ(ν(↑ xi \
⋃
j<i

↑xj))

=
n∑

i=1


ν(↑ xi \

⋃
j<i

↑xj)− fδ(ν(↑ xi \
⋃
j<i

↑xj))




< nδ = ε.

It follows that
∑n

i=1 ri > µ(↑F ), thus
∑n

i=1 riδxi ∈ K.
Finally, we observe that

∑n
i=1 riδxi � ν since, if B ⊆ {1, ..., n}, then∑

i∈B

ri =
∑
i∈B

fδ(ν(↑ xi \
⋃
j<i

↑xj)) �
∑
i∈B

ν(↑ xi \
⋃
j<i

↑xj) � ν(↑B).
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Proposition 5. A net 〈µα〉 converges to µ in the lower interval topology on VD
iff lim sup µαE � µE for all finitely generated upper sets E.

Proof. Suppose µα → µ. Let E = ↑F , where F is finite, and suppose ε > 0 is
given. Then by Proposition 4 there is a finite set K of simple valuations such
that µ �∈ ↑K and for all valuations ν, ν �∈ ↑K implies νE � µE + ε. Then we
conclude that lim supµαE � µE + ε since the net µα is eventually in the open
set VD \ ↑K.

Conversely, suppose µα �→ µ. Then µ has a sub-basic open neighbourhood
VD \ ↑ ρ such that some subnet µβ never enters this neighbourhood. We can
assume ρ =

∑
a∈A raδa is a simple valuation. Since ρ �� µ there exists B ⊆ A

such that
∑

a∈B ra > µ(↑B). But µβ(↑B) �
∑

a∈B ra > µ(↑B) for all β. Thus
lim sup µα(↑B) > µ(↑B). �


Corollary 1. Let 〈µα〉 be a net in VD. Then 〈µα〉 converges to µ in the Lawson
topology on VD iff

1. lim inf µαU � µU for all Scott open U ⊆ D.
2. lim sup µαE � µE for all finitely generated upper sets E ⊆ D.

Proof. Combine Propositions 1 and 5. �


Corollary 2. If D is Lawson compact, then so is VD and the weak and Lawson
topologies agree on VD.

Proof. Recall [19, Thm II.6.4] that the weak topology on the space of Borel
measures on a compact space is itself compact. By Corollary 1, the Lawson
topology on VD is coarser than the weak topology. But it is a standard fact
that if a compact topology is finer than a Hausdorff topology then the two must
coincide.

The Lawson compactness of VD was first proved by Jung and Tix in [15]. Their
proof is purely domain theoretic and doesn’t use the compactness of the weak
topology.

6 A Final Labelled Markov Process

In a previous paper [4] we used the Hutchinson metric on probability measures to
construct a final object in the category of labelled Markov processes and zigzag
maps. Here we show that one may also construct a final labelled Markov process
as a fixed point D of the probabilistic powerdomain. As we mentioned in the
introduction, the significance of this result is that D can be used to represent
the class of all labelled Markov processes in the simulation preorder.

Given a measurable space X = 〈X, Σ〉, we write MX for the set of subprob-
ability measures on X . For each measurable subset A ⊆ X we have a projection
function pA : MX → [0, 1] sending µ to µ A. We take MX to be a measurable
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space by giving it the smallest σ-field such that all the projections pA are mea-
surable. Next, M is turned into a functor Mes → Mes, where Mes denotes the
category of measure spaces and measurable maps, by defining M(f)(µ) = µ◦f−1

for f : X → Y and µ ∈ MX ; see Giry [12] for details.

Definition 5. Let C be a category and F : C → C a functor. An F -coalgebra
consists of an object C in C together with an arrow f : C → FC in C. An
F -homomorphism from F -coalgebra 〈C, f〉 to F -coalgebra 〈D, g〉 is an arrow
h : C → D in C such that Fh ◦ f = g ◦ h. F -coalgebras and F -homomorphisms
form a category whose final object, if it exists, is called the final F -coalgebra.

Given a labelled Markov process 〈X, Σ, µ〉, µ may be regarded as a measur-
able map X → M(X)Act. That is, labelled Markov processes are nothing but
coalgebras of the endofunctor M(−)Act on the category Mes. Furthermore the
coalgebra homomorphisms in this case are just the zigzag maps, cf. [8].

Next, we relate the functor M to the probabilistic powerdomain functor V. To
mediate between domains and measure spaces we introduce the forgetful functor
U : ωCoh→ Mes which maps a coherent domain to the Borel measurable space
generated by the Scott topology (equivalently by the Lawson topology).

Proposition 6. The forgetful functor U : ωCoh→ Mes satisfies M ◦ U = U ◦ V.

Proof. (Sketch) Given a coherent domain D with countable basis, since valua-
tions on the Scott topology on D are in 1-1 correspondence with Borel measures
on U(D), we have a bijection between the points of the measurable spaces MU(D)
and UV(D). That this bijection is an isomorphism of measurable spaces follows
from the coincidence of the Lawson and weak topologies and the unique struc-
ture theorem3. �


The following proposition is a straightforward adaptation of [19, Thm I.1.10].

Proposition 7. The forgetful functor U : ωCoh→ Mes preserves limits of ωop-
chains.

Starting with the final object of ωCoh, we construct the chain

1 !←− V1 V!←− V21 V
2!←− V31 V

3!←− · · · (1)

by iterating the functor V. Writing {Vn1 πn← Vω1}n<ω for the limit cone of this
chain, there is a unique ‘connecting’ map Vω1← VVω1 whose composition with
πn gives Vπn.

Proposition 8. (i) The image of (1) under the forgetful functor
U : ωCoh→ Mes is equal to the chain

1 !←−M1 M!←−M21 M
2!←−M31←− · · · (2)

similarly obtained by iterating the functor M.
3 In a Polish space any sub σ-field of the Borel σ-field which is countably generated

and separates points is equal to the whole Borel σ-field [3].
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(ii) The forgetful functor U : ωCoh→ Mes maps Vω1 to Mω1.
(iii) The image of the connecting map Vω1← V(Vω1) under U is the connecting

map Mω1←M(Mω1).

Proof. (i) follows from Proposition 6; then (ii) follows from (i) and Proposition 7.
Finally (iii) follows from (ii) and Proposition 6. �


Theorem 1. The greatest fixed point of the functor V(−)Act can be given the
structure of a final labelled Markov process.

Proof. For simplicity we prove the theorem for the case that Act is a singleton.
Since V restricts to a locally continuous functor on ωCoh, the fixed point theorem
of Smyth and Plotkin [21] tells us that the connecting map Vω1 ← V(Vω1) is
an isomorphism. It follows from Proposition 8 (iii), that the connecting map
Mω1 ← M(Mω1) is also an isomorphism. The inverse of this last map gives
Mω1 the structure of an M-coalgebra. That this coalgebra is final follows from
a simple categorical argument, cf. [1]. �


Remark 1. Desharnais et al. [10] consider the solution of the domain equation
D ∼= V(D)Act. Theorem 1 shows that D can be given the structure of a final
labelled Markov process. By similar reasoning, D in its Scott topology, can be
given the structure of a final coalgebra of the endofunctor V(−)Act on Top. We
exploit this last observation in Proposition 9.

7 A Metric for the Lawson Topology

Now consider the domain D from Remark 1 qua labelled Markov process; denote
the transition probability function by µ. For any formula f ∈ F , the induced map
f : D → [0, 1] is monotone and Lawson continuous. This follows by induction on
f ∈ F using the coincidence of the Lawson and weak topologies on VD. We
define a preorder � on D by x � y iff f(x) � f(y) for all f ∈ F . Since each
formula gets interpreted as a monotone function on D it holds that x � y implies
x � y. The theorem below asserts that the converse also holds.

Theorem 2. The order on D coincides with �.

Desharnais et al. [10] have proven a corresponding version of Theorem 2 in
which formulas have the usual Boolean semantics. In fact, one can deduce The-
orem 2 from this result and another result of the same authors [9, Corollary 3.8]
which relates the Boolean and real valued semantics for the logic in the case of
finite labelled Markov processes. However, we include a direct topological proof
(below) as a nice application of the Lawson = weak coincidence, and because we
will need to use this theorem later.

Note that in the following proposition we distinguish between an upper set
V ⊆ D, and a �-upper set U ⊆ D (x ∈ U and x � y implies y ∈ U).
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Proposition 9. If a ∈ Act, x � y and U ⊆ D is Scott open and �-upper, then
µx,a (U) � µy,a (U).

Proof. Since U is the countable union of sets of the form ↑ K for finite subsets
K of U , it suffices to show that µx,a(↑ K) ≤ µy,a(↑ K) for all finite subsets K
of U .

Let K = {x1, . . . , xn} ⊆ U and z ∈ D \ U be given. For each j ∈ {1, ..., n},
since xj �� z, there exists a formula gj ∈ F such that gj(xj) > gj(z). Since F is
closed under truncated subtraction, and each gj is Lawson continuous, we may,
without loss of generality, assume that gj(xj) > 0 and gj is identically zero in a
Lawson open neighbourhood of z.

If we set g = maxj gj , then g ∈ F is identically zero in a Lawson open
neighbourhood of z and is bounded away from zero on ↑K. Since D \ U is
Lawson compact (being Lawson closed) and F is closed under finite minima, we
obtain f ∈ F such that f is identically zero on D \U and is bounded away from
zero on ↑K by, say, r > 0. Finally, setting h = min(f, r), we get

µx,a (↑K) � 1
r

∫
h dµx,a � 1

r

∫
h dµy,a � µy,a(U),

where the middle inequality follows from (〈a〉h)(x) � (〈a〉h)(y).
Since U is the (countable) directed union of sets of the form ↑K for finite

K ⊆ U , it follows that µx,a (U) � µy,a (U). �


We can now complete the proof of Theorem 2. Let ΣD denote the Scott
topology on D and τ the topology of Scott open �-upper sets. Consider the
following diagram, where ι is the continuous map given by ιx = x.

(D, ΣD)

ι

��

µ
�� V(D, ΣD)Act

VιAct

��

(D, τ) ��������� V(D, τ)Act

(3)

All the solid maps are bijections, so there is a unique dotted arrow making
the diagram commute in the category of sets. The inverse image of a sub-basic
open in V〈D, τ〉 under the dotted arrow is τ -open by Proposition 9. By the
finality of 〈D, µ〉 qua V(−)Act-coalgebra, ι has a continuous left inverse, and is
thus a VAct-homomorphism. Hence, for each y ∈ D, the Scott closed set ↓ y is
τ -closed, and thus �-lower. Thus x � y implies x � y. �


Since we view D as a labelled Markov process, we can consider the metric d
on D as defined in Section 2.

Theorem 3. The Lawson topology on D is induced by d.

Proof. Since the Lawson topology on D is compact, and, by Theorem 2, the
topology induced by d is Hausdorff, it suffices to show that the Lawson topology
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is finer. Now if xn → x in the Lawson topology, then f(xn) → f(x) for each
f ∈ F , since each formula gets interpreted as a Lawson continuous map. But
d may be uniformly approximated on D to any given tolerance by looking at a
finite set of formulas, cf. [6, Lemma 3]. (This lemma crucially uses the assumption
c < 1 from the definition of d.) Thus d(xn, x)→ 0 as n→∞. �


8 Testing

Our aim in this section is to characterize the order on the domain D as a testing
preorder. The testing formalism we use is that set forth by Larsen and Skou [16];
the idea is to specify an interaction between an experimenter and a process. The
way a process responds to the various kinds of tests determines a simple and
intuitive behavioural semantics.

Definition 6. The set of tests t ∈ T is defined according to the grammar

t ::= ω | a.t | (t, . . . , t),

where a ∈ Act.

The most basic kind of test, denoted ω, does nothing but successfully ter-
minate. a.t specifies the test: see if the process is willing to perform the action
a, and in case of success proceed with the test t. Finally, (t1, . . . , tn) specifies
the test: make n copies of (the current state of) the process and perform the
test ti on the i-th copy for each i. This facility of copying or replicating processes
is crucial in capturing branching-time equivalences like bisimilarity. We usually
omit to write ω in non-trivial tests.

Definition 7. To each test t we associate a set Ot of possible observations as
follows.

Oω = {ω
√
} Oa.t = {a×} ∪ {a

√
e | e ∈ Ot} O(t1,...,tn) = Ot1 × . . .×Otn .

The only observation of the test ω is successful termination, ω
√

. Upon per-
forming a.t one possibility, denoted by a×, is that the a-action fails (and so the
test terminates unsuccessfully). Otherwise, the a-action succeeds and we pro-
ceed to observe e by running t in the next state; this is denoted a

√
e. Finally

an observation of the test (t1, ..., tn) is a tuple (e1, ..., en) where each ei is an
observation of ti.

Definition 8. For a given test t, each state x of a labelled Markov process
〈X, Σ, µ〉 induces a probability distribution Pt,x on Ot. The definition of Pt,x

is by structural induction on t as follows.

Pω,x(ω
√

) = 1, Pa.t,x(a×) = 1− µa,x (X), Pa.t,x(a
√

e) =
∫

(λy.Pt,y(e))dµa,x

P(t1,...,tn),x(e1, . . . , en) =
∏n

i=1 Pti,x(ei).
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The following theorem, proved in an earlier paper [6], shows how bisimilarity
may be characterized using the testing framework outlined above. This gener-
alizes a result of Larsen and Skou from discrete probabilistic transition systems
satisfying the minimal deviation assumption4 to labelled Markov processes.

Theorem 4. Let 〈X, Σ, µ〉 be a labelled Markov process. Then x, y ∈ X are
bisimilar if and only if Pt,x(E) = Pt,y(E) for each test t and E ⊆ Ot, where
Pt,x (E) =

∑
e∈E Pt,x (e).

In fact the statement of Theorem 4 can be sharpened somewhat, as we now
explain. For each test t there is a distinguished observation, denoted t

√
, repre-

senting complete success – no action is refused. For instance, if t = a.(b, c) then
the completely successful observation is a

√
(b

√
, c

√
).

Theorem 5. Let 〈X, Σ, µ〉 be a labelled Markov process. Then x, y ∈ X are
bisimilar iff Pt,x(t

√
) = Pt,y(t

√
) for all tests t.

The idea is that for any test t and E ⊆ Ot, the probability of observing E can be
expressed in terms of the probabilities of making completely successful observa-
tions on all the different ‘subtests’ of t using the principle of inclusion-exclusion.
For example, if t = a.(b, c); then the probability of observing a

√
(b

√
, c×) in state

x is equal to Pt1,x(t
√
1 )− Pt,x(t

√
) where t1 = a.b.

Given Theorem 5 one might conjecture that x is simulated by y if and only
if Pt,x(t

√
) � Pt,y(t

√
) for all tests t. However, the following example shows that

to characterize simulation one really needs negative observations.

Example 2. Consider the labelled Markov process 〈X, Σ, µ〉 depicted below, with
distinguished states x and y and label set Act = {a, b}.

x

a, 1
2

��

y
a, 34

�����������
a, 1

4

�����������

•
b, 1

2

��

• •
b,1

��
• •

It is readily verified that Pt,x(t
√

) � Pt,y(t
√

) for all tests t. However x is not
simulated by y. Indeed, consider the test t = a.(b, b) with

E = {a
√

(b×, b
√

), a
√

(b
√

, b×), a
√

(b
√

, b
√

)}.

If x were simulated by y, then it would follow from Theorem 6 that Pt,x(E) �
Pt,y(E). But it is easy to calculate that Pt,x(E) = 3/8 and Pt,y(E) = 1/4; thus
E witnesses the fact that x is not simulated by y.

4 A discrete labelled Markov process 〈X, Σ, µ〉 satisfies the minimal deviation assump-
tion if the set {µx,a (y) | x, y ∈ X } is finite for each a ∈ Act.
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The example above motivates the following definition. For each test t we
define a partial order � on the set of observations Ot as follows.

1. a× � a
√

e

2. a
√

e � a
√

e′ if e � e′

3. (e1, ..., en) � (e′1, ..., e′n) if ei � e′i for i ∈ {1, ..., n}.

Theorem 6. Let 〈X, Σ, µ〉 be a labelled Markov process. Then x ∈ X is simu-
lated by y ∈ X iff Pt,x(E) � Pt,y(E) for all tests t and upper sets E ⊆ Ot.

We stress that the Theorem characterizes simulation in terms of the measure
of upper sets E. The ‘only if’ direction in the above theorem follows from a
straightforward induction on tests. The proof of the ‘if’ direction relies on the
definition and lemma below. The idea behind Definition 9 is that one can deter-
mine the approximate value of a PML formula in a state x by testing x. This
is inspired by [16, Theorem 8.4] where Larsen and Skou show how to determine
the truth or falsity of a PML formula using testing. Our approach differs in two
respects. Firstly, since we restrict our attention to the positive fragment of the
logic it suffices to consider upward closed sets of observations. Also, since we in-
terpret formulas as real-valued functions we can test for the approximate truth
value of a formula. It is this last fact that allows us to dispense with the minimal
deviation assumption and more generally the assumption of the discreteness of
the state space.

Definition 9. Let 〈X, Σ, µ〉 be a labelled Markov process. Let f ∈ F , 0 � α <
β � 1 and δ > 0. Then there exists a t ∈ T and E ⊆ Ot such that for all x ∈ X,

– whenever f (x) ≥ β then Pt,x (E) ≥ 1− δ and
– whenever f (x) ≤ α then Pt,x (E) ≤ δ.

In this case, we say that t is a test for 〈f, α, β〉 with evidence set E and signifi-
cance level δ.

Thus, if we run t in state x and observe e ∈ E then with high confidence we
can assert that f(x)>α. On the other hand, if we observe e �∈ E then with high
confidence we can assert that f(x) < β.

Lemma 1. Let 〈X, Σ, µ〉 be a labelled Markov process. Then for any f ∈ F ,
0 � α < β � 1 and δ > 0, there is a test t for (f, α, β) with level of significance
δ and whose associated evidence set E ⊆ Ot is upward closed.

A proof of Lemma 1 may be found in an appendix to a fuller version of
this paper [7]. The lemma implies that if Pt,x(E) � Pt,y(E) for all tests t and
upper sets E ⊆ Ot, then f(x) � f(y) for all PML formulas f . It follows from
Theorem 2 that x is simulated by y. This completes the proof of the ‘if’ direction
of Theorem 6.
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9 Summary and Future Work

The theme of this paper has been the use of domain-theoretic and coalgebraic
techniques to analyze labelled Markov systems. These systems, which generalize
the discrete labelled probabilistic processes investigated by Larsen and Skou [16],
have been studied by Desharnais et al [8,9,10] and in earlier papers by some of
the authors of this paper [4,5,6]. In part, we use domain theory to replace more
traditional functional-analytic techniques in earlier papers.

In future, we intend to apply our domain theoretic approach in the more gen-
eral setting of processes which feature both nondeterministic and probabilistic
choice. We believe such a model will be useful in a number of areas, including for
example in the analysis of leak rates in covert channels that arise in the study
of non-interference.
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Abstract. We define an operational semantics and a type system for manipulating
semistructured data that contains hidden information. The data model is simple la-
beled trees with a hiding operator. Data manipulation is based on pattern matching,
with types that track the use of hidden labels.

1 Introduction
1.1 Languages for Semistructured Data

XML and semistructured data [1] are inspiring a new generation of programming and query
languages based on more flexible type systems [26, 5, 6, 15]. Traditional type systems are
grounded on mathematical constructions such as cartesian products, disjoint unions, function
spaces, and recursive types. The type systems for semistructured data, in contrast, resemble
grammars or logics, with untagged unions, associative products, and Kleene star operators.
The theory of formal languages, for strings and trees, provides a wealth of ready results, but
it does not account, in particular, for functions. Some integration of the two approaches to type
systems is necessary [26, 5].

While investigating semistructured data models and associated languages, we became
aware of the need for manipulating private data elements, such as XML identifiers, unique
node identifiers in graph models [7], and even heap locations. Such private resources can be
modeled using names and name hiding notions arising from the π-calculus [27]: during data
manipulation, the identity of a private name is not important as long as the distinctions be-
tween it and other (public or private) names are preserved. Recent progress has been made in
handling private resources in programming. FreshML [21] pioneers the transposition [30], or
swapping, of names, within a type systems that prevents the disclosure of private names.

Other recent techniques can be useful for our purposes. The spatial logics of concurrency
devised to cope with π-calculus restriction and scope extrusion [27], and the separation logics
used to describe data structures [28,29], provide novel logical operators that can be used also
in type systems. Moreover, the notion of dependent types, when the dependence is restricted
to names, is tractable [25].

In this paper we bring together a few current threads of development: the effort to devise
new languages, type systems, and logics for data structures, the logical operators that come
from spatial and nominal logics for private resources, the techniques of transpositions, and the
necessity to handle name-dependent types when manipulating private resources. We study
these issues in the context of a simplified data model: simple labeled trees with hidden labels,
and programs that manipulate such trees. The edges of such trees are labeled with names. Our
basic techniques can be applied to related data models, such as graphs with hidden node and
edge labels, which will be the subject of further work.

1.2 Data Model

The data model we investigate here has the following constructors. Essentially, we extend a
simple tree model (such as XML) in a general and orthogonal way with a hiding operator.

0 the tree consisting of a single root node;
n[P] the tree with a single edge from the root, labeled n, leading to P;
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P | Q the root-merge of two trees (commutative and associative);
(νn)P the tree P where the label n is hidden/private/restricted.

As in π-calculus, we call restriction the act of hiding a name.

Trees are inspected by pattern matching. For example, program (1) below inspects a tree t hav-
ing shape n[P] | Q, for some P,Q, and produces P | m[Q]. Here n,m are constant (public) labels,
x,y are pattern variables, and T is both the pattern that matches any tree and the type of all
trees. It is easy to imagine that, when parameterized in t, this program should have the type
indicated.

match t as (n[x:T] | y:T) then (x | m[y] ) (1)
transforms a tree t = n[P] | Q into P | m[Q]
expected typing: (n[T] | T) → (T | m[T])

Using the same pattern match as in (1), let us now remove the public label n and insert a
private one, p, that is created and bound to the program variable z at “run-time”:

match t as (n[x:T] | y:T) then (νz) (x | z[y]) (2)
transforms t = n[P] | Q into (νp) (P | p[Q]) for a fresh label p
expected typing: (n[T] | T) → (Hz. (T | z[T]))

In our type system, the hidden name quantifier H is the type construct corresponding to the
data construct ν [10]. More precisely, Hz.! means that there is a hidden label p denoted by
the variable z, such that the data is described by !{z←p}. (Scope extrusion [27] makes the
relationship non trivial, see Sections 2 and 4.) Because of the Hz.! construct, types contain
name variables; that is, types are dependent on names.

The first two examples pattern match on the public name n. Suppose instead that we want
to find and manipulate private names. The following example is similar to (2), except that now
a private label p from the data is matched and bound to the variable z.

match t as ((νz) (z[x:T] | y:T)) then x | z[y] (3)
transforms t = (νp)(p[P] | Q) into (νp)(P | p[Q])
expected typing: (Hz. (z[T] | T)) → (Hz. (T | z[T]))

Note that the restriction (νp) in the result is not apparent in the program: it is implicitly applied
by a match that opens a restriction, so that the restricted name does not escape.

As the fourth and remaining case, we convert a private name in the data into a public one.
The only change from (3) is a public name m instead of z in the result:

match t as ((νz) (z[x:T] | y:T)) then x | m[y] (4)
transforms t = (νp) (p[P] | Q) into (νp)(P | m[Q])
expected typing: (Hz. (z[T] | T)) → (Hz. (T | m[T]))

This program replaces only one occurrence of p: the residual restriction (νp) guarantees that
any other occurrences inside P,Q remain bound. As a consequence, the binder Hz has to re-
main in the result type. Note that, although we can replace a private name with a public one,
we cannot “expose” a private name, because of the rebinding of the output.

As an example of an incorrectly typed program consider the following attempt to assign
a simpler type to the result of example (4), via a typed let biding:

let w : (T | m[T]) = match t as ((νz) (z[x:T] | y:T)) then x | m[y]

Here we would have to check that Hz. (T | m[T]) is compatible with (T | m[T]). This would
work if we could first show that Hz. (T | m[T]) is a subtype of (Hz. T) | (Hz. m[T]), and then
simplify. But such a subtyping does not hold since, e.g., (νp)(p[0] | m[p[0]]) matches the
former type but not the latter, because the restriction (νp) cannot be distributed.
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So far, we have illustrated the manipulation of individual private or public names by pat-
tern matching and data constructors. However, we may want to replace throughout a whole
data structure a public name with another, or a public one with a private one, or vice versa.
We could do this by recursive analysis, but it would be very difficult to reflect what has hap-
pened in the type structure, likely resulting in programs of type T→T. So, we introduce a
transposition facility as a primitive operation, and as a corresponding type operator. In the
simplest case, if we want to transpose (exchange) a name n with a name m in a data structure
t we write t!n↔m". If t has type !, then t!n↔m" has type !!n↔m". We define rules to ma-
nipulate type level transpositions; for example we derive that, as types, n[0]!n↔m" = m[0].

Transposition types are interesting when exchanging public and private labels. Consider
the following program and its initial syntax-driven type:

λx:n[T]. (νz) x!m↔z" : n[T]→Hz.n[T]!m↔z" ( = n[T]→n[T] ) (5)

This program takes data of the form n[P], creates a fresh label p denoted by z, and swaps the
public m with the fresh p in n[P], to yield (νp)n[P]!m↔p", where the fresh p has been hidden
in the result. Since n is a constant different from m, and p is fresh, the result is in fact
(νp)n[P!m↔p"]. The result type can be similarly simplified to Hz.n[T!m↔z"]. Now, swap-
ping two names in the set of all trees, T, produces again the set of all trees. Therefore, the re-
sult type can be further simplified to Hz.n[T]. We then have that Hz.n[T] = n[T], since a
restriction can be pushed through a public label, where it is absorbed by T. Therefore, the type
of our program is n[T]→n[T].

Since we already need to handle name-dependent types, we can introduce, without much
additional complexity, a dependent function type Πw. !. This is the type of functions λw:N.t
that take a name m (of type N) as input, and return a result of type !{w←m}. We can then
write a more parametric version of example (5), where the constant n is replaced by a name
variable w which is a parameter:

λw:N. λx:w[T]. (νz) x!m↔z" : Πw. (w[T] → Hz. w[T]!m↔z" ) (6)

Now, the type Hz. w[T]!m↔z" simplifies to Hz. w!m↔z"[T], but no further, since m can in
fact be given for w, in which case it would be transposed to the private z.

Transpositions are emerging as a unifying and simplifying principle in the formal manip-
ulation of binding operators [30], which is a main goal of this paper. If some type-level ma-
nipulation of names is of use, then transpositions seem a good starting point.

1.3 Related and Future Work

It should be clear from Section 1.2 that sophisticated type-level manipulations are required for
our data model, involving transposition types (which seem to be unique to our work), hiding
quantifiers, and dependent types. Furthermore, we work in the context of a data model and
type system that is “non-structural”, both in the sense of supporting grammar-like types (with
∧ ∨ ¬) and in the sense of supporting π-calculus-style extruding scopes. In both these aspects
we differ from FreshML [31], although we base much of our development on the same foun-
dations [30]. Our technique of automatically rebinding restrictions sidesteps some complex
issues in the FreshML type system, and yet seems to be practical for many examples. Fresh-
ML uses “apartness types” !#w, which can be used to say that a function takes a name denot-
ed by w and a piece of data !"that does not contain that name. We can express that idiom
differently as Πw. (! ∧ ¬©w) → #, where the operator ©w [10] means “contains free the
name denoted by w”.

Our calculus is based on a pattern matching construct that performs run-time type tests;
in this respect, it is similar to the XML manipulation languages XDuce [26] and CDuce [5].
However, those languages do not deal with hidden names, whose study is our main goal.
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XDuce types are based on tree grammars: they are more restrictive than ours but are based on
well-known algorithms. CDuce types are in some aspects richer than ours: they mix the logi-
cal and functional levels that we keep separate; such mixing would not easily extend to our
Hx.! types. Other differences stem from the data model (our P | Q is commutative), and from
auxiliary programming constructs.

The database community has defined many languages to query semistructured data
[1,3,6,8,15,17,19,20], but they do not deal with hidden names. The theme of hidden identifiers
(OIDs) has been central in the field of object-oriented database languages [2, 4]. However, the
debate there was between languages where OIDs are hidden to the user, and lower-level lan-
guages where OIDs are fully visible. The second approach is more expressive but has the se-
vere problem that OIDs lose their meaning once they are exported outside their natural scope.
We are not aware of any proposal with operators to define a scope for, reveal, and rehide pri-
vate identifiers, as we do in our calculus.

In TQL [15], the semistructured query language closest to this work, a programmer
writes a logical formula, and the system chooses a way to retrieve all pieces of data that satisfy
that formula. In our calculus, such formulas are our tree types, but the programmer has to write
the recursion patterns that collect the result (as in Section 8). The TQL approach is best suited
to collecting the subtrees that satisfy a condition, but the approach we explore here is much
more expressive; for example, we can apply transformations at an arbitrary depth, which is
not possible in TQL. Other query-oriented languages, such as XQuery [6], support structural
recursion as well, for expressiveness.

As a major area of needed future work, our subtyping relation is not prescribed in detail
here (apart for the non-trivial subtypings coming from transposition equivalence). Our type
system is parameterized by an unspecified set of ValidEntailments, which are simply assumed
to be sound for typing purposes. The study of related subtyping relations (a.k.a. valid logical
implications in spatial logics [11]) is in rapid development. The work in [12] provides a com-
plete subtyping algorithm for ground types (i.e. not including Hz.!), and other algorithms are
being developed that include Kleene star [18]. Such theories and algorithms could be taken as
the core of our ValidEntailments. But adding quantifiers is likely to lead to either undecidabil-
ity or incompleteness. In the middle ground, there is a collection of sound and practical inclu-
sion rules [10,11] that can be usefully added to the ground subtyping relation (e.g., Hz.n[!]
<: n[Hz.!] for example (5)). By parameterizing over the ValidEntailments, we show that
these issues are relatively orthogonal to the handling of transpositions and hiding.

A precursor of this work handles a simpler data model, with no hiding but with a similarly
rich type system based on spatial logic [12]. However, even the richer data model considered
in this paper is not all one could wish for. For example, hiding makes better sense for graph
nodes [14], or for addresses in heaps [29], than for tree labels. More sophisticated data models
include graphs, and combinations of trees and graphical links as in practical uses of XML (see
example in Section 8). In any case, the manipulation of hidden resources in data structures is
fundamental.

2 Values
Our programs manipulate values; either name values (from a countable set of names Λ), tree
values, or function values (i.e., closures). Over the tree values, we define a structural congru-
ence relation ! that factors out the equivalence laws for | and 0, and the scoping laws for re-
striction. Function values are triples of a term t (Section 3) with respect to an input variable x
(essentially, λx.t) and a stack for free variables ρ. A stack ρ is a list of bindings of variables
to values. Name transpositions are defined on all values.
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2-1 Definition: Tree Values

We define an actual transposition operation on tree values, P#!m↔m’", that blindly
swaps free and bound names m,m’ within P. The interaction of transpositions with binders
such as (νn)P supports a general formal treatment of bound names [30].

2-2 Definition: Actual Transposition of Names and Tree Values.
n#!n↔m" = m 0#!m↔m’" = 0
n#!m↔n" = m (P | Q)#!m↔m’" = P#!m↔m’" | Q#!m↔m’"
n#!m↔m’" = n if n≠m and n≠m’ n[P]#!m↔m’" = n#!m↔m’"[P#!m↔m’"]

((νn)P)#!m↔m’" = (νn#!m↔m’")P#!m↔m’"

Transpositions are used in the definition of α-congruence and capture-avoiding substitution.
Structural congruence is analogous to the standard definition for π-calculus [27]; the “scope
extrusion” rule for ν over -|- is written in an equivalent equational style.

2-3 Definition: α-Congruence and Structural Congruence on Tree Values.
α-congruence, !α, is the least congruence relation on tree values such that:

(νn)P !α (νm)(P#!n↔m") where m!na(P)
Structural congruence, !, is the least congruence relation on tree values such that:

P !α Q ! P ! Q (νn)0 ! 0
P | Q ! Q | P (νn)m[P] ! m[(νn)P] if n≠m
(P | Q) | R ! P | (Q | R) (νn)(P | (νn)Q) ! ((νn)P) | ((νn)Q)
P | 0 ! P (νn)(νm)P ! (νm)(νn)P

N.B.: This notion of α-congruence can be shown equivalent to the standard one.

2-4 Definition: Free Name Substitution on Tree Values.
0{n←m} = 0 (P | Q){n←m} = P{n←m} | Q{n←m}
p[P]{n←m} = p{n←m}[P{n←m}]
((νp)P){n←m} = (νq)((P#!p↔q"){n←m}) for q!na((νp)P)∪{n,m}

N.B.: different choices of q in the last clause, lead to α-congruent results.

We next define high values and transpositions over them (see also Definition 3-1 for the
syntax of terms t). A stack ρ is a list of pairs of the form "[x1←F1]...[xn←Fn], where xi are
variables (distinct from names), Fi are high values, ρ(xi) ! Fj where j is the largest index such
that xi= xj, and dom(ρ) ! {x1, ..., xn}. Variables are not affected by transpositions.

$ρ, x, t%#!n↔n’"&!&$ρ#!n↔n’", x, t#!n↔n’"%
"#!n↔n’" &!&"
ρ[x←F]#!n↔n’"&!&ρ#!n↔n’"[x←F#!n↔n’"]

2-5 Definition: High Values and Stacks

Λ Names: a countable set of names n, m, p, ...
P,Q,R ::=

0
P | Q
n[P]
(νn)P

Tree values
void
composition
location
restriction

All names: na(P)
na(0) ! {}
na(P | Q) ! na(P) ∪ na(Q)
na(n[P]) ! {n} ∪ na(P)
na((νn)P) ! {n} ∪ na(P)

Free names: fn(P)
fn(0) ! {}
fn(P | Q) ! fn(P) ∪ fn(Q)
fn(n[P]) ! {n} ∪ fn(P)
fn((νn)P) ! fn(P) - {n}

F,G,H ::=
n
P
$ρ, x, t%

High Values
name values
tree values
function values

All names: na(F)
na(n) ! {n}
na(P): see tree values
na($ρ, x, t%) ! na(t)∪na(ρ)
na(ρ) ! 'x#dom(ρ) na(ρ(x))

Free names: fn(F)
fn(n) ! {n}
fn(P): see tree values
fn($ρ, x, t%) ! fn(t)∪fn(ρ)
fn(ρ) ! 'x#dom(ρ) fn(ρ(x))
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3 Syntax
Our λ-calculus is stratified in terms of low types and high types. The low types are the tree
types and the type of names, N. (Basic data types such as integers could be added to low
types.) The novel aspects of the type structure are the richness of the tree types, which come
from the formulas of spatial logics [16, 10], and the presence of transposition types. We then
have higher types over the low types: function types and name-dependent types. The precise
meaning of types is given in Section 4.

The same stratification holds on terms, which can be of low or high type, as is more ap-
parent in the operational semantics of Section 5 and in the type rules of Section 7.

3-1 Definition: Syntax

Underlined variables indicate binding occurrences. The scoping rules should be clear, ex-
cept that: in location match y scopes u; in composition match x and y scope u; in restriction
match x scopes ! and u, and y scopes u; in tree type test x scopes u and v. We define name
sets, such as na(!), and actual transpositions on all syntax, such as t#!n↔m", in the obvious
way (there are no name binders in the syntax). We also define free-variable sets fv(-) on all
syntax (based on the mentioned binding occurrences), and capture-avoiding substitutions of
name expressions for variables: ${x←%}, !{x←%}, and &{x←%}.

Name expressions, tree types, and terms include (formal) transposition operations that
are part of the syntax; they represent (actual) transpositions on data, indicated by the #&symbol.

The tree types are formulas in a spatial logic, so we can derive the standard types (for-
mulas) for negation ¬! ! !!F"and disjunction !∨# ! ¬(¬!∧¬#).

The terms include a standard λ-calculus fragment, the basic tree constructors, and some
matching operators for analyzing tree data. The tree type test construct (distinguished by the
character ‘?’) performs a run-time check to see whether a tree has a given type: if tree t satis-
fies type ! then u is run with x of type !"bound to t; otherwise v is run with x of type ¬!
bound to t. In addition, one needs matching constructs (distinguished by the character ‘÷’) to
decompose the tree: composition match splits a tree in two components, location match strips
an edge from a tree, and restriction match inspects a hidden label in a tree. A zero match is
redundant because of the tree type test construct. These multiple matching constructs are de-
signed to simplify the operational semantics and the type rules. In practice, one would use a
single case statement with patterns over the structure of trees, but this can be encoded.

In the quantifier Hx.! and in the restriction match construct, the type !"is dependent on

$,%,',( ::=
x, n, $!%↔%)"

Name Expressions
name variable, name constant, name transposition

!,# ::=
0, $[!], ! | #, Hx.!, $,
F, !∧#, !!#, !!%↔%)"

Tree Types
void, location, composition, hiding, occurrence,
false, conjunction, implication, type transposition

&,*,+ ::=
!, N,
&→*, Πx.*

High Types
tree types, name type,
function types (&≠N), dependent types (x:N)

t,u,v ::=
0, $[u], t | u, (νx)t,
t÷($[y:!]).u, t÷(x:! | y:#).u,
t÷((νx)y:!).u, t?(x:!).u,v,
t!%↔%)",
x, $, λx:&.t, t(u)

Terms
void, location, composition, restriction,
location match, composition match,
restriction match, tree type test,
term transposition,
high variable, name expr, function, application
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variable x (denoting a hidden name). This induces the need for handling dependent types, and
motivates the Πx.* dependent function type constructor. The type dependencies, however, are
restricted to name variables, which may be replaced only by name expressions (that is, not by
general computations on names). Because of this, these dependent types are relatively easy to
handle.

4 Satisfaction
The satisfaction relation, written (, relates values to types, and thus provides the semantic
meaning of typing that is enforced by the type system of Section 7. For type constructs such
as ∧ and !, this is related to the notion of satisfaction from modal logic. Over tree types we
have essentially the relation studied in [16, 10], extended to hiding and transpositions. Satis-
faction is then generalized to high types, where it depends on the operational semantics ∀ρ of
Section 5, which depends on satisfaction at tree types only.

4-1 Definition: Satisfaction

(We will omit the subscripts on (.) The constructs Hx.! and $ are derived operators in
[10], and are taken here as primitive, in the original spirit of [9]. In the definition of Hx.!, the
clause P"(νn)P’ pulls a restriction (even a dummy one) from elsewhere in the data, via scope
extrusion (Definition 2-3). The type Hw.©w is the type of non-redundant restrictions, with the
quantifier Hw revealing a restricted name n, and ©w declaring that this n is used in the data.
The meaning of formal transpositions relies on actual transpositions. At high types, a closure
$ρ, z, t% satisfies a function type &→* if, on any input satisfying &, every output satisfies *;
similarly for Πx. *.

4-2 Proposition: Tree Satisfaction Under Structural Congruence.
If P ( ! and P " Q then Q ( !.

4-3 Lemma: Name and Tree Satisfaction Under Actual Transposition.
If n ( $ then n#!m↔m’" ($#!m↔m’","If P ( ! then P#!m↔m’" ( !#!m↔m’".

On Name Expressions: n (N $, for $"closed (no free variables), is defined by:
n (N m iff m = n
n (N $!%↔%)" iff $m,m’. m (N % and m’ (N %) and n#!m↔m’" (N $

On Tree Types: P (T !, for !"closed, is defined by:
P (T 0 iff P " 0
P (T $[!] iff $n,P’. n (N $ and P " n[P’] and P’ (T !
P (T ! | # iff $P’,P”. P " P’ | P” and P’ (T ! and P” (T #
P (T Hx.! iff $n,P’. P"(νn)P’ and n!na(!) and P’ (T !{x←n}
P (T $ iff $n. n (N $ and n#fn(P)
P (T F never
P (T ! ∧ # iff P (T ! and P (T #
P (T ! ! # iff P (T ! implies P (T #
P (T !!%↔%)" iff $m,m’. m (N % and m’ (N %) and P#!m↔m’" (T !

On High Types: F (H &, for &"closed, is defined by:
F (H N iff F (N $ for some $
F (H ! iff F (T !
H (H &→* (&≠N) iff H = $ρ, z, t% and %F,G. (F (H &" ∧ t ∀ρ[z←F]"G) ! G (H *
H (H Πx. * iff H = $ρ, z, t% and %n,G. t ∀ρ[z←n]"G ! G (H *{x←n}
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5 Operational Semantics
We give a big step operational semantics that is later used for a subject reduction result (The-
orem 7-4). This style of semantics, namely a relation between a program and all its potential
final results, is sufficient to clarify the intended behavior of our operations. It could be extend-
ed with error handling. Alternatively, a small step semantics could be given. In either case,
one could go further and establish a type soundness theorem stating that well-typed programs
(preserve types and) do not get stuck. All this is relatively routine, and we opt to give only the
essential semantics.

The operational semantics is given by a relation t ∀ρ F between terms t, stacks ρ, and val-
ues F, meaning that t can evaluate to F on stack ρ. An auxiliary relation, $ )ρ n, deals with
evaluation of name expressions. The semantics of run-time tests makes use of the satisfaction
relation from Section 4. We use, t ∀ρ P to indicate that t evaluates to a tree value. We use t
∀ρ!"P as an abbreviation for t ∀ρ Q and"Q !"P, for some Q.

5-1 Definition: Operational Semantics

The operations (Red ÷ -) and (Red ? -) can execute run-time type tests on dependent types
that are run-time instantiated; e.g., note the role of x in λx:N. t?(y:x[0]).u,v. Here, ρ(!) replac-
es every free variable x#dom(ρ) in !"with ρ(x). The rules are applicable only if ρ(!) is a well-
formed type: the type rules of Section 7 guarantee this condition.

The matching reductions are nondeterministic and, in a big step semantics, avoid diver-
gent paths if convergent paths are possible.

(NRed x) (NRed n) (NRed ↔)

x#dom(ρ) ρ(x)#Λ $ )ρ n % )ρ m %) )ρ m’

x )ρ ρ(x) n )ρ n $!%↔%)" )ρ n#!m↔m’"

(Red 0) (Red $[]) (Red | ) (Red ν)

$ )ρ n t ∀ρ P t ∀ρ P u ∀ρ Q n!na(t, ρ) t ∀ρ[x←n] P

0 ∀ρ 0 $[t] ∀ρ n[P] t | u ∀ρ P | Q (νx)t ∀ρ (νn)P

(Red ↔) (Red ÷$[])

t ∀ρ P % )ρ m %) )ρ m’ $ )ρ n t ∀ρ!"n[P] P ( ρ(!) u ∀ρ[y←P] F

t!%↔%)" ∀ρ P#!m↔m’" t÷($[y:!]).u ∀ρ F

(Red ÷| ) (Red ÷ν)

t ∀ρ!"P’ | P” P’ ( ρ(!) P” ( ρ(#)
x≠y u ∀ρ[x←P’][y←P”] F

n!na(t,!,u,ρ) t ∀ρ!"(νn)P P ( ρ[x←n](!)
x≠y u ∀ρ[x←n][y←P] Q

t÷(x:! | y:#).u ∀ρ F t÷((νx)y:!).u ∀ρ (νn)Q

(Red ?() (Red ?*)

t ∀ρ"P P ( ρ(!) u ∀ρ[x←P] F t ∀ρ"P P ( ¬ρ(!) v ∀ρ[x←P] F

t?(x:!).u,v ∀ρ F t?(x:!).u,v ∀ρ F

(Red x) (Red $) (Red λ) (Red App)

x#dom(ρ) $ )ρ n t ∀ρ $ρ’, x, t’% u ∀ρ"G t’ ∀ρ’ [x←G]"H

x ∀ρ ρ(x) $ ∀ρ n λx:&.t ∀ρ $ρ, x, t% t(u) ∀ρ H
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Reduction is not closed up to ! (0 does not reduce to 0|0), nor up to !α (see (Red ν) and
(Red ÷ν), which exclude some of the bound names that can be returned). But this is a matter
of choice that has no effect on our results.

The following lemma is crucial in the subject reduction cases for (Red ν) (Theorem 7-4).
Only this transposition lemma is needed there, not a harder substitution lemma.

5-2 Lemma: Reduction Under Transposition.
If % )ρ m then %#!n↔n’" )ρ#!n↔n’" m#!n↔n’".
If t ∀ρ F then t#!n↔n’" ∀ρ#!n↔n’" F#!n↔n’".

6 Transposition Equivalence and Apartness
We define a type equivalence relation on name expressions and tree types, which in particular
allows any type transposition to be eliminated or pushed down to the name expressions that
appear in the type. The main aim of this section is to establish the soundness of such an equiv-
alence relation, which is inspired by [22,11]. A crucial equivalence rule, (EqN ↔ Apart), re-
quires the notion of apartness of name expressions, meaning that the names that those
expressions denote are distinct. (C.f. examples (5) and (6) in Introduction.) Apartness of name
expressions depends on apartness of variables and names; we keep track of such relationships
via a freshness signature.

6-1 Definition: Freshness Signature
A freshness signature φ is an ordered list of distinct variables annotated with either % or H,
and of names. (For example: p,%x,Hy,n,m,p,Hz,%w.) Notation: dom(φ) is the set of variables
in φ; na(φ) is the set of names in φ; φ(x) is the symbol %&or H associated to x in φ. We write
x<φy if x≠y and x precedes y in φ. We write φ⊇$ (φ covers $) when fv($)⊆dom(φ) and
fn($)⊆na(φ); similarly for φ⊇!"and φ⊇&.

Next we define three equivalence relations between name expressions, #N, tree types, #T,
and high types,#H (often omitting the subscripts), and an apartness relation on name expres-
sions, #. These relations are all indexed by a freshness signature that is understood to cover
the free variables and names occurring in the expressions involved.

6-2 Definition: Equivalence and Apartness

$"#Nφ"%"(a congruence, abbrev. $"#φ"%), and $"#φ"% (a symmetric relation)
are the least such relations on name expressions such that φ⊇$-%, and:

n≠m ! n"#φ"m (Apart Names)
φ(x)=H ! n"#φ"x (Apart Name Var)
x<φy ∧ φ(y)=H ! x"#φ"y (Apart Vars)
$#φ% ∧ '#φ') ∧ (#φ() ! $!'↔("&#φ&%!')↔()" (Apart Congr)
$#φ$) ∧ $)#φ%) ∧ %)#φ% ! $#φ% (Apart Equiv)

S

$!$↔%" #φ % (EqN ↔ App)
$!%↔%" #φ $ (EqN ↔ Id)
$!%↔%)" #φ $!%)↔%" (EqN ↔ Symm)
$!%↔%)"!%↔%)" #φ $ (EqN ↔ Inv)
$!%↔%)"!'↔')" #φ $!'↔')"!%!'↔')"↔%)!'↔')"" (EqN ↔ ↔)
$#φ% ∧ $#φ%) ! $!%↔%)" #φ $ (EqN ↔ Apart)

S
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A notion of apartness of names from types is not necessary, since transpositions on types can
be distributed down to transpositions on name expressions.

6-3 Definition: Valuation.
If ε:Var→Λ is a finite map, then we say that ε is a valuation.
We indicate by ε($), ε(!) the homomorphic extensions of ε to name expressions and tree
types, with the understanding that in such extension ε(x) = x for x!dom(ε).
If fv($) ⊆ dom(ε) then we say that ε is a ground valuation for $- and we write
ε grounds $; similarly for ! and &.

We say that a valuation ε satisfies a freshness signature φ if it respects the freshness con-
straints of φ, in the following sense:

6-4 Definition: Freshness Signature Satisfaction
ε (&φ iff dom(ε) ⊆ dom(φ)
and %x#dom(ε). φ(x)=H ! ε(x)!na(φ)
and %y#dom(ε). (x<φy ∧ φ(y)=H) ! (x#dom(ε) ∧ ε(x)≠ε(y))

In ε (&φ we do not require dom(φ) ⊆ dom(ε), to allow for partial valuations. But we require
any partial valuation that instantiates an H variable to instantiate all the variables to the left of
it (with distinct names).

The following soundness result requires some careful build-up: lemmas for instantiations
of equivalence and apartness under partial valuations, for closure of satisfaction under closed
equivalence, and substitution lemmas. We omit the details.

6-5 Proposition: Soundness of Equivalence and Apartness.
If $ #φ % then %ε(φ. (ε grounds $,%) ! ε($) ≠ ε(%).
If $ #φ % then %ε(φ. (ε grounds $,%) ! ε($) = ε(%)."
If ! #φ # then %ε(φ. (ε grounds !,#) ! %P. P ( ε(!) ! P ( ε(#).
If & #φ * then %ε(φ. (ε grounds &,*) ! %F. F ( ε(&") ! F ( ε(*).

7 Type System
We now present a type system that is sound for the operational semantics of Section 5. Sub-
typing includes the transposition equivalence of Section 6 (see rule (Sub Equiv)), and an un-
specified collection of ValidEntailments that may capture aspects of logical implication.
Apart from the flexibility given by subtyping through rule (Subsumption), the type rules for

!"#Tφ"# (abbrev. !"#φ"#), are the least relations on tree types such that φ⊇!-# and:

they are congruences including α-conversion; we highlight:
$#Nφ$) and !#φ!) ! $)[!)] #φ $)[!)] (EqT $[] Congr)
! #(φ,Hx) !) ! Hx. ! #φ Hx. !) (EqT H Congr)
Hx. ! #φ Hy. !{x←y} with y!fv(!) (EqT H-α)

they distribute transpositions over all type constructors; we highlight:
0!%↔%)" #φ 0 (EqT 0 ↔)
($[!])!%↔%)" #φ $!%↔%)"[!!%↔%)"] (EqT $[] ↔)
(Hx.!)!%↔%)" #φ (EqT H ↔)

Hx.(!{x←x!%↔%)"}!%↔%)") with x!fv(%,%))

&"#Hφ"*, (abbrev. &"#φ"*), are the least relations on high types such that φ⊇&-*, and:

they are congruences including α-conversion; we highlight the cases for Π:
& #(φ,%x) * ! Πx. & #φ Πx. * (EqH Π Congr)
Πx. * #Hφ Πy. *{x←y} with y!fv(*) (EqH Π-α)
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terms are remarkably straightforward and syntax-driven.
The type system uses environments E that have a slightly unusual structure. They are or-

dered lists of either names (covering all the names occurring in expressions; see rule (NExpr
n)), or variables (covering all the free variables of expressions; see rule (Term x)). Variables
have associated type and freshness information of the form x:& if &≠N, and Qx:& (either %x:&
or Hx:&") if &=N. We write dom(E) and na(E) for the set of variables and the set of names
defined by E. We write E,x:& and E,Qx:N"for the extension of E with a new association (pro-
vided that x! dom(E)), where &"may depend on dom(E). We write E(x) for the (open) type as-
sociated to x# dom(E) in E. Moreover, in Definition 7-1 below we extract the freshness
signature associated with an environment:

7-1 Definition: Freshness Signature of an Environment
fs(") ! " fs(E, Qx:N) ! fs(E), Qx
fs(E, n) ! fs(E), n fs(E, x:&") ! fs(E)

Through fs(E), in typing rule (Sub Equiv), typing environments are connected to the freshness
signatures used in transposition equivalence.

7-2 Definition: Type Rules

Environments. Rules for E # $ (that is, E is well-formed).

Names. Rules for E #N $ (that is, $ is a name expression in E).

Types. Rules for E #T ! and E # & (that is, ! is a tree type and &"is a type in E).
The rules are naturally syntax-driven, we highlight:

Subtyping. Rules for E # &"<: * (that is, &"is a subtype of * in E).

Terms. Rules for E # t : & (t has type &" in E, with E #T t : ! ! E #T ! ∧ E # t : !).

(Env ") (Env n) (Env x#N) (Env x!N)

E # $ E # $ Q#{%,H} x!dom(E) E # $ E # & &≠N x!dom(E)

" # $ E, n # $ E, Qx:N # $ E, x:& # $

(NExpr n) (NExpr x) (NExpr ↔)

E # $ n#na(E) E # $ E(x)=N E #N $ E #N % E #N %)

E #N n E #N x E #N $!%↔%)"

(Type H) (Type →) (Type Π)

E, Hx:N #T ! E # & E # * &≠N E, %x:N # *

E #T Hx.! E # &→* E # Πx. *

(Sub Tree) (Sub Equiv)

E #T ! E #T # $!, fs(E), #%#ValidEntailments E # & E # * &"#fs(E) *

E # !"<: # E # &"<: *

(Sub N) (Sub →) (Sub Π)

E # $ E # &")<: & E # *"<: *) &,&")≠N E, %x:N # *"<: *)

E # N"<: N E # &→*"<: &")→*) E # Πx. *"<: Πx. *)

(Term 0) (Term $[]) (Term | )

E # $ E #N $ E #T t : ! E #T t : ! E #T u : #

E # 0 : 0 E #$[t] : $[!] E # t | u : ! | #
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Notes: • As we already mentioned, the type system includes dependent types, with binding
operators Hx.! (the type of hiding in trees) and Πx.& (the type of those functions λx:N.t such
that the type &"of t may depend on the input variable x).
• The subtyping relation is parameterized by a set ValidEntailments, assumed to consist of tri-
ples $!,φ,#% that are sound (%ε (φ. (ε grounds !,#)"! %P. P ( ε(!)"! P ( ε(#)).
• The use of x:¬! in (Term ?) means x:!!F, but this assumption is not very useful without
a rich theory of subtyping: see discussion in Section 1.3. On the other hand, there are no sig-
nificant problems in executing run-time type tests such as P ( ¬!"(see Definition 4-1), e.g.,
resulting from t?(x:¬!).u,v. A more informative typing of x for the third assumption of this
rule is x:#∧¬!, but we lack a compelling use for it.
• In (Term ÷$[]) (and (Term ÷| ), (Term ?)) we do not need extra assumptions E # &"to avoid
the escape of y (and x,y, and x) into &, because these are not variables of type N, and &"cannot
depend on them. We do not need the extra assumption in (Term ÷ν) for x because there we
rebind the result type.
• In (TermDepApp) we require the argument $"to be a name expression, not an expression of
type N, so we can do a substitution *{x←$} into the type. Note that E # t : N means that t
can be any computation of type N, unlike E #N $.

A stack satisfies an environment, ρ ( E, if ρ(x) ( ρ(E(x)) for all x’s in dom(E); note the
extra ρ(-) used to bind the dependent variables in E(x). Here ρ(&") or ρ(!) means that ρ is used
as a valuation"(Definition 6-3). Moreover, we require ρ to satisfy the freshness signature ex-
tracted from E. We write ρ\x for the restriction of ρ to dom(ρ)-{x}.

7-3 Definition: Environment Satisfaction
ρ ( E iff dom(E)⊆dom(ρ)

and ρ ( fs(E) (where ρ is seen as a valuation ε; see Definition 6-4)
and %x#dom(E). ρ(x) ( ρ(E(x))

(Term ν) (Term ↔)

E, Hx:N #T t : ! E #T t : ! E #N % E #N %)

E # (νx)t : Hx.! E # t!%↔%)" : !!%↔%)"

(Term ÷$[]) (Term ÷| )

E #T t : $[!] E, y:! # u : & E #T t : ! | # E, x:!, y:# # u : &

E # t÷($[y:!]).u : & E # t÷(x:! | y:#).u : &

(Term ÷ν) (Term ?)

E #T t : Hx.! E, Hx:N, y:! #T u : # E #T t : # E, x:! # u : & E, x:¬! # v : &

E # t÷((νx)y:!).u : Hx.# E # t?(x:!).u,v : &

(Term x) (Term $) (Term λ) (Term App)

E # $ x#dom(E) E #N $ E, x:& # t : * &≠N E # t : &→* E # u : &

E # x : E(x) E #$ : N E # λx:&.t : &→* E # t(u) : *

(Term Depλ) (Term DepApp) (Subsumption)

E, %x:N # t : * E # t : Πx. * E #N $ E # t : & E # &"<: *

E # λx:N.t : Πx. * E # t($) : *{x←$} E # t : *
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7-4 Theorem: Subject Reduction.
(1) If E # & <: * and ρ ( E and F (H ρ(&") then F (H ρ(*).
(2) If E #N $ and ρ ( E and $ )ρ n then n (N ρ($).
(3) If E # t : & and ρ ( E and t ∀ρ F, then F (H ρ(&").
Proof

We show the (Term ν) case of (3), which is by induction on the derivation of E # t : &. We
have E # (νx)t : Hx.! and ρ ( E and (νx)t ∀ρ F. We have from (Term ν) E, Hx:N #T t : !, and
from (Red ν) F = (νn)P and t ∀ρ[x←n] P for n!na(t,ρ). Since n could appear in !, blocking the
last step of this proof, take n’!na(t,!,ρ,P), so that F" !α" (νn’)P#!n↔n’". By Lemma 5-2
t#!n↔n’" ∀ρ[x←n]#!n↔n’" P#!n↔n’", that is t ∀ρ[x←n’] P#!n↔n’". We have ρ[x←n’] (E,Hx:N. By
Ind Hyp, P#!n↔n’" ( ρ[x←n’](!), that is, P#!n↔n’" ( ρ\x(!){x←n’}. Since F" !
(νn’)P#!n↔n’" and n’!na(ρ\x(!)), by Definition 4-1, F ( Hx.ρ\x(!). That is, F ( ρ(Hx.!). %

8 Examples
We discuss some programming examples, using plausible (but not formally checked) exten-
sions of the formal development of the previous sections. In particular, we use recursive types,
rec X. !, existential types $x.! where x ranges over names (these are simpler to handle than
Hx.!), and a variant of location matching, t÷(x[y:!]).u, that binds labels x from the data in
addition to contents y (its typing requires existential types). Examples of transposition types
have been discussed in the Introduction; here we concentrate on pattern matching, using some
abbreviations:

test t as w:! then u else v for t?(w:!). u, v
match t as (pattern) then u else v for t?(w:#). (w÷(pattern).u), v

where # is the type naturally extracted from pattern.

We also use nested patterns, in the examples, which can be defined in a similar way. We use
standard notations for recursive function definitions. We sometimes underline binding occur-
rences of variables, for clarity. We explicitly list the subtypings, if any, that must be included
in ValidEntailments for these examples to typecheck (none are needed for the examples in
Section 1.2).

Basic. Duplicating a given label, and duplicating a hidden label:

λx:N. λy:x[T]. x[y] : Πx. (x[T] → x[x[T]])
λz:(Hx.x[T]). z÷((νx)y:x[T]). x[y] : (Hx.x[T]) → (Hx.x[x[T]])

Collect. Collect all the subtrees that satisfy !, even under restrictions:

let type Result = rec X. 0"∨"!"∨"(X | X)"∨"Hx.X

let rec collect(x: T): Result =
(test x as w:! then w else 0) |
(test x as w:0 then 0 else
match x as (y:¬0 | w:¬0) then collect(y) | collect(w) else
match x as (y[w:T]) then collect(w) else
match x as ((νy)w:©y) then collect(w) else 0)

Recall that, in the last match, a (νy) is automatically wrapped around the result; hence the
Hx.X in the definition of Result. The typing w:©y (instead of w:T) is used to reduce nondeter-
minism by forcing the analysis of non-redundant restrictions. Similarly, the pattern ¬0 | ¬0 is
used to avoid vacuous splits where one component is 0. In general, the splitting of composi-
tion is nondeterministic; in this case the result may or may not be uniquely determined de-
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pending on the shape of !. The subtypings needed here are !"<: T, !"<: !∨# and rec fold/
unfold.

Removing Dangling Pointers. We can encode addresses and pointers in the same style as in
XML. An address definition is encoded as addr[n[0]], where addr is a conventional name, and
n is the name of a particular address. A pointer to an address is encoded as ptr[n[0]], where
ptr is another conventional name. Addresses may be global, like URLs, or local, like XML’s
IDs; local addresses are represented by restriction: (νn) ... addr[n[0]] ... ptr[n[0]] ... . A tree
should not contain two address definitions for the same name, but this assumption is not im-
portant in our example.

We write a function that copies a tree, including both public and private addresses, but
deletes all the pointers that do not have a corresponding address in the tree. Every time a
ptr[n[0]] is found, we need to see if there is an addr[n[0]] somewhere in the tree. But we can-
not search for addr[n[0]] in the original tree, because n may be a restricted address we have
come across. So, we first open all the (non-trivial) restrictions, and then we proceed as above,
passing the root of the restriction-free tree as an additional parameter. The search for ad-
dr[n[0]] can be done by a single type test for Somewhere(addr[n[0]]), where Somewhere(!)
! rec X. (! | T)"∨"$y.(y[X] | T).

let rec deDangle(x: T): T =
match x as ((νy)w:©y) then deDangle(w) else f (x, x)

and f (x: T, root: T): T =
test x as w:0 then 0 else
match x as (y:¬0 | w:¬0) then f (y, root) | f (w, root) else
match x as (ptr[y[0]]) then

test root as w:Somewhere(addr[y[0]]) then ptr[y[0]] else 0 else
match x as (z[w:T]) then z[f (w, root)] else 0

Note that deDangle automatically recloses, in the result, all the restrictions that it opens. The
subtypings needed here are just !"<: T.

9 Conclusions and Acknowledgments
We have introduced a language and a rich type system for manipulating semistructured data
with hidden labels and scope extrusion, via pattern matching and transpositions.

As advocated in [23,30], our formal development could be carried out within a metathe-
ory with transpositions; then, Lemmas 4-3 and 5-2 would fall out of the metatheory, and one
could be less exposed to mistakes in α-conversion issues. We have not gone that far, but we
should seriously consider this option in the future.

We are not aware of previous uses of transpositions in structural operational semantics,
although this falls within the general framework of [30]. We believe ours is the first calculus
or language with explicit transpositions in the syntax of terms and types.

Thanks to Murdoch J. Gabbay for illuminating discussions on transpositions, and to Luís
Caires who indirectly influenced this paper through earlier work with the first author. More-
over, Gabbay and Caires helped simplify the technical presentation.
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Abstract. Transition probabilities are proposed as the stochastic coun-
terparts to set-based relations. We propose the construction of the con-
verse of a stochastic relation. It is shown that two of the most useful
properties carry over: the converse is idempotent as well as anticom-
mutative. The nondeterminism associated with a stochastic relation is
defined and briefly investigated. We define a bisimulation relation, and
indicate conditions under which this relation is transitive; moreover it is
shown that bisimulation and converse are compatible.
Keywords: Stochastic relations, concurrency, bisimulation, converse, re-
lational calculi, nondeterminism.

1 Introduction

The use of relations is ubiquitous in Mathematics, Logic and Computer Science,
their systematic study goes back as far as Schröder’s seminal work. Ongoing
research with a focus on program specification may be witnessed from the wealth
of material collected in [18, 4]. The map calculus [5] shows that these methods
determine an active line of research in Logic.

This paper deals with stochastic rather than set-valued relations, it studies
the converse of such a relation. It investigates furthermore some similarities
between forming the converse for set-theoretic relations and for their stochastic
cousins.

For introducing into the problem, let R be a relation, i.e., a set of pairs of,
say, states. If 〈x, y〉 ∈ R, then this is written as x →R y and interpreted as a
state transition from x to y. The converse R� shifts attention to the goal of the
transition: y →R� x is interpreted as y being the goal of a transition from x.
Now let p(x, y) be the probability that there is a transition from x to y, and the
question arises with which probability state y is the goal of a transition from x.
This question cannot be answered unless we know the initial probabilities for the
states. Then we can calculate p�

µ (y, x) as the probability to make a transition
from x to y weighted by the probability to start from x conditional to the event
to reach y at all, i.e.

p�
µ (y, x) :=

µ(x) · p(x, y)∑
t µ(t) · p(t, y)

.

Consider as an example the simple transition system p on three states given
in the left hand side of Fig. 1. The converse p�

µ for the initial probability µ :=
[1/2 1/4 1/4] is given on the right hand side.

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 233–249, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Fig. 1. A Stochastic Relation and Its Converse

The situation is more complicated in the non-finite case, which is considered
here; since some measure theoretic constructions do not work in the general
case, we assume that the measurable structure comes from Polish, i.e., second
countable and completely metrizable topological spaces (like the real line R).
A definition of the converse K�

µ of a stochastic relation K given an initial
distribution µ is proposed in terms of disintegration. An interpretation of the
converse in terms of random variables is given, and it is shown that the con-
verse behaves with respect to composition like its set-theoretic counterpart, viz.,
(K;L)�

µ = L�
K•(µ);K

�
µ , where K•(µ) denotes the image distribution of µ under

K, and the composition is the Kleisli composition for the corresponding monad
(section 4). This is of course the probabilistic counterpart to the corresponding
law for relations R and S, which reads (R;S)� = S�;R�.

The set {K�
µ (y)|y ∈ Y } of all sub-probability measures constituting the con-

verse turns out to have an interesting property: it is topologically rather small,
i.e., its closure is compact in the weak topology of sub-probability measures
on Y (Cor. 4.2). This indicates that the converse K�

µ does not carry as much
information as K or µ do.

A stochastic relation K between X and Y induces a set-theoretic relation RK

(called the fringe relation) in the following way: let 〈x, y〉 ∈ RK iff K(x)(U) > 0
for each open neighborhood U of y. Relation RK is considered as K’s nondeter-
minism, since it indicates the set of all pairs that are possible for the stochastic
relation K. The relationship between these relations is briefly investigated in
terms of natural transformations between two functors in Sect. 3.

A stochastic relation models the dynamics of a system, which is partly cap-
tured through the notion of bisimilarity. Thus the question of stability under
bisimilarity arises when constructing the converse. We define in section 5 a suit-
able notion of bisimilarity and show that this is a transitive relation. It is shown
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that the converses K�
µ and L�

ν are bisimilar, provided K and L as well as the
initial distributions µ and ν are bisimilar1.
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2 Stochastic Relations

Before stochastic relations are introduced, some basic facts from measure theory
are recalled. We also introduce some basic operations on these relations.

A Polish space (X, T ) is a topological space which has a countable dense sub-
set, and which is metrizable through a complete metric. The Borel sets B (X, T )
for the topology T is the smallest σ-algebra on X which contains T . A Stan-
dard Borel space (X,A) is a measurable space such that the σ-algebra A equals
B (X, T ) for some Polish topology T on X . Although the Borel sets are deter-
mined uniquely through the topology, the converse does not hold, as we will
see in a short while. Given two measurable spaces (X,A) and (Y,B), a map
f : X → Y is A− B-measurable whenever f−1 [B] ⊆ A holds, where f−1 [B] :=
{f−1[B]|B ∈ B} is the set of inverse images f−1[B] := {x ∈ X |f(x) ∈ B} of
elements of B. If the σ-algebras are the Borel sets of some topologies on X and
Y , resp., then a measurable map is called Borel measurable or simply a Borel
map. The real numbers R carry always the Borel structure induced by the usual
topology which will not be mentioned explicitly when talking about Borel maps.

The category SB has as objects Standard Borel (SB) spaces, a morphism
f ∈ SB (X, Y ) between two SB spaces X and Y is a Borel map f : X → Y .

Recall that a map f : X → Y between the topological spaces (X, T ) and
(Y,S) is continuous iff the inverse image of an open set from S is an open set
in T . Thus a continuous map is also measurable with respect to the Borel sets
generated by the respective topologies.

When the context is clear, we will write down Polish spaces without their
topologies, and the Borel sets are always understood with respect to the topology.
M (X) denotes the vector space of all bounded real-valued Borel maps on the
SB-space X .

The set S (X) denotes the set of all sub-probability measures on the SB
space X . The former set carries the weak topology, i.e., the smallest topology
which makes the map µ �→

∫
X f dµ for all continuous functions f : X → R

continuous as soon as X carries a Polish topology. It is well known that the
1 The full paper is available as Technische-Berichte/Doberkat SWT-Memo-113-ps.gz

in directory ftp://ls10-www.cs.uni-dortmund.de/pub
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weak topology on S (X) is a Polish space [16, Theorem II.6.5], and that its Borel
sets are the smallest σ-algebra on S (X) for which for any Borel set B ⊆ Y the
map µ �→ µ(B) is measurable. This σ-algebra is sometimes called the weak-*-
σ-algebra in stochastic dynamic optimization. Note that the weak-*-σ-algebra
depends only on the σ-algebra of the underlying SB-space, hence is independent
of any specific Polish topology. An argument due to Giry [11] shows that S is
the functorial part of a monad over SB, and that the Kleisli morphisms coming
with this monad are just the stochastic relations.

Given two Polish spaces X and Y , a stochastic relation K : X � Y is a Borel
map from X to the set S (Y ). Hence K : X � Y is a stochastic relation iff

1. K(x) is a sub-probability measure on (the Borel sets of) Y for all x ∈ X ,
2. x �→ K(x)(B) is a measurable map for each Borel set B ⊆ Y .

Composition of stochastic relations is the Kleisli composition: let K : X � Y
and L : Y � Z, then define for x ∈ X, C ∈ BZ :

(K;L)(x)(C) :=
∫

Y

L(y)(C) K(x)(dy).

Standard arguments show that K;L : X � Z.
In terms of input/output systems, K(x)(dy) may be interpreted that dy is

the output of the system modelled by K after input x; the system does not need
to be strictly probabilistic in the sense that each input produces an output with
probability 1, i.e., K(x)(Y ) = 1 does not hold necessarily. K(x)(Y ) < 1 may
occur when K models a non-terminating computation, so that 1 − K(x)(Y ) is
the probability for the event no output at all. Note that the Markov processes
investigated in [6, 10] are special cases.

Example 1. In the discrete case a stochastic relation p between {1, . . . , n} and
{1, . . . , m} is represented through a non-negative substochastic matrix

(p(i, j))1≤i≤n,1≤j≤m.

The composition of two stochastic relations p and q is expressed through matrix
multiplication, which is the discrete analogue to the Kleisli product above. �

We collect some constructions and indicate some well known properties which
will be helpful in the sequel. It shows how a measurable map and a measure
induce a measure on the range of that map, and how a measure and a stochastic
relation define a measure on the relation’s target space, and on the product
space, resp.

Definition 1. Let X and Y be SB-spaces.

1. f �(µ)(B) := µ(f−1[B]) defines a map SB (X, Y )×S (X) → S (Y ) such that
∫

Y

g df �(µ) =
∫

X

g ◦ f dµ

holds for each g ∈ M (Y ) .
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2. K•(µ)(B) :=
∫

X
K(x)(B) µ(dx) defines a map SB (X,S (Y )) × S (X) →

S (Y ) such that
∫

Y

g dK•(µ) =
∫

X

∫
Y

g(y) K(x)(dy) µ(dx)

holds for each g ∈ M (Y ) .
3. (µ ⊗ K) (D) :=

∫
X

K(x)(Dx) µ(dx) defines a map S (X)×SB (X,S (Y )) →
S (X × Y ) such that

∫
X×Y

g d (µ ⊗ K) =
∫

Y

∫
X

g(x, y) K(x)(dy) µ(dx)

is true whenever g ∈ M (X × Y ) .

Since the integral in property 1 changes variables, it is sometimes referred to
as the Change of Variables formula. Property 3 uses Dx := {y ∈ Y |〈x, y〉 ∈ D}
for the measurable set D ⊆ X×Y ; it gives the integral over a product as repeated
integrals and contains the Fubini Theorem as special case.

Note that f �(µ) is S (f) (µ), the former notation being somewhat more light-
handed; K• is just the forgetful functor from the Kleisli category of the Giry
monad, and the tensor construction in the third part arises from the tensorial
strength of the monad.

Example 2. Illustrating these constructions through the discrete case, assume
that p : {1, . . . , n}� {1, . . . , m} is a stochastic relation, and let µ∈S ({1, . . . , n})
be an initial distribution. Then

1. f �(µ)(j) =
∑

f(i)=j µ(i) is the probability that f : {1, . . . , n} → {1, . . . , m}
hits the value j.

2. p•(µ)(j) =
∑n

i=1 µ(i) · p(i, j) is the probability that response j is produced,
given the initial probability µ.

3. (µ ⊗ p) (〈i, j〉) = µ(i) · p(i, j) gives the probability for the input/output pair
〈i, j〉 to occur, given the initial probability µ (which is responsible for input
i), and the probability p(i, j) for output j after input i.

These properties are easily established using elementary computations. �

Some properties of the general constructions are collected for the reader’s
convenience:

1. (K;L);M = K;(L;M),
2. (K;L)• = K• ◦ L• (where ◦ denotes the usual composition of maps),
3. for f ∈ M (Z) and for x ∈ X the equality

∫
Z

f d(K;L)(x) =
∫

Y

∫
Z

f(z) L(y)(dz) K(x)(dy)

holds.
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4. K;IY = K and IX ;K = K, where IX : X � X is the unit kernel on X which
is defined by

IX(x)(A) := δx(A) := if x ∈ A then 1 else 0 fi.

It is remarkable that the construction in Def. 1. 3 can be reversed, and this is
in fact the cornerstone for constructing the converse of a stochastic relation, as
will be seen in Sect. 4. Reversing the construction means that each measure on
the product of two SB-spaces can be represented as a product from the measure
of a measure and a stochastic relation (or, putting it in terms of Def.1: the map
〈µ, K〉 �→ µ⊗K defined in part 3 between S (X)×SB (X,S (Y )) and S (X × Y )
is onto).

Proposition 1. Let X and Y be SB-spaces, and ζ ∈ S (X × Y ). Then there
exists a stochastic relation K : X � Y such that ζ = π�

X×Y,X(ζ) ⊗ K, πX×Y,X

denoting the projection from X × Y to X.

Proof. [16, Theorem V.8.1]. �

The stochastic relation K is uniquely determined up to sets of µ-measure
zero; it is known as the regular conditional distribution of πY given πX , cf. [16,
Ch. V.8]. We will call K a version of the disintegration of ζ w.r.t. π�

X×Y,X(ζ).

Example 3. Let ζ ∈ S ({1, . . . , n} × {1, . . . , m}), then the probability p(i, j) for
input i generating output j is the probability ζ(〈i, j〉) for the pair 〈i, j〉 to occur
conditioned on the probability

∑m
t=1 ζ(〈i, t〉) that input i is produced at all. Thus

relation p satisfies the equation

ζ(〈i, j〉) =

(
m∑

t=1

ζ(〈i, t〉)
)

· p(i, j).

This is the discrete version of Prop. 1. In contrast to the discrete case, however,
the version of the disintegration of ζ with respect to its projection usually cannot
be computed explicitly in the general case. �

There is a rather helpful interplay between the projection of µ ⊗ K to the
second component and K•(µ) which will be exploited later on:

Observation 1 If µ ∈ S (X) is a sub-probability measure, and K : X � Y is a
stochastic relation, the equality π�

X×Y,Y (µ ⊗ K) = K•(µ) holds.

3 Nondeterminism: The Fringe Relation

Probabilistic modelling is a special case of nondeterministic modelling: we do
not only indicate possible outcomes but also assign a weight to them. Thus it
comes as a natural construction that each stochastic relation defines a set-valued
relation, at least on Polish spaces. This relation is defined now, and we will have
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a look at the correspondence between both types of relations. We will assume in
this section that the SB-spaces are endowed with a fixed Polish topology.

The support supp(µ) of a probability measure 0 	= µ ∈ S (X) is the set of all
points x ∈ X such that each open neighborhood U of x has positive measure.
This set is the smallest closed set F with µ(F ) = µ(X), it is denoted by supp(µ);
for completeness, supp(0) := ∅ is defined for the zero measure 0 ∈ S (X).

We investigate the set valued map x �→ supp(K(x)), when K is a transition
probability from the Polish space X to the Polish space Y . This map is the
relational counterpart to a stochastic relation, as we will see. It is clear that the
map takes values in the set of all closed nonempty subsets of a Polish space, and
that for any open subset U of Y the set

supp(K(·))−1[U ] = {x ∈ X | K(x)(U) > 0}

is a measurable subset of X .
As an aside, we look at supp from an algebraic point of view. Polish spaces

with continuous maps form the category Pol. For the Polish space X the space
of all its probabilities S (X) is also a Polish space. We denote by SubProb
the subcategory whose objects are all spaces S (X) when X ranges over Polish
spaces. A morphism K : S (X) → S (Y ) is a continuous map between S (X) and
S (Y ) when both spaces carry their weak topologies. Following a result due to
Giry [11, Theorem 1], the functor G which assigns each Polish space its space
of sub-probability measures is the functorial part a monad in Pol. Denote by
Gf the composition of G with the forgetful functor SubProb → Set, the latter
denoting the category of sets with maps as morphisms.

Let F(X) be the space of all nonempty closed subsets for a Polish space X ,
endowed with the Vietoris topology. This topology has as a subbase the sets
{F | F ⊆ U1} ∩ {F | F ∩ U2 	= ∅} for the open sets U1, U2 ⊆ X .

Here things are a bit more complicated than in the probabilistic setting: if X
is a compact metric space, so is F(X) [13, 4.9.12, 4.9.13]; if X is a Polish space,
then the compacta in F(X) form a Polish space under the Vietoris topology.
From [13, 4.9.7] it may be deduced that X is a compact metric space provided
F(X) is a Polish space. Anyway, denote by CL the category which has F(X)
for Polish X as objects. A morphism F(f) := f � : F(X) → F(Y ) is induced by
the continuous map f : X → Y through the topological closure of the images
under closed sets, hence f �(A) := (f [A])cl is defined. Clearly, f � is continuous in
the Vietoris topology, since f is under the metric topology, and since (g ◦ f)� =
g� ◦ f �, we see that F : Pol → CL is a functor. The discussion above indicates
that F is in general no monad in Pol (it is, however, when Pol is replaced by
the category of all compact metric spaces). Consequently, it is not possible to
relate both monads directly. A weaker result may be obtained, however.

Compose this functor with the forgetful functor CL → Set to obtain the
functor Ff .

Proposition 2. supp : Gf
•→ Ff is a natural transformation.
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Hence the map x �→ supp(K(x)) relating a transition probability to a set of
elements with positive probability is given by a natural transformation.

Leaving this side track, we define the fringe relation:

Definition 2. Let K : X � Y be a stochastic relation between the Polish spaces
X and Y . The fringe relation RK associated with K is defined as

RK := {〈x, y〉 ∈ X × Y |y ∈ supp(K(x))}.

Conversely, let R ⊆ X × Y be a set-theoretic relation, then a stochastic relation
K : X � Y is said to satisfy R (abbreviated by R |= K) iff RK = R holds, hence
iff R is just the fringe of K.

Example 4. Let f : X → Y be a measurable map between the Polish spaces X
and Y , and put K(x) := δf(x), δy denoting as usual the Dirac measure on y.
Then K : X � Y is a stochastic relation for which RK = Graph(f) holds. �

Investigating the relationship between the stochastic relation K and its fringe
RK , we find that composition carries over as follows:

Observation 2 Let K : X � Y and L : Y � Z be stochastic relations, then

1. RL ◦ RK ⊆ RK;L,
2. suppose that for each x ∈ X the probability K(x)(G) is positive for each open

set G ⊆ X, then also RK;L ⊆ RL ◦ RK .

R |= K indicates that, if R is the nondeterministic specification of a system,
stochastic relation K is its probabilistic refinement. Define for K, K ′ : X � Y ,
and for 0 ≤ p ≤ 1 the stochastic relation K ⊕p K ′ upon defining

(K ⊕p K ′) (x)(B) := p · K(x)(B) + (1 − p) · K ′(x)(B),

(thus (K ⊕p K ′)(x) is just the convex combination of the measures K(x) and
K ′(x)). The operator ⊕p is interpreted as a weighted choice operator. It is easy
to see that the following holds:

R |= K R |= K ′ 0 ≤ p ≤ 1
R |= (K ⊕p K ′)

Consequently, the set of all stochastic relations satisfying a given nondeterminis-
tic specification is convex, hence closed under weighted choice. Convexity models
the observation that nondeterministic systems are underspecified, as compared
to stochastic ones (cf. the discussion in [15]).

Each stochastic relation has a fringe, and the inverse correspondence can be
established under suitable topological assumptions: Given a set-valued relation
R, a stochastic relation K that satisfies R can be found. For this, R has to take
closed values, and a measurability condition is imposed:
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Proposition 3. Let R ⊆ X × Y a relation (X, Y Polish) such that

1. ∀x ∈ X : R(x) := {y ∈ Y | 〈x, y〉 ∈ R} ∈ F(Y ),
2. whenever U ⊆ Y is open, {x ∈ X | R(x) ∩ U 	= ∅} is a measurable subset of

X.

If Y is σ-compact, or if R(x) assumes compact values for each x ∈ X, then there
exists a stochastic relation K : X � Y with R |= K.

Thus each set-valued relation can be represented by a stochastic one under
the conditions stated above, so that each nondeterministic specification can be
satisfied by a stochastic relation.

4 Converse Relations

Given a sub-stochastic matrix (p(i, j))1≤i≤n,1≤j≤m representing a stochastic rela-
tion {1, . . . , n}� {1, . . . , m} and an initial distribution, the Introduction shows
that the probability p�

µ (j)(i) of responding with j ∈ {1, . . . , m} on a stimulus
i ∈ {1, . . . , n} is calculated as

p�
µ (j)(i) =

µ(i) · p(i, j)∑
t µ(t) · p(t, j)

.

The probability p�
µ under consideration reverses p given an initial distribu-

tion, so is regarded as the converse of p (inverse might at first sight be considered
a better name, but this seems to suggest invertibility of the matrix associated
with p).

In view of Examples 3 and 2, this amounts to the disintegration of µ⊗p with
respect to the distribution p•(µ) = π�

X×Y,Y (µ ⊗ p).
This observation guides the way for the definition of the converse for a general

stochastic relation. Fix a stochastic relation K : X � Y , and a sub-probability
measure µ ∈ S (X). Then µ ⊗ K ∈ S (X × Y ) has a kind of natural converse:
define τ := r�(µ ⊗ K), where r : X × Y → Y × X switches components. Thus
r[R] = R� := {〈y, x〉|〈x, y〉 ∈ R}, whenever R ⊆ X × Y is a relation, so r
produces the converse. Because τ ∈ S (Y × X), this measure is — according to
Prop. 1 — representable through a stochastic relation K�

µ : Y � X by writing
τ = π�

Y (τ) ⊗ K�
µ . Since π�

Y ×X,Y (τ) = K•(µ) by Obs. 1, the definition of the
converse of a stochastic relation now reads as follows.

Definition 3. The µ-converse K�
µ of the stochastic relation K with respect to

the input probability µ is defined by the equation r�(µ ⊗ K) = K•(µ) ⊗ K�
µ .

It is remarked that the converse K�
µ always exists, and that it is unique µ-almost

everywhere. Since

µ(A) = (µ ⊗ K)(A × Y ) = (K•(µ) ⊗ K�
µ )((Y × A)�)
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is true for the Borel set A ⊆ X ,

µ(A) =
∫

X

∫
Y

K�
µ (A) K(x)(dy) µ(dx) =

∫
Y

K�
µ (A) K•(µ)(dy),

we infer that µ =
(
K�

µ

)•(K•(µ)) = (K;K�
µ )•(µ) holds. Hence the converse

K�
µ solves the equation µ = (K;T )•(µ) for T . This equation does, however,

not determine the converse uniquely. This is so because it is an equation in
terms of the Borel sets of X , hence may only be carried over to the “strip”
{A× Y | A ⊆ X Borel} on the product X × Y . This is not enough to determine
a measure on the entire product.

A probabilistic interpretation using regular conditional distributions may be
given as follows: Let (Ω,A, P) be a probability space, ζi : Ω → Xi random
variables with values in the Polish spaces Xi (i = 1, 2). Let µ be the joint
distribution of 〈ζ1, ζ2〉, and let µi be the marginal distribution of ζi. If πi :
X1 × X2 → Xi are the projections, then clearly µi = πi(µ). K denotes the
regular conditional distribution of ζ2 given ζ1, thus we have for the Borel sets
Ai ⊆ Xi

P({ω ∈ Ω|ζ1(ω) ∈ A1, ζ2(ω) ∈ A2}) = µ(A1 × A2)

=
∫

A1

K(x1)(A2) µ1(dx1).

We will show now that K�
µ1

is the regular conditional distribution of ζ1 given
ζ2. In fact, let L be the latter distribution, then the definitions of K and L,
resp., imply K•(µ1) = µ2 and L•(µ2) = µ1. Let Ai ⊆ Xi be Borel sets, then
(K•(µ1) ⊗ L) (A2 × A1) = (µ1 ⊗ K) (A1 × A2).

Interpreting a stochastic relation as a regular conditional distribution of a
random variable ζ1 given ζ2, its converse may be interpreted as the conditional
distribution of ζ2 given ζ1. The start probability µ in the definition of K�

µ is
then interpreted as a marginal distribution. This is essentially the probabilistic
setting for the definition of the converse in [1].

Returning to the general case, the defining equation for the converse is spelled
out in terms of an integral (where Dx := {y ∈ Y |〈y, x〉 ∈ D} for D ⊆ Y × X ,
the cut Dy is defined above):

∫
X

K(x)(Dx) µ(dx) =
∫

Y

K�
µ (y)(Dy) K•(µ)(dy).

This will be generalized and made use of later:

Observation 3 Let f ∈ M (X × Y ) , then this identity holds:
∫

X

∫
Y

f(x, y) K(x)(dy) µ(dx) =
∫

Y

∫
X

f(x, y) K�
µ (y)(dx) K•(µ)(dy).

Thus the order of integration of f may be interchanged, as in Fubini’s The-
orem, but, unlike that Theorem, we have to adjust the measures used for inte-
gration.
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Some properties of forming the converse will be investigated now. We begin
with an analogue of the property R�� = R which holds for the set theoretic
converse. Taking the initial distribution into account, this property is very similar
for the probabilistic case.

Proposition 4. If K : X � Y , and if µ ∈ S (X), then (K�
µ )�

K•(µ)
= K. holds

everywhere except possibly on a set of µ-measure zero.

The question under what condition a stochastic relation may be represented
as the converse of another relation is a little more difficult to answer than for
the set-valued case. In view of the probabilistic interpretation using conditional
distributions, however, the following solution arises naturally.

Corollary 1. Let L : Y � X be a stochastic relation, and µ ∈ S (X). Then
these conditions are equivalent:

1. µ = L•(ν) for some ν ∈ S (Y ),
2. L = K�

µ for some K : X � Y . �

Thus L : Y � X may be written in a variety of ways as the converse of a
stochastic relations, viz., L = (Kν)�

L•(ν) for an arbitrary ν ∈ S (Y ) (where the
relation X � Y depends on ν). This is in marked contrast to the set-theoretic
case, where the converse of the converse of a relation is the relation itself, hence
unique.

Compatibility of composition and forming the converse is an important prop-
erty in the world of set-theoretic relations. In that case it is well known that
(R;S)� = S�;R� always holds. The corresponding property for stochastic re-
lations reads

Proposition 5. Let K : X � Y, L : Y � T be stochastic relations, and let
µ ∈ S (X) be an initial distribution. Then (K;L)�

µ = L�
K•(µ);K

�
µ holds.

We see that there are some algebraic similarities between set-theoretic and
stochastic relations. There are exceptions, though. Take e.g. Schröder’s Cycle
Rule Q◦R ⊆ S ⇔ Q�◦S ⊆ R ⇔ S◦R� ⊆ Q, the bar denoting complementation
([18, 3.2 (xii)] or [4, Def. 3.1.1]). This rule is very helpful in practical applications,
but it does not enjoy a direct counterpart for stochastic relations, since the
respective notions of negation, and of containment do not carry over. —

If µ(A) = 0 for some Borel set A ⊆ X , then K�
µ (y)(A) = 0 holds K•(µ)-

almost everywhere on Y (i.e., for all y ∈ Y outside a set of K•(µ)-measure zero).
In fact, we can say more by scrutinizing the relationship between K�

µ , K and
µ. This leads to a rather surprising compactness result of the set of measures
comprising the converse.

Recall that for µ, ν ∈ S (X) the measure ν is called absolutely continuous w.
r. t. µ iff for every measurable set A ⊆ X the implication µ(A) = 0 ⇒ ν(A) = 0
holds; this is indicated by ν << µ. It is well known [3, Sect. 32] that ν << µ is
equivalent to

∀ε > 0 ∃δ > 0 : [µ(A) < δ ⇒ ν(A) < ε].
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Absolute continuity is used for defining morphisms between probability spaces
based on Polish spaces in [1, Def. 7.8] which in turn serves for defining the con-
verse of a stochastic relation; we use it here for characterizing the measures
comprising the converse. A subset M ⊆ S (X) is accordingly called uniformly
absolutely continuous w.r.t. µ (indicated by M << µ) iff given ε > 0 there exists
δ > 0 such that supν∈M ν(A) < ε whenever µ(A) < δ holds. It will be shown
now that the set of measures constituting the converse is uniformly absolutely
continuous except on a very small set:

Proposition 6. Let K : X � Y be a stochastic relation, and µ ∈ S (X). Then
for each version K�

µ of the converse of K with respect to µ there exists a Borel
set A ⊆ Y for which K(x)(A) = 0 is true for µ-almost all x ∈ X so that
{K�

µ (y)|y /∈ A} << µ holds.

This implies that the set {K�
µ (y)|y /∈ A} is topologically not too large. Since

we deal with a specific topology on the set of all sub-probability measures, we
fix a Polish topology on the input space which in turn induces the topology of
weak convergence on S (X).

Corollary 2. Let X be a Polish space, endow S (X) with the topology of weak
convergence, and let Y be an SB-space. Given K : X � Y and µ ∈ S (X), there
exists a Borel set A ⊆ Y with K(x)(A) = 0 for µ-almost all x ∈ X so that the
set {K�

µ (y)|y /∈ A} is a relatively compact subset of S (X).

Finally, let us have a look at the fringe relation: it turns out that (RK)�

does not necessarily coincide with RK�
µ

.

Example 5. Define K as in Example 4, then µ⊗K = idX × f �(µ) holds for µ ∈
P (X), so that π�

Y (µ⊗K) = f �(µ) is inferred. For the Borel sets A ⊆ X, B ⊆ Y
the equalities

(µ ⊗ K) (A × B) = µ(A ∩ f−1[B]) =
(
f �(µ) ⊗ K�

µ

)
(B × A).

hold. Now put µ = δx′ for some x′ ∈ X , then the constant relation K�
µ (y) = δx′

is a version of the converse, hence

RK�
µ

= {〈y, x′〉|y ∈ Y } 	= Graph(f)� = (RK
�) .

Thus building the fringe relation and forming the converse does not commute.
�

5 Bisimulations

Call the relations R1 ⊆ X1 × Y1 and R2 ⊆ X2 × Y2 bisimilar iff there exists
U ⊆ X1 × X2 and V ⊆ Y1 × Y2 and a relation R0 ⊆ U × V (U , V and R0 are
called mediating) such that this diagram is commutative:
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X1
� πU,X1 U

πU,X2 � X2

P (Y1)

R1

�
�
P (πV,Y1)

P (V )

R0

�

P (πV,Y2)
� P (Y2)

R2

�

Here P is the powerset functor, and relations are interpreted as set valued
maps. This is the definition of bisimilarity for coalgebras [17, 2] adapted to the
situation at hand.

Defining for a relation R the yield relation

x �R y ⇐⇒ 〈x, y〉 ∈ R

in analogy to the transition relation →a
R investigated for coalgebras, it is easy

to see that R1 and R2 are bisimilar iff

1. for all 〈x1, x2〉 ∈ U , if x1 �R1 y1, then there exists y2 ∈ Y2 such that
〈y1, y2〉 ∈ V and x2 �R2 y2,

2. for all 〈x1, x2〉 ∈ U , if x2 �R2 y2, then there exists y1 ∈ Y2 such that
〈y1, y2〉 ∈ V and x1 �R1 y1.

In fact, Rutten’s proof [17, Ex. 2.1] carries over. Bisimulations will be studied
now for stochastic relations, and the goal is to show that bisimilar relations give
rise to bisimilar converses. We first define bisimilarity for stochastic relations and
show that under a mild condition bisimilarity is transitive. Then we establish
that the operations we are working with, i.e., forming products of measures and
relations, and transporting measures through relations, maintain bisimilarity.
This holds also for disintegration, and having established this, a small step will
be necessary to show that converses will respect bisimilarity.

Bisimulations are usually defined through spans of morphisms in a suitable
category. In fact, a stochastic relation K : X � Y can be considered as an
object 〈X, Y, K〉 in the comma category 1lSB ↓ S, where 〈α, β〉 : 〈X, Y, K〉 →
〈X ′, Y ′, K ′〉 is a morphism iff α : X → X ′ and β : Y → Y ′ are measurable such
that K ◦α = β� ◦K ′ holds. A 1-bisimulation 〈O, Γ1, Γ2〉 for objects O1 and O2 is
then an object O together with two morphisms Γ1 : O → O1 and Γ2 : O → O2.
This notion of bisimilarity was discussed and investigated in [8] and specialized
there to the present notion of bisimulation (called 2-bisimulation in [8]), which
is similar in spirit to the one given above for set valued relations:

Definition 4. Let K1 : X1 � Y1 and K2 : X2 � Y2 be stochastic relations,
where all participating spaces are SB-spaces. Then N : U � V is called a bisim-
ulation for K1 and K2 iff these conditions are satisfied:

1. U ⊆ X1 × X2 and V ⊆ Y1 × Y2 are SB-spaces,
2. K1 ◦ πA,X1 = π�

B,Y1
◦ N and K2 ◦ πA,X2 = π�

B,Y2
◦ N hold.
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Standard arguments show that N is a bisimulation for K1 and K2 iff (in the
notation of Def. 4)

∫
Yi

fi dKi(xi) =
∫

V

fi ◦ πV,Yi dN(x1, x2)

hold for each pair 〈x1, x2〉 ∈ U , and for each fi ∈ M (Yi) (i = 1, 2). This
condition is sometimes easier to handle.

Bisimulation turns out to be transitive under a rather mild condition of sur-
jectivity. This property can be established using the existence of semi-pullbacks
for stochastic relations (recall that a semi-pullback for a pair of morphisms f1 :
a1 → c, f2 : a2 → c in a category is a pair of morphisms g1 : b → a1, g2 : b → a2

with f1 ◦ g1 = f2 ◦ g2). The plan of attack is as follows: 1-bisimilarity is a
transitive relation under the assumption of surjectivity [9, Theorem 2], and the
comparison between 1-bisimilarity and bisimilarity from [8, Prop. 5] shows that
both notions are equivalent under a condition of measurability. This technical
condition which will be established here.

Proposition 7. Let Ki : Xi � Yi (i = 1, 2, 3) be stochastic relations, and
assume that N1 : U1 � V1 and N2 : U2 � V2 are bisimulations for K1, K2

and K2, K3, resp. Assume that all projections are onto. Then there exists a
bisimulation N3 : U3 � V3 for K1, K3.

In order to show that bisimilar relations give rise to bisimilar converses, it
is practical to introduce the notion of bisimilarity for sub-probability measures,
too; it is easy to see that the same notion of bisimilarity arises when one restricts
oneself to constant stochastic relations.

Definition 5. Let X1, X2 be SB-spaces with µi ∈ S (Xi) (i = 1, 2). Then
〈X1, µ1〉 is said to be bisimilar to 〈X2, µ2〉 iff there exists a subset Z ⊆ X1 ×X2

and ζ ∈ S (Z) such that

1. Z is a SB-space,
2. µ1 = π�

Z,X1
(ζ) and µ2 = π�

Z,X2
(ζ).

〈Z, ζ〉 is said to mediate between 〈X1, µ1〉 and 〈X2, µ2〉.

Bisimulations are maintained by forming products, and by transporting a
measure through a stochastic relation, as we will see now:

Proposition 8. Let Ki : Xi � Yi be bisimilar stochastic relations over the
SB-spaces Xi, Yi for i = 1, 2 such that N : U � V mediates between them,
and assume that µi ∈ S (Xi) such that 〈X1, µ1〉 and 〈X2, µ2〉 are bisimilar with
mediating 〈Z, ζ〉. Assume that Z ⊆ U holds. then

1. 〈Y1, K1
•(µ1)〉 is bisimilar to 〈Y2, K2

•(µ2)〉 with mediating 〈V, N•(ζ)〉,
2. 〈X1×Y1, µ1⊗K1〉 is bisimilar to 〈X2×Y2, µ2⊗K2〉 with mediating 〈t[E], t�(ζ⊗

N)〉, where E := Z × V and t(x1, x2, y1, y2) := 〈x1, y1, x2, y2〉.
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The argumentation above shows that bisimilar relations and bisimilar initial
distributions lead to bisimilar measures on the product. The process can be
reversed: the idea is that disintegrating bisimilar measures on a product leads
to bisimilar stochastic relations.

Proposition 9. Let Xi, Yi be SB-spaces, µi ∈ S (Xi × Yi) for i = 1, 2. Assume
that 〈X1 ×Y1, µ1〉 is bisimilar to 〈X2 ×Y2, µ2〉. Define for i = 1, 2 the stochastic
relations Ki : Xi � Yi as the disintegrations of µi w.r.t π�

Xi×Yi,Xi
(µi). Then K1

is bisimilar to K2.

Showing that bisimilarity is maintained when forming the converse is now an
easy consequence:

Corollary 3. Under the assumptions of Prop. 8, K�
1,µ1

is bisimilar to K�
2,µ2

.

6 Related Work

The generalization of set-based relations to probabilistic ones appears straight-
forward: replace the nondeterminism inherent in these relations by randomness.
Panangaden [14] carries out a very elegant construction, arguing as follows: the
powerset functor is a monad which has relations as morphisms in its Kleisli cat-
egory [12], the functor that assigns each measurable space the set of all (sub-)
probability measures is also a monad having transition probabilities as mor-
phisms in its Kleisli category [11]. This parallel justifies their characterization as
probabilistic relations. The category SRel of measurable spaces with transition
sub-probabilities is scrutinized closer in [14], and an application to Kozen’s se-
mantics of probabilistic programs is given. Stochastic relations are underlying
stochastic automata; they were introduced and investigated in [7] as a generaliza-
tion of finite stochastic machines. Abramsky, Blute, and Panangaden [1] inves-
tigate the category PRel of probability spaces, hereby introducing the converse
of a probabilistic relation as we do through the product measure (Cor. 7.7). The
process by which they arrive at this construction (Theorem 7.6) is quite similar
to disintegration, as proposed here but makes heavier use of absolute continuity
(in fact, morphisms in PRel use absolute continuity in a crucial way). The ar-
gumentation in the present paper seems to be closer to the set-theoretic case by
looking at what happens when we compute the probability for a converse rela-
tion. Further investigations of the converse do not include the anti-commutative
law. This is probably due to the fact that integration technique are directly used
in the present paper (while [1] prefers arguing with absolute continuity, and
consequently, with the Radon-Nikodym Theorem).

The notion of bisimilarity is — as in [8] — adapted from [6, 17] to the situa-
tion at hand. Transitivity of bisimulation is demonstrated in [10] for universally
measurable stochastic relations case, but left open for the general case of Borel
measurable transition probabilities; [9] gives a full solution to this problem.

The observation that each transition probability on a Polish space spawns a
measurable set-valued function through the support function, hence a relation,
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was used in [7] for investigating the relationship between nondeterministic and
stochastic automata. It could be shown that each nondeterministic automaton
can be represented through a stochastic one, and that this representation is
preserved through the sequential work of the automata. Measurable selections
play a major role, but the results are not formulated in terms of monads or
categories.

7 Conclusion

Stochastic relations are generalizations of Markov processes. The converse of
a stochastic relation is investigated, in particular it is shown that it satisfies
some of the algebraic laws which rule their set-theoretic counterparts. Those
relations that arise as converses are characterized, and it is shown that the set
of all sub-probabilities comprising the converse is topologically quite small, i.e.,
is relatively compact in the weak topology. It is demonstrated that forming the
converse does respect bisimulations — if the models one starts with are bisimilar,
the converses will be, too. For a special case which includes the reals it is shown
that bisimilarity of stochastic relations is a transitive relation; the proof makes
use of the fact that semi-pullbacks exist in the corresponding category.

The nondeterminism inherent in a stochastic relation is identified, and it
could be shown that nondeterministic and stochastic relations are related via a
natural transformation that is induced by the support of finite measures. It is
shown that the stochastic relations satisfying a nondeterministic one is convex,
so that a nondeterministic specification provides a large degree of freedom for
probabilistic satisfaction.

Further work will address the characterization of bisimilarity more closely
in order to find necessary and sufficient conditions indicating under which two
probabilistically related components are bisimilar.
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Abstract. We develop a system of type assignment with intersection
types, union types, indexed types, and universal and existential depen-
dent types that is sound in a call-by-value functional language. The com-
bination of logical and computational principles underlying our formu-
lation naturally leads to the central idea of type-checking subterms in
evaluation order. We thereby provide a uniform generalization and ex-
planation of several earlier isolated systems. The proof of progress and
type preservation, usually formulated for closed terms only, relies on a
notion of definite substitution.

1 Introduction

Conventional static type systems are tied directly to the expression constructs
available in a language. For example, functions are classified by function types
A → B, pairs are classified by product types A ∗ B, and so forth. In more
advanced type systems we find type constructs that are independent of any
particular expression construct. The best-known examples are parametric poly-
morphism ∀t.A and intersection polymorphism A ∧ B. Such types can be seen
as expressing more complex properties of programs. For example, if we read the
judgment e : A as e satisfies property A, then e : A ∧ B expresses that e satisfies
both property A and property B. We call such types property types. Our long-
term goal is to integrate a rich system of property types into practical languages
such as Standard ML [9], in order to express and verify detailed invariants of
programs as part of type-checking.

In this paper we design a system of property types specifically for call-by-
value languages. We show that the resulting system is type-safe, that is, satisfies
the type preservation and progress theorems. We include indexed types δ(i),
intersection types A ∧ B, a greatest type �, universal dependent types Πa:γ. A,
union types A ∨ B, an empty type ⊥, and existential dependent types Σa:γ. A.
We thereby combine, unify, and extend prior work on intersection types [6],
union types [11,2] and dependent types [17].

Several principles emerge from our investigation. Perhaps most important
is that type assignment may visit subterms in evaluation order, rather than
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just relying on immediate subterms. We also confirm the critical importance of
a logically motivated design for subtyping and type assignment. The resulting
orthogonality of various property type constructs greatly simplifies the theory
and allows one to understand each concept in isolation. As a consequence, sim-
ple types, intersection types [6], and indexed and dependent types [17] are ex-
tended conservatively. There are also interesting technical aspects in our proof
of progress and preservation: Usually these can be formulated entirely for closed
expressions; here we needed to generalize the properties by allowing so-called
definite substitutions. Our type system is designed to allow effects (in particular,
mutable references), but in order to concentrate on more basic issues, we do not
include them explicitly in this paper (see [6] for the applicable techniques to
handle mutable references).

The results in this paper constitute the first step towards a practical type
system. The system of pure type assignment presented here is undecidable; to
remedy this, we have formulated another version based on bidirectional type-
checking (in the style of [6,7]) of programs containing some type annotations,
where we variously check an expression against a type or else synthesize the
expression’s type. However, we do not yet have a formal proof of decidability,
nor any significant experience with checking realistic programs. Our confidence in
the practicality of the system rests on prior work on intersection and dependent
types in isolation.

The remainder of the paper is organized as follows. We start by defining a
small and conventional functional language with subtyping, in a standard call-
by-value semantics. We then add several forms of property types: intersection
types, indexed types, and universal dependent types. As we do so, we motivate
our typing and subtyping rules through examples, showing how our particular
formulation arises out of our demand that the theorems of type preservation and
progress hold. Then we add the indefinite property types: the empty type ⊥,
the union type ∨, and the existential dependent type Σ. To be sound, these
must visit subterms in evaluation order. After proving some novel properties of
judgments and substitutions, we prove preservation and progress. Finally, we
discuss related work and conclude.

2 The Base Language

We start by defining a standard call-by-value functional language (Figure 1) with
functions, a unit type (used in a few examples), and recursion, to which we will
add various constructs and types. Expressions do not contain types, because we
are formulating a pure type assignment system. We distinguish between variables
x that stand for values and variables f that stand for expressions, where the fs
arise only from fixed points. The form of the typing judgment is Γ � e : A where
Γ is a context typing variables x and f . The typing rules here are standard
(Figure 2); the subsumption rule utilizes a subtyping judgment Γ � A ≤ B
meaning that A is a subtype of B in context Γ . The interpretation is that the
set of values of type A is a subset of the set of values of type B. The context
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A, B, C, D ::= 1 | A → B

e ::= x | f | () | λx. e | e1(e2) | fix f. e

Fig. 1. Syntax of types and terms in the initial language

Γ � B1 ≤ A1 Γ � A2 ≤ B2

Γ � A1 → A2 ≤ B1 → B2
(→)

Γ � 1 ≤ 1
(1)

Γ (x) = A

Γ � x : A
(var)

Γ (f) = A

Γ � f : A
(fixvar)

Γ � e : A Γ � A ≤ B

Γ � e : B
(sub)

Γ � e1 : A → B Γ � e2 : A

Γ � e1(e2) : B
(→E)

Γ, f :A � e : A

Γ � fix f. e : A
(fix)

Γ, x:A � e : B

Γ � λx. e : A → B
(→I)

Γ � () : 1
(1I)

Fig. 2. Subtyping and typing in the initial language

Γ is not used in the subtyping rules of Figure 2, but we subsequently augment
the subtyping system with rules that refer to Γ . The rule (→) is the standard
subtyping rule for function types, contravariant in the argument and covariant in
the result; (1) is obvious. It is easy to prove that subtyping is decidable, reflexive
(Γ � A ≤ A), and transitive (if Γ � A ≤ B and Γ � B ≤ C then Γ � A ≤ C);
as we add rules to the subtyping system, we maintain these properties.

A call-by-value operational semantics defining a relation e 
→ e′ is given in
Figure 3. We use v for values, and write e value if e is a value. We write E for
an evaluation context—a term containing a hole []; E[e′] denotes E with its hole
replaced by e′.

3 Definite Property Types

Definite types accumulate positive information about expressions. For instance,
the intersection type A ∧ B expresses the conjunction of the properties A and B.
We later introduce indefinite types such as A ∨ B which encompass expressions
that have either property A or property B, although it is unknown which one.

3.1 Refined Datatypes

We now add datatypes with refinements (Figure 4). c(e) denotes a datatype
constructor c applied to an argument e; the destructor case e of ms denotes a
case over e with one layer of non-redundant and exhaustive matches ms. We
also add pairs so a constructor can take exactly one argument, but elide the
straightforward syntax and rules. Each datatype is refined, in the manner of [5],
by an atomic subtyping relation � over datasorts δ. Each datasort identifies a
subset of values of the form c(v), yielding definite information about a value.
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Values v ::= x | () | λx. e

Evaluation contexts E ::= [] | E(e) | v(E)

e′ �→R e′′

E[e′] �→ E[e′′]
(ev-context) (λx. e) v �→R [v/x] e

fix f. e �→R [fix f. e / f ] e

Fig. 3. A small-step call-by-value semantics

ms ::= · | c(x) ⇒ e|ms

e ::= . . . | c(e) | case e of ms

v ::= . . . | c(v)

E ::= . . . | c(E) | case E of ms

Fig. 4. Extending the language with datatypes

For example, datasorts true and false identify singleton subsets of values of the
type bool.

A new subtyping rule defines subtyping for datasorts in terms of the atomic
subtyping relation � :

δ1 � δ2

Γ � δ1 ≤ δ2
(δ)

To maintain reflexivity and transitivity of subtyping, we require the same
properties of atomic subtyping: � must be reflexive and transitive.

Since we will subsequently further refine our datatypes by indices, we defer
discussion of the typing rules.

3.2 Intersections

The typing e : A ∧ B expresses that e has type A and type B. The subtyping
rules for ∧ capture this:
Γ � A ≤ B1 Γ � A ≤ B2

Γ � A ≤ B1 ∧ B2
(∧R)

Γ � A1 ≤ B

Γ � A1 ∧ A2 ≤ B
(∧L1)

Γ � A2 ≤ B

Γ � A1 ∧ A2 ≤ B
(∧L2)

We omit the common distributivity rule

(A → B) ∧ (A → B′) ≤ A → (B ∧ B′)
which Davies and Pfenning showed to be unsound in the presence of mutable
references [6]. Moreover, without the above rule, no subtyping rule contains more
than one type constructor: the rules are orthogonal. As we add type constructors
and subtyping rules, we will maintain this orthogonality.

On the level of typing, we can introduce an intersection with the rule

Γ � v : A1 Γ � v : A2

Γ � v : A1 ∧ A2
(∧I)
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P ::= ⊥ | i
.
= j | . . .

Γ ::= · | Γ, x:A | Γ, a:γ | Γ, P

· = ·
Γ, x:A = Γ

Γ, a:γ = Γ , a:γ

Γ, P = Γ , P

Fig. 5. Propositions P , contexts Γ , and the restriction function Γ

and eliminate it with
Γ � e : A1 ∧ A2

Γ � e : A1
(∧E1)

Γ � e : A1 ∧ A2

Γ � e : A2
(∧E2)

Note that (∧I) can only type values v, not arbitrary expressions, following
Davies and Pfenning [6] who showed that in the presence of mutable references,
allowing non-values destroys type preservation.

The ∧-elimination rules are derivable via (sub) with the (∧L1) and (∧L2)
subtyping rules. However, we include them because they are not derivable in a
bidirectional system such as that of [7].

3.3 Greatest Type: �
It is easy to incorporate a greatest type �, which can be thought of as the 0-ary
form of ∧. The rules are simply

Γ � A ≤ � (�R)
Γ � v : � (�I)

There is no left subtyping rule. The typing rule is essentially the 0-ary version
of (∧I), the rule for binary intersection. If we allow (�I) to type non-values, the
progress theorem fails: � ()() : �, but ()() is neither a value nor a redex.

3.4 Index Refinements and Universal Dependent Types Π

Now we add index refinements, which are dependent types over a restricted
domain, closely following Xi and Pfenning [17], Xi [15,16], and Dunfield [7].
This refines datatypes not only by datasorts, but by indices drawn from some
constraint domain: the type δ(i) is the refinement by δ and index i.

To accommodate index refinements, several changes must be made to the
systems we have constructed so far. The most drastic is that Γ can include
index variables a, b and propositions P as well as program variables. Because the
program variables are irrelevant to the index domain, we can define a restriction
function Γ that yields its argument Γ without program variable typings (Figure
5). No variable may appear twice in Γ , but ordering of the variables is now
significant because of dependencies.

Our formulation, like Xi’s, requires only a few properties of the constraint
domain: There must be a way to decide a consequence relation Γ |= P whose
interpretation is that given the index variable typings and propositions in Γ ,
the proposition P must hold. There must be a relation i

.= j denoting index
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equality. There must be a way to decide a relation Γ � i : γ whose interpretation
is that i has sort γ in Γ . Note the stratification: terms have types, indices have
sorts; terms and indices are distinct. Our proofs require that |= be a consequence
relation, that .= be an equivalence relation, that · �|= ⊥, and that both |= and �
have the obvious substitution and weakening properties; see [7] for details.

Each datatype has an associated atomic subtyping relation on datasorts, and
an associated sort whose indices refine the datatype. In our examples, we work
in a domain of integers N with .= and some standard arithmetic operations (+,
−, ∗, <, and so on); each datatype is refined by indices of sort N . Then Γ |= P
is decidable provided the inequalities in P are linear.

We add an infinitary definite type Πa:γ. A, introducing an index variable a
universally quantified over indices of sort γ. One can also view Π as a dependent
product restricted to indices (instead of arbitrary terms).

Example. Assume we define an datatype of integer lists: a list is either Nil() or
Cons(h, t) for some integer h and list t. Refine this type by a datasort odd if the
list’s length is odd, even if it is even. We also refine the lists by their length, so Nil
has type 1 → even(0), and Cons has type (Πa:N . int ∗ even(a) → odd(a + 1)) ∧
(Πa:N . int ∗ odd(a) → even(a + 1)). Then the function

fix repeat . λx. case x of Nil ⇒ Nil |Cons(h, t) ⇒ Cons(h, Cons(h, repeat(t)))

has type Πa:N . list(a) → even(2 ∗ a).

To handle the indices, we modify the subtyping rule δ from Section 3.1 so
that it checks (separately) the datasorts δ1, δ2 and the indices i, j:

δ1 � δ2 Γ � i
.= j

Γ � δ1(i) ≤ δ2(j)
(δ)

We assume the constructors c are typed by a judgment Γ � c : A → δ(i)
where A is any type and δ(i) is some refined type. The typing A → δ(i) need
not be unique; indeed, a constructor should often have more than one refined
type. The rule for constructor application is

Γ � c : A → δ(i) Γ � e : A

Γ � c(e) : δ(i)
(δI)

To type case e of ms, we check that all the matches in ms have the same
type, under a context appropriate to each arm; this is how propositions P arise.
The context Γ may be contradictory (Γ |= ⊥) if the case arm can be shown to
be unreachable by virtue of the index refinements of the constructor type and
the value cased upon. In order to not typecheck unreachable arms, we have

Γ |= ⊥
Γ � e : A

(contra)

We also do not check case arms that are unreachable by virtue of the datasort
refinements. For a complete accounting of constructor typing and the rules for
typing case expressions, see [7].
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The subtyping rules for Π are

Γ � [i/a]A ≤ B Γ � i : γ

Γ � Πa:γ. A ≤ B
(ΠL)

Γ, b:γ � A ≤ B

Γ � A ≤ Πb:γ. B
(ΠR)

The left rule allows one to instantiate a quantified index variable a to an
index i of appropriate sort. The right rule states that if A ≤ B regardless of an
index variable b, A is also a subtype of Πb:γ. B. Of course, b cannot occur free
in A.

The typing rules for Π are

Γ, a:γ � v : A

Γ � v : Πa:γ. A
(ΠI)

Γ � e : Πa:γ. A Γ � i : γ

Γ � e : [i/a] A
(ΠE)

Like (∧I), and for similar reasons (to maintain type preservation), (ΠI) is
restricted to values. Moreover, if γ is an empty sort, progress would fail if the
rule were not thus restricted.

4 Indefinite Property Types

We now have a system with definite types ∧, �, Π ; see [7] for a detailed account
of this system and its bidirectional version. The typing and subtyping rules are
both orthogonal and internally regular: no rule mentions both � and ∧, (�I)
is a 0-ary version of (∧I), and so on. However, one cannot express the types
of functions with indeterminate result type. A simple example is a filter f l
function on lists of integers, which returns the elements of l for which f returns
true. It has the ordinary type filter : (int→bool) → list → list. Indexing lists
by their length, the refined type should look like

filter : Πn:N . (int→bool) → list(n) → list( )

But we cannot fill in the blank. Xi’s solution [17,15] was to add dependent sums
Σa:γ. A quantifying existentially over index variables. Then we can express the
fact that filter returns a list of some indefinite length m as follows1:

filter : Πn:N . (int→bool) → list(n) → (Σm:N . list(m))

For similar reasons, we also occasionally need 0-ary and binary indefinite types—
the empty type and union types, respectively. We begin with the binary case.

4.1 Unions

On values, the binary indefinite type should simply be a union in the ordinary
sense: if � v : A ∨ B then either � v : A or � v : B. This leads to the following
subtyping rules which are dual to the intersection rules.

Γ � A1 ≤ B Γ � A2 ≤ B

Γ � A1∨A2 ≤ B
(∨L)

Γ � A ≤ B1

Γ � A ≤ B1∨B2
(∨R1)

Γ � A ≤ B2

Γ � A ≤ B1∨B2
(∨R2)

1 The additional constraint m ≤ n can be expressed by a subset sort ; see Xi [16,15].
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The introduction rules directly express the simple logical interpretation:
Γ � e : A

Γ � e : A ∨ B
(∨I1)

Γ � e : B
Γ � e : A ∨ B

(∨I2)

The elimination rule is harder to formulate. It is clear that if e : A ∨ B and e
evaluates to a value v, then either v : A or v : B. So we should be able to reason
by cases, similar to the usual disjunction elimination rule in natural deduction.
However, there are several complications. The first is that A ∨ B is a property
type. That is, we cannot have a case construct in the ordinary sense since the
members of the union are not tagged.2

As a simple example, consider

f : (B → D) ∧ (C → D)
g : A → (B ∨ C)
x : A

Then f(g(x)) should be type correct and have type D. At first this might seem
doubtful, because the type of f does not directly show how to treat an argument
of type B ∨ C. However, whatever g returns must be a closed value v, and must
therefore either have type B or type C. In both cases f(v) should be well-typed
and return a result of type D.

Note that we can distinguish cases on the result of g(x) because it is evaluated
before f is called.3 In general, we allow case distinction on the type of the next
expression to be evaluated. This guarantees both progress and preservation. The
rule is then

Γ � e′ : A ∨ B
Γ, x:A � E[x] : C
Γ, y:B � E[y] : C

Γ � E[e′] : C
(∨E)

The use of the evaluation context E[ ] guarantees that e′ is the next expression
to be evaluated, following our informal reasoning above. In the example, e′ =
g(x) and E[ ] = f [ ].

Several generalizations of this rule come to mind that are in fact unsound in
our setting. For example, allowing simultaneous abstraction over several occur-
rences of e′, as in a rule proposed in [2],

Γ � e′ : A ∨ B
Γ, x:A � e : C
Γ, x:B � e : C

Γ � [e′/x] e : C
(∨E′)

is unsound here: two occurrences of the identical e′ could return different results
(the first of type A, the second of type B), while the rule above assumes consis-
tency. Similarly, we cannot allow the occurrence of e′ to be in a position where
2 Pierce’s case [11] is a syntactic marker for where to apply the elimination rule.

Clearly, a pure type assignment system should avoid this. It appears we can avoid it
even in a bidirectional system; further discussion is beyond the scope of this paper.

3 If arguments were passed by name instead of by value, this would be unsound in a
language with effects: evaluation of the same expression e : A ∨ B could sometimes
return a value of type A and sometimes a value of type B.
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it might not be evaluated. That is, in (∨E′) it is not enough to require that
there be exactly one occurrence of x in e, because, for example, if we consider
the context

f : ((1→B) → D) ∧ ((1→C) → D),
g : A → (B ∨ C),
x : A

and term f (λy. g(x)), then f may use its argument at multiple types, eventually
evaluating g(x) multiple times with different possible answers. Thus, treating it
as if all occurrences must all have type B or all have type C is unsound. If we
restrict the rule so that e′ must be a value, as in [13], we obtain a sound but
impractical rule—a typechecker would have to guess e′, and if it occurs more
than once, a subset of its occurrences.

A final generalization suggests itself: we might allow the subterm e′ to occur
exactly once, and in any position where it would definitely have to be evaluated
exactly once for the whole expression to be evaluated. Besides the difficulty of
characterizing such positions, even this apparently innocuous generalization is
unsound for the empty type ⊥.

4.2 The Empty Type

The 0-ary indefinite type is the empty or void type ⊥; it has no values. For � we
had one right subtyping rule; for ⊥, following the principle of duality, we have
one left rule:

Γ � ⊥ ≤ A
(⊥L)

For example, the term ω = (fix f.λx. f(x))() has type ⊥. For an elimination
rule (⊥E), we can proceed by analogy with (∨E):

Γ � e′ : ⊥
Γ � E[e′] : C

(⊥E)

As before, the expression typed must be an evaluation context E with redex e′.
Viewing ⊥ as a 0-ary union, we had two additional premises in (∨E), so we have
none now. (⊥E) is sound, but the generalization mentioned at the end of the
previous section violates progress (Theorem 3). This is easy to see through the
counterexample (()())(ω).

4.3 Existential Dependent Types: Σ

Now we add an infinitary indefinite type Σ. Just as we have come to expect, the
subtyping rules are dual to the rules for the corresponding definite type (in this
case Π):

Γ, a:γ � A ≤ B

Γ � Σa:γ. A ≤ B
(ΣL)

Γ � A ≤ [i/b] B Γ � i : γ

Γ � A ≤ Σb:γ. B
(ΣR)
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The typing rule that introduces Σ is simply

Γ � e : [i/a] A Γ � i : γ

Γ � e : Σa:γ. A
(ΣI)

For the elimination rule, we continue with a restriction to evaluation con-
texts:

Γ � e′ : Σa:γ. A Γ, a:γ, x:A � E[x] : C

Γ � E[e′] : C
(ΣE)

Not only is the restriction consistent with the elimination rules for ⊥ and
∨, but it is required. The counterexample for ⊥ suffices: Suppose that the rule
were unrestricted, so that it typed any e containing some subterm e′. Let e′ = ω
and e = (()())(ω). Since e′ : ⊥, by subsumption e′ has type Σa:⊥. A for any A,
and by the (contra) rule, a:⊥, x:A � (()())x : C (where ⊥ is the empty sort).
Now we can apply the unrestricted rule to conclude � (()())e′ : C for any C,
contrary to progress.

4.4 Type-Checking in Evaluation Order

The following rule internalizes a kind of substitution principle for evaluation
contexts and allows us to type-check a term in evaluation order.

Γ � e′ : A Γ, x:A � E[x] : C

Γ � E[e′] : C
(direct)

Perhaps surprisingly, this rule is not only admissible but derivable in our
system: from e′ : A we can conclude e′ : A ∨ A and then apply (∨E). However,
the corresponding bidirectional rule is not admissible, and so must be primitive
in a bidirectional system [7].

Thus, in either the type assignment or bidirectional systems, we can choose
to type-check the term in evaluation order. This has a clear parallel in Xi’s
work [15], which is bidirectional and contains both Π and Σ. There, the order in
which terms are typed is traditional, not guided by evaluation order. However,
Xi’s elaboration algorithm in the presence of Π and Σ transforms the term into
a let-normal form, which has a similar effect.

5 Properties of Subtyping

The rules of subtyping were formulated so that the premises are always smaller
than the conclusion. Since we assume that |= and � in the constraint domain
are decidable, we obtain decidability immediately.

Theorem 1. Γ � A ≤ B is decidable.
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Γ ′ � · : · (empty-σ)
Γ ′ � σ : Γ Γ ′ |= [σ]P

Γ ′ � σ : Γ, P
(prop-σ)

Γ ′ � σ : Γ Γ ′ � i : γ

Γ ′ � σ, i/a : Γ, a:γ
(ivar-σ)

Γ ′ � σ : Γ Γ ′ � v : [σ]A

Γ ′ � σ, v/x : Γ, x:A
(pvar-σ)

Fig. 6. Substitution typing

We omitted rules for reflexivity and transitivity of subtyping without loss of
expressive power, because they are admissible.

Lemma 1 (Reflexivity and Transitivity of ≤). For any context Γ , Γ �
A ≤ A. If Γ � A ≤ B and Γ � B ≤ C then Γ � A ≤ C.

Proof. For reflexivity, by induction on A. For transitivity, by induction on the
derivations; in each case at least one derivation becomes smaller. In the cases
(ΣR)/(ΣL) and (ΠR)/(ΠL) we substitute an index i for a parameter a in a
derivation. ��

In addition we have a large set of inversion properties, which are purely
syntactic in our system. We elide the lengthy statement of these properties here.

6 Properties of Values

For the proof of type safety, we need a key property: values are always definite.
That is, once we obtain a value v, even though v might have type A ∨ B, it
must be possible to assign a definite type to v. In order to make this precise,
we formulate substitutions σ that substitute values and indices, respectively, for
several program variables x and index variables a. First we prove a simple lemma
relating values and evaluation contexts.

Lemma 2 (Value monotonicity). If E[e′] value then: (1) e′ value; (2) for
any v value, E[v] value.

Proof. By structural induction on E. ��

6.1 Substitutions

Figure 6 defines a typing judgment for substitutions Γ ′ � σ : Γ . It could be
more general; here we are only interested in substitutions of values for program
variables and indices for index variables that verify the logical assumptions of
the constraint domain. Note in particular that substitutions σ do not substitute
for fixed point variables. Application of a substitution σ to a term e or type A,
is in the usual (capture-avoiding) manner.
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Lemma 3 (Substitution).

(i) If Γ � A ≤ B and Γ ′ � σ : Γ , then Γ ′ � [σ]A ≤ [σ]B.
(ii) If D derives Γ � e : A and Γ ′ � σ : Γ , then there exists D′ deriving

Γ ′ � [σ]e : [σ]A. Moreover, if Γ = Γ (that is, Γ contains only index
variables and index constraints), there is such a D′ not larger than D (that
is, the number of typing rules used in D′ is at most the number used in D).

(iii) If Γ � e : B and Γ, f :B � e′ : A then Γ � [e/f ] e′ : A.

Similar properties hold for matches ms.

Proof. By induction on the respective derivations. ��

6.2 Definiteness

We formalize definiteness as follows, for typing judgments with (possibly) non-
empty contexts:

Definition 1. A typing judgment Γ � e : A is definite with respect to a substi-
tution � σ : Γ if and only if

(i) � [σ]A ≤ ⊥ is not derivable;
(ii) if � [σ]A ≤ B1 ∨ B2 then � [σ]e : B1 or � [σ]e : B2;
(iii) if � [σ]A ≤ Σb:γ. B, there exists an index � i : γ where � [σ]e : [i/b] B.

Definition 2. A substitution � σ : Γ is definite iff for all A such that Γ (x) = A,
Γ � x : A is definite with respect to σ.

To prove value definiteness (Theorem 2), which is central in the proof of
type safety, we first prove a weaker form of the theorem that depends on the
definiteness of the substitution σ. This weak form will allow us to show that
every well-typed substitution is definite, which will lead directly to a proof of
the theorem.

Lemma 4 (Weak value definiteness). If Γ � v : A where σ is a definite
substitution and � σ : Γ , then Γ � v : A is definite with respect to σ, that is:

(i) it is not the case that Γ � A ≤ ⊥;
(ii) if Γ � A ≤ A1 ∨ A2 then � [σ]v : [σ]A1 or � [σ]v : [σ]A2;
(iii) if Γ � A ≤ Σb:γ. B then there exists � i : γ where � [σ]v : [σ, i/b] B.

Proof. By induction on the derivation of Γ � v : A. The term v is a value, so we
need not consider rules that cannot type values. Furthermore, the (contra) case
cannot arise. Most cases follow easily from the IH and properties of subtyping
(reflexivity, transitivity, inversion). For (var) we use the fact that σ is a definite
substitution. That leaves only the contextual rules, (⊥E), (∨E), (direct) and
(ΣE); we show the first two cases (the last two are similar to (∨E)):
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– Case (⊥E): D =
Γ � e′ : ⊥

Γ � E[e′] : A
(⊥E)

E[e′] is a value. By Lemma 2, e′ is a value. Γ � ⊥ ≤ ⊥, so by the IH (i), this
case cannot arise.

– Case (∨E):

D =
Γ � e′ : C1∨C2 Γ, x:C1 � E[x] : A Γ, y:C2 � E[y] : A

Γ � E[e′] : A
(∨E)

E[e′] value is given. By Lemma 2, E[x] value and e′ value. By the IH, either
� [σ]e′ : [σ]C1 or � [σ]e′ : [σ]C2. Assume the first possibility, � [σ]e′ : C1 (the
second is symmetric). Let σ′ = σ, [σ]e′/x; by (pvar-σ), � σ′ : Γ, x:C1. By the
IH, Γ � e′ : C1 ∨ C2 is definite, so σ′ is a definite substitution. E[x] value so
we can apply the IH to show that [σ′] E[x] has properties (i), (ii), (iii). But
[σ′] E[x] = [σ] E[e′], so [σ] E[e′] has properties (i), (ii), (iii).

��

Lemma 5. Every substitution σ such that � σ : Γ is definite.

Proof. By induction on the derivation D of � σ : Γ . The case for (empty-σ)
is trivial. The cases for (prop-σ) and (ivar-σ) follow easily from the IH. For
(pvar-σ) deriving � σ, v/x : Γ, x:A, we have � v : [σ]A as a subderivation. Since
v is closed, v = [σ]v = [σ, v/x]x, yielding � [σ, v/x]x : [σ]A. The result follows
by Lemma 4 applied with an empty substitution. ��

Theorem 2 (Value definiteness). If � σ : Γ and Γ � v : A, then:

(i) it is not the case that Γ � A ≤ ⊥;
(ii) if Γ � A ≤ A1 ∨ A2 then � [σ]v : [σ]A1 or � [σ]v : [σ]A2;
(iii) if Γ � A ≤ Σa:γ. A′, there exists an index � i : γ where � [σ] v : [σ, i/a] A′.

Proof. Follows immediately from Lemmas 4 and 5. ��
For each ordinary type (not property types) we have a value inversion lemma

(also known as genericity or canonical forms). We show only one example. Note
the necessary generalization to allow for substitutions.

Lemma 6 (Inversion on →).
If D derives Γ � v : B and Γ � B ≤ B1 → B2 and � σ : Γ then v = λx. e

where � [σ, v′/x] e : [σ]B2 for any � v′ : [σ]B1.

Proof. By induction on D. ��

7 Type Preservation and Progress

Having proved value definiteness, we are ready to prove type safety. We prove the
preservation and progress theorems simultaneously; we could prove them sepa-
rately, but the proofs would share so much structure as to be more cumbersome
than the simultaneous proof. (Our semantics is deterministic, so the combined
form is meaningful.)
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Theorem 3 (Type Preservation and Progress). If Γ � e : C and σ is a
substitution over program variables such that � σ : Γ and Γ = ·, then either

(1) e value and � [σ] e : C, or
(2) there exists a term e′ such that [σ] e 
→ e′ and � e′ : C.

(By � σ : Γ , σ substitutes no fixed point variables, so Γ must contain no fixed
point variables. Moreover, Γ = · so Γ contains no index variables.)

Proof. By induction on the derivation D of Γ � e : C. Note that since Γ contains
no index variables, [σ]A = A for all types A. If e value, the result follows by
Lemma 3. So suppose e is not a value. Rules (1I), (→I), (∧I), (�I), (ΠI) and
(var) can only type values. Γ types no fixed point variable, so (fixvar) cannot
have been used. � σ : Γ , so Γ �|= ⊥: The cases for (sub) and (fix) use Lemma 3.
The (→E) case requires Lemmas 6 and 3. For (∨I1), (∨I2), (ΣI), (∧E1), (∧E2)
simply apply the IH and reapply the rule. For (direct), (⊥E), (∨E) and (ΣE),
which type an evaluation context E[e′], we proceed thus:

– If the whole term E[e′] is a value, just apply Lemma 3.
– If e′ is not a value:

(1) apply the IH to Γ � e′ : D to obtain [σ] e′ 
→ e′′ with � e′′ : D;
(2) from [σ] e′ 
→ e′′, use (ev-context) to show [σ] E[e′] 
→ [σ] E[e′′];
(3) reapply the rule, with premise � e′′ : D, to yield � [σ] E[e′′] : C.

– If e′ is a value (but E[e′] is not), use value definiteness (Theorem 2), yielding
a contradiction for (⊥E), or a new derivation for (direct), (∨E), (ΣE); in
the latter cases apply the IH with substitution [σ, [σ]e′/x].

The last subcase is the most interesting; we show it for (⊥E) and (∨E). The
(direct) and (ΣE) cases are similar.

– Case (⊥E): D =
Γ � e′ : ⊥

Γ � E[e′] : C
(⊥E)

e′ value and � σ : Γ are given. We have Γ � e′ : ⊥ as a subderivation. By
Theorem 2, Γ �� e′ : ⊥, a contradiction.

– Case (∨E): D =
Γ � e′ : A∨B Γ, x:A � E[x] : C Γ, y:B � E[y] : C

Γ � E[e′] : C
(∨E)

e′ value is given. We have Γ � e′ : A ∨ B as a subderivation. By Theorem 2,
either � [σ]e′ : A or � [σ]e′ : B. Since e′ value, [σ]e′ value. Assume � [σ]e′ : A
(the other case is symmetric). Γ, x:A � E[x] : C is a subderivation. Let
σ′ = σ, [σ]e′/x. It is given that � σ : Γ and � [σ] e′ : A. By (pvar-σ),
σ′ : Γ, x:A, so by the IH, [σ′] E[x] 
→ e′′ and � e′′ : C. But [σ′] E[x] =
[σ, [σ′]e′/x] E[x] = [σ] E[e′], yielding [σ] E[e′] 
→ e′′.

��
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8 Related Work

The notion of datasort refinement combined with intersection types was intro-
duced by Freeman and Pfenning [8]. They showed that full type inference was
decidable under the so-called refinement restriction by using techniques from
abstract interpretation. Interaction with effects in a call-by-value language was
first addressed conclusively by Davies and Pfenning [6] which introduced the
value restriction on intersection introduction, pointed out the unsoundness of
distributivity, and proposed a practical bidirectional checking algorithm.

A different kind of refinement using indexed and dependent function types
with indices drawn from a decidable constraint domain was proposed by Xi and
Pfenning [17]. This language did not introduce pure property types, requiring
syntactic markers for elimination of the existentials. Since this was unrealistic for
many programs, Xi [15] presents an algorithm allowing existential elimination
at every binding site after translation to a let-normal form. One can see some of
the results in the current paper as a post hoc justification for this strategy (see
the remarks at the end of Section 4.4).

Intersection types [4] were first incorporated into practical languages by Rey-
nolds [12]. Pierce [11] gave examples of programming with intersection and union
types in a pure λ-calculus using a type-checking mechanism that relied on syn-
tactic markers. The first systematic study of unions in a type assignment frame-
work by Barbanera, Dezani-Ciancaglini and de’Liguoro [2] identified a number of
problems, including the failure of type preservation even for the pure λ-calculus
when the union elimination rule is too unrestricted. It also provided a frame-
work for our more specialized study of a call-by-value language with possible
effects. van Bakel et al. [13] showed that the minimal relevant logic B+ yields
a type assignment system for the pure call-by-value λ-calculus; conjunction and
disjunction become intersection and union, respectively. In their ∨-elimination
rule, the subexpression may appear multiple times but must be a value; this rule
is sound but impractical (see Section 4.1).

Some work on program analysis in compilation uses forms of intersection and
union types to infer control flow properties [14,10]. Because of the goals of these
systems for program analysis and control flow information, the specific forms
of intersection and union types are quite different from the ones considered
here. Systems of soft typing designed for type inference in dynamically typed
languages [3] are somewhat similar and also allow intersection, union, and even
conditional types [1]. Again, however, the different setting and goals mean that
the technical realization differs substantially from our proposal here.

9 Conclusion

We have designed a system of property types for the purpose of checking pro-
gram invariants in call-by-value languages. We have presented the system as it
was designed: incrementally, with each type constructor added orthogonally to
an intermediate system that is itself sound and logically motivated. For both the
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definite and indefinite types, we have formulated rules that are not only sound
but internally regular: the differences among (∨E), (⊥E), (ΣE), (direct) are log-
ical consequences of the type constructor’s arity. The remarkable feature shared
by all four rules is that typing proceeds in evaluation order, constituting a less ad
hoc alternative to Xi’s conversion to let-normal form. Lastly, we have formulated
properties of definiteness of judgments, substitutions, and values, vital for our
proof of type safety.

The pure type assignment system presented here is undecidable. We are in
the process of developing a decidable bidirectional version (extending the system
in [7], which did not include ∨ and Σ). The present system can be used to verify
progress and preservation after erasure of all type annotations, and will be the
basis of soundness in the bidirectional system. In particular, it verifies that type-
checked programs do not need to carry types at runtime.

The major items of future work are the development of an efficient algorithm
for type-checking and the evaluation of the pragmatics of the system in a full-
scale language. While we have elided any explicit effects from the present system
for the sake of brevity, the analysis in [6] applies to this setting and the present
system. Moreover, since parametric polymorphism was orthogonal in the system
of [6], we expect polymorphism will be orthogonal here as well. Ultimately, the
system must be justified not only by its soundness and internal design but by
its effectiveness in checking interesting properties of real programs.

Acknowledgments. This work is supported in part by the National Science
Foundation under grants ITR/SY+SI 0121633 Language Technology for Trust-
less Software Dissemination and CCR-0204248 Type Refinements. In addition,
the first author is supported in part by an NSF Graduate Research Fellowship.
Brigitte Pientka and the anonymous referees provided insightful feedback.

References

1. Alexander Aiken, Edward L. Wimmers, and T. K. Lakshman. Soft typing with con-
ditional types. In Proc. 21st Symposium on Principles of Programming Languages
(POPL ’94), pages 163–173, 1994.

2. Franco Barbanera, Mariangiola Dezani-Ciancaglini, and Ugo de’Liguoro. Intersec-
tion and union types: syntax and semantics. Inf. and Comp., 119:202–230, 1995.

3. R. Cartwright and M. Fagan. Soft typing. In Proc. SIGPLAN ’91 Conf. Program-
ming Language Design and Impl. (PLDI), volume 26, pages 278–292, 1991.

4. M. Coppo, M. Dezani-Ciancaglini, and B. Venneri. Functional characters of solv-
able terms. Zeitschrift f. math. Logik und Grundlagen d. Math., 27:45–58, 1981.

5. Rowan Davies. Practical refinement-type checking. PhD thesis proposal, Carnegie
Mellon University, 1997.

6. Rowan Davies and Frank Pfenning. Intersection types and computational effects.
In Proc. Int’l Conf. Functional Programming (ICFP ’00), pages 198–208, 2000.

7. Joshua Dunfield. Combining two forms of type refinements. Technical Report
CMU-CS-02-182, Carnegie Mellon University, September 2002.



266 Joshua Dunfield and Frank Pfenning

8. Tim Freeman and Frank Pfenning. Refinement types for ML. In Proc. SIGPLAN
’91 Conf. Programming Language Design and Impl. (PLDI), volume 26, pages
268–277. ACM Press, June 1991.

9. Robin Milner, Mads Tofte, Robert Harper, and David MacQueen. The Definition
of Standard ML (Revised). MIT Press, 1997.

10. Jens Palsberg and Christina Pavlopoulou. From polyvariant flow information to
intersection and union types. J. Functional Programming, 11(3):263–317, 2001.

11. Benjamin C. Pierce. Programming with intersection types, union types, and poly-
morphism. Technical Report CMU-CS-91-106, Carnegie Mellon University, 1991.

12. John C. Reynolds. Design of the programming language Forsythe. Technical
Report CMU-CS-96-146, Carnegie Mellon University, 1996.

13. S. van Bakel, M. Dezani-Ciancaglini, U. de’Liguoro, and Y. Motohoma. The min-
imal relevant logic and the call-by-value lambda calculus. To appear, July 1999.

14. J.B. Wells, Allyn Dimock, Robert Muller, and Franklyn Turbak. A calculus with
polymorphic and polyvariant flow types. J. Functional Programming, 12(3):183–
317, May 2002.

15. Hongwei Xi. Dependent types in practical programming. PhD thesis, Carnegie
Mellon University, 1998.

16. Hongwei Xi. Dependently typed data structures. Revised version superseding that
of WAAAPL ’99, available electronically, February 2000.

17. Hongwei Xi and Frank Pfenning. Dependent types in practical programming. In
Proc. 26th Symp. on Principles of Programming Languages (POPL’99), pages 214–
227. ACM Press, 1999.



Cones and Foci for Protocol Verification

Revisited�

Wan Fokkink1,2 and Jun Pang1

1 CWI, Department of Software Engineering, PO Box 94079,
1090 GB Amsterdam, The Netherlands,

{wan,pangjun}@cwi.nl
2 Vrije Universiteit Amsterdam, Department of Theoretical Computer Science,

De Boelelaan 1081a, 1081 HV Amsterdam, The Netherlands,
wanf@cs.vu.nl

Abstract. We define a cones and foci proof method, which rephrases
the question whether two system specifications are branching bisimilar in
terms of proof obligations on relations between data objects. Compared
to the original cones and foci method from Groote and Springintveld [22],
our method is more generally applicable, and does not require a prepro-
cessing step to eliminate τ -loops. We prove soundness of our approach
and give an application.

1 Introduction

In order to make data a first class citizen in the study of processes, the language
µCRL [21] combines the process algebra ACP [3] with equational abstract data
types [27]. Processes are intertwined with data: Actions and recursion variables
are parametrized by data types; an if-then-else construct allows data objects
to influence the course of a process; and alternative quantification sums over
possibly infinite data domains. Internal activity of a process can be hidden by
a hiding operator τI , which renames all internal actions (i.e., the actions in the
set I) into the hidden action τ [5].

A labeled transition system is associated to each µCRL specification. Two
µCRL specifications are considered equivalent if the initial states of their labeled
transition systems are branching bisimilar [16]. Verification of system correctness
boils down to checking whether the implementation of a system (with all internal
activity hidden) is branching bisimilar to the specification of the desired external
behavior of the system. Checking whether two states are branching bisimilar can
be performed efficiently [23]. The µCRL toolset [7] supports the generation of
labeled transition systems, together with reduction modulo branching bisimula-
tion equivalence, and allows model checking of temporal logic formulas [10] via
a back-end to the CADP toolset [12].
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This approach to verify system correctness has three important drawbacks.
First, the labeled transition systems of the µCRL specifications involved must be
generated; often the labeled transition system of the implementation of a system
cannot be generated, as it is too large, or even infinite. Second, this generation
usually requires a specific choice for one network or data domain; in other words,
only the correctness of an instantiation of the system is proved. Third, support
from and rigorous formalization by theorem provers and proof checkers is not
readily available.

Groote and Springintveld [22] introduced the cones and foci method, which
rephrases the question whether two µCRL specifications are branching bisimilar
in terms of proof obligations on relations between data objects. These proof
obligations can be derived by means of algebraic calculations, in general with
the help of invariants (i.e., properties of the reachable states) that are proved
separately. This method was used in the verification of a considerable number of
real-life protocols (e.g., [15, 20, 34]), often with the support of a theorem prover
or proof checker.

The main idea of this method is that quite often in the implementation of
a system, internal actions progress inertly towards a state in which no internal
actions can be executed; such a state is declared to be a focus point. The cone
of a focus point consists of the states that can reach this focus point by a string
of internal actions. In the absence of infinite sequences of internal actions, each
state belongs to a cone. This core idea is depicted below. Note that the external
actions at the edge of the depicted cone can also be executed in the ultimate
focus point F ; this is essential for soundness of the cones and foci method, as
otherwise internal actions in the cone would not be inert.

External actions

F

Internal actions

c
d

c
d

d

d

a
b

a

b
b

b

c

a

Linear process equations [6] constitute a restricted class of µCRL specifica-
tions in some kind of linear format. Algorithms have been developed to transform
µCRL specifications into this linear format [19, 24, 35]. In a linear process equa-
tion, the states of the associated labeled transition system are data objects.
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Assume that the implementation of a system and its desired external behav-
ior are both given in the form of a linear process equation. In the cones and
foci method, a state mapping φ relates each state of the implementation to a
state of the desired external behavior. Groote and Springintveld [22] formulated
matching criteria, consisting of relations between data objects, which ensure that
states s and φ(s) are branching bisimilar.

If an implementation, with all internal activity hidden, includes infinite se-
quences of τ -actions, then Groote and Springintveld [22] distinguish between
progressing and non-progressing τ -actions. Their requirements are that (1) there
is no infinite sequence of progressing τ -actions, (2) non-progressing τ -actions are
only executed at a focus point, and (3) a focus point cannot perform progress-
ing τ -actions. A pre-abstraction function divides occurrences of τ -actions in the
implementation into progressing and non-progressing ones, and only progressing
τ ’s are abstracted away; in many cases it is far from trivial to define the proper
pre-abstraction. Finally, a special fair abstraction rule [2] can be used to try and
eliminate the remaining (non-progressing) τ ’s.

In this paper, we propose an adaptation of the cones and foci method, in
which the cumbersome treatment of infinite sequences of τ -actions is no longer
necessary. This improvement of the cones and foci method was conceived during
the verification of a sliding window protocol [13], where the adaptation simplified
matters considerably. As before, the method deals with linear process equations,
requires the definition of a state mapping, and generates the same matching
criteria. However, we allow the user to freely assign which states are focus points
(instead of prescribing that they are the states in which no progressing τ -actions
can be performed), as long as each state is in the cone of a focus point. We
do allow infinite sequences of internal actions. Since the meaning of recursive
specifications that include infinite sequences of τ -actions is ambiguous, we leave
the hiding operator τI around the µCRL specification of the implementation in
place. No distinction between progressing and non-progressing internal actions
is needed, and loops of internal actions are eliminated without having to resort
to a fair abstraction rule.

We prove that our method is sound modulo branching bisimulation equiv-
alence. Furthermore, we apply our method to the Concurrent Alternating Bit
Protocol [26], which served as the main example in [22]. While the old cones and
foci method required a typical cumbersome treatment of τ -loops, here we can
take these τ -loops in our stride.

Related Work In compiler correctness, advances have been made to validate
programs at a symbolic level with respect to an underlying simulation notion
(e.g., [9, 17, 30]). The methodology surrounding cones and foci incorporates
well-known and useful concepts such as the precondition/effect notation [25,
28], invariants and simulations. Linear process equations resemble the UNITY
format [8] and recursive applicative program schemes [11]; state mappings are
comparable to refinement mappings [29, 32] and simulation [14]. Van der Zwaag
[36] gave an adaptation of the cones and foci method from [22] to a timed
setting, modulo timed branching bisimulation equivalence. We leave it as an
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open question whether our innovations for the cones and foci method can also
be introduced in this timed setting.

2 Preliminaries

2.1 µCRL

µCRL [21] is a language for specifying distributed systems and protocols in an
algebraic style. It is based on process algebra extended with equational abstract
data types. In a µCRL specification, one part specifies the data types, while a
second part specifies the process behavior. We do not describe the treatment
of data types in µCRL in detail. For our purpose it is sufficient that processes
can be parametrized with data. We assume the data sort of booleans Bool with
constant T and F, and the usual connectives ∧, ∨, ¬ and ⇒. For a boolean b,
we abbreviate b = T to b and b = F to ¬b.

The specification of a process is constructed from action names, recursion
variables and process algebraic operators. Actions and recursion variables carry
zero or more data parameters. There are two predefined actions in µCRL: δ
represents deadlock, and τ a hidden action. These two actions never carry data
parameters.

Processes are represented by process terms, which describe the order in which
the actions from a set Act may happen. A process term consists of action names
and recursion variables combined by process algebraic operators. p·q denotes
sequential composition and p+q non-deterministic choice, summation

∑
d:D p(d)

provides the possibly infinite choice over a data type D, and the conditional
construct p � b � q with b a data term of sort Bool behaves as p if b and as q
if ¬b. Parallel composition p ‖ q interleaves the actions of p and q; moreover,
actions from p and q may also synchronize to a communication action, when this
is explicitly allowed by a predefined communication function. Two actions can
only synchronize if their data parameters are semantically the same, which means
that communication can be used to represent data transfer from one system
component to another. Encapsulation ∂H(p), which renames all occurrences in p
of actions from the set H into δ, can be used to force actions into communication.
Finally, hiding τI(p) renames all occurrences in p of actions from the set I into
τ . The syntax and semantics of µCRL are given in [21].

2.2 Labeled Transition Systems

Labeled transition systems (LTSs) capture the operational behavior of concur-
rent systems. An LTS consists of transitions s

a→ s′, denoting that the state s can
evolve into the state s′ by the execution of action a. To each µCRL specification
belongs an LTS, defined by the structural operational semantics for µCRL in
[21].

Definition 1 (Labeled transition system). A labeled transition system is
a tuple (S,Lab,→, s0), where S is a set of states, Lab a set of transition labels,
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→⊆ S × Lab × S a transition relation, and s0 the initial state. A transition
(s, �, s′) is denoted by s

�→ s′.

Here, S consists of µCRL specifications, and Lab consists of actions from
Act ∪ {τ} parametrized by data. We define branching bisimilarity [16] between
states in LTSs. Branching bisimulation is an equivalence relation [4].

Definition 2 (Branching bisimulation). Assume an LTS. A symmetric bi-
nary relation B on states is a branching bisimulation if sBt and s

�→ s′ implies:

- either � = τ and s′ B t;
- or there is a sequence of (zero or more) τ-transitions t

τ→ · · · τ→ t0 such that
sBt0 and t0

�→ t′ with s′Bt′.

Two states s and t are branching bisimilar, denoted by s ↔b t, if there is a
branching bisimulation relation B such that sB t.

The µCRL toolset [7] supports the generation of labeled transition systems
of µCRL specifications, together with reduction modulo branching bisimulation
equivalence and model checking of temporal logic formulas. This approach has
been used to analyze a wide range of protocols and distributed systems (e.g.,
[1, 18, 31, 33]).

In this paper we focus on analyzing protocols and distributed systems on the
level of their symbolic specifications.

2.3 Linear Process Equations

A linear process equation (LPE) is a one-line µCRL specification consisting of
actions, summations, sequential compositions and conditional constructs. In par-
ticular, an LPE does not contain any parallel operators, encapsulations or hid-
ings. In essence an LPE is a vector of data parameters together with a list of
condition, action and effect triples, describing when an action may happen and
what is its effect on the vector of data parameters. Each µCRL specification that
does not include successful termination can be transformed into an LPE [35].1

Definition 3 (Linear process equation). A linear process equation is a
µCRL specification of the form

X(d:D) =
∑

a∈Act∪{τ}

∑

e:E

a(fa(d, e))·X(ga(d, e)) � ha(d, e) � δ

where fa : D × E → D, ga : D × E → D and ha : D × E → Bool for each
a ∈ Act ∪ {τ}.
1 To cover µCRL specifications with successful termination, LPEs should also include

a summand
�

a∈Act∪{τ}
�

e:E a(fa(d, e)) � ha(d, e) � δ. The cones and foci method
extends to this setting without any complication. However, this extension would com-
plicate the matching criteria in Definition 7. For the sake of presentation, successful
termination is not taken into account here.
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The LPE in Definition 3 has exactly one LTS as its solution.2 In this LTS, the
states are data elements d:D (where D may be a Cartesian product of n data
types, meaning that d is a tuple (d1, ..., dn)) and the transition labels are actions
parametrized with data. The LPE expresses that state d can perform a(fa(d, e))
to end up in state ga(d, e), under the condition that ha(d, e) is true. The data
type E gives LPEs a more general form, as not only the data parameter d:D
but also the data parameter e:E can influence the parameter of action a, the
condition ha and the resulting state ga.

Definition 4 (Invariant). A mapping I : D → Bool is an invariant for an
LPE, written as in Definition 3, if for all a ∈ Act ∪ {τ}, d:D and e:E,

I(d) ∧ ha(d, e) ⇒ I(ga(d, e)).

Intuitively, an invariant characterizes the set of reachable states of an LPE.
That is, if I(d), and if one can involve from state d to state d′ in zero or more
transitions, then I(d′). Namely, if I holds in state d and it is possible to execute
a(fa(d, e)) in this state (meaning that ha(d, e)), then it is ensured that I holds
in the resulting state ga(d, e). Invariants tend to play a crucial role in algebraic
verifications of system correctness that involve data.

3 Cones and Foci

In this section, we present our version of the cones and foci method [22]. Suppose
that we have an LPE X(d:D) (including internal actions from a set I, which will
be hidden) specifying the implementation of a system, and an LPE Y (d′:D′)
(without internal actions) specifying the desired input/output behavior of this
system. Furthermore, assume an invariant I : D → Bool characterizing the
reachable states of X . We want to prove that the implementation exhibits the
desired input/output behavior.

We assume the presence of an invariant I : D → Bool for X . In the cones and
foci method, a state mapping φ : D → D′ relates each state of the implementation
X to a state of the desired external behavior Y . Furthermore, some states in
D are designated to be focus points. In contrast with the approach of [22], we
allow to freely assign focus points, as long as each state d:D of X with I(d) can
reach a focus point by a sequence of internal transitions. If a number of matching
criteria for d:D are fulfilled, consisting of relations between data objects, and
if I(d), then the states d and φ(d) are guaranteed to be branching bisimilar.
These matching criteria require that (A) after hiding, all internal transitions of
d become invisible, (B) each external transition of d can be mimicked by φ(d),
and (C) if d is a focus point, then vice versa each transition of φ(d) can be
mimicked by d.

We start with defining the predicate FC, designating the focus points of X
in D. Next we define the state mapping together with its matching criteria.
2 LPEs exclude “unguarded” recursive specifications such as X = X, which have

multiple solutions.
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Definition 5 (Focus point). A focus condition is a mapping FC : D → Bool.
If FC (d), then d is called a focus point.

Definition 6 (State mapping). A state mapping is of the form φ : D → D′.

Definition 7 (Matching criteria). Let the LPE X be of the form

X(d:D) =
∑

a∈Act

∑

e:E

a(fa(d, e))·X(ga(d, e)) � ha(d, e) � δ.

Furthermore, let the LPE Y be of the form

Y (d′:D′) =
∑

a∈Act\I

∑

e:E

a(f ′
a(d′, e))·Y (g′a(d′, e)) � h′

a(d′, e) � δ.

A state mapping φ : D → D′ satisfies the matching criteria for d:D if for all
a ∈ Act\I and c ∈ I:

I ∀e:E (hc(d, e) ⇒ φ(d) = φ(gc(d, e)));
II ∀e:E (ha(d, e) ⇒ h′

a(φ(d), e));
III FC (d) ⇒ ∀e:E (h′

a(φ(d), e) ⇒ ha(d, e));
IV ∀e:E (ha(d, e) ⇒ fa(d, e) = f ′

a(φ(d), e));
V ∀e:E (ha(d, e) ⇒ φ(ga(d, e)) = g′a(φ(d), e)).

Matching criterion I requires that after hiding, all internal c-transitions from
d are invisible, meaning that d and gc(d, e) are branching bisimilar. Criteria
II, IV and V express that each external transition of d can be simulated by
φ(d). Finally, criterion III expresses that if d is a focus point, then each external
transition of φ(d) can be simulated by d.

Theorem 1. Assume LPEs X(d:D) and Y (d′:D′) written as in Definition 7.
Let I ⊆ Act, and let I : D → Bool be an invariant for X. Suppose that for all
d:D with I(d),

1. φ : D → D′ satisfies the matching criteria for d, and
2. there is a d̂:D such that FC (d̂) and d

c1→ · · · cn→ d̂ with c1, . . . , cn ∈ I in the
LTS for X.

Then for all d:D with I(d),

τI(X(d)) ↔b Y (φ(d)).

Proof. We assume without loss of generality that D and D′ are disjoint. Define
B ⊆ D ∪ D′ × D ∪ D′ as the smallest relation such that whenever I(d) for a
d:D then dBφ(d) and φ(d)Bd. Clearly, B is symmetric. We show that B is a
branching bisimulation relation.

Let sBt and s
�→ s′. First consider that case where φ(s) = t. By definition of

B we have I(s).
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1. If � = τ , then hc(s, e) and s′ = gc(s, e) for some c ∈ I and e:E. By match-
ing criterion I, φ(gc(s, e)) = t. Moreover, I(s) and hc(s, e) together imply
I(gc(s, e)). Hence, gc(s, e)Bt.

2. If � �= τ , then ha(s, e), s′ = ga(s, e) and � = a(fa(s, e)) for some a ∈
Act\I and e:E. By matching criteria II and IV, h′

a(t, e) and fa(s, e) =

f ′
a(t, e). Hence, t

a(fa(s,e))→ g′a(t, e). Moreover, I(s) and ha(s, e) together im-
ply I(ga(s, e)), and matching criterion V yields φ(ga(s, e)) = g′a(t, e), so
ga(s, e)Bg′a(t, e).

Next consider the case where s = φ(t). Since s
�→ s′, for some a ∈ Act\I and

e:E, h′
a(s, e), s′ = g′a(s, e) and � = a(f ′

a(s, e)). By definition of B we have I(t).

1. If FC (t), then by matching criterion III, ha(t, e). So by matching criterion

IV, fa(t, e) = f ′
a(s, e). Hence, t

a(f ′
a(s,e))→ ga(t, e). Moreover, I(t) and ha(t, e)

together imply I(ga(t, e)), and matching criterion V yields φ(ga(t, e)) =
g′a(s, e), so g′a(s, e)Bga(t, e).

2. If ¬FC (t), then there is a t̂:D with FC (t̂) such that t
c1→ ...

cn→ t̂ with
c1, . . . , cn ∈ I in the LTS for X . This implies that t

τ→ ...
τ→ t̂ in the LTS

for τI(X). Invariant I, so also the matching criteria, hold for all states on
this τ -path. Repeatedly applying matching criterion I we get φ(t̂) = φ(t) =
s. So matching criterion III together with h′

a(s, e) yields ha(t̂, e). Then by

matching criterion IV, fa(t̂, e) = f ′
a(s, e), so t

τ→ ...
τ→ t̂

a(f ′
a(s,e))→ ga(t̂, e).

Moreover, I(t̂) and ha(t̂, e) together imply I(ga(t̂, e)), and matching criterion
V yields φ(ga(t̂, e)) = g′a(s, e), so sBt̂ and g′a(s, e)Bga(t̂, e).

Concluding, B is a branching bisimulation.

We note that Groote and Springintveld [22] proved for their notion of their cones
and foci method that it can be derived from the axioms of µCRL, which implies
that their method is sound modulo branching bisimulation equivalence. We leave
it as future work to try and derive our cones and foci method from the axioms
of µCRL.

4 Application to the CABP

Groote and Springintveld [22] proved correctness of the Concurrent Alternating
Bit Protocol (CABP) [26] as an application of their cones and foci method. Here
we redo their correctness proof using our version of the cones and foci method,
where in contrast to [22] we can take loops of internal activity in our stride.

In the CABP, data elements d1, d2, . . . are communicated from a data trans-
mitter S to a data receiver R via a lossy channel, so that a message can be
corrupted or lost. Therefore, acknowledgments are sent from R to S again via a
lossy channel. In the CABP, sending and receiving of acknowledgments is decou-
pled from R and S, in the form of separate components AS and AR, respectively,
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where AS autonomously sends acknowledgments to AR. This ensures a better
use of available bandwidth.

S attaches a bit 0 to data elements d2k−1 and a bit 1 to data elements d2k,
and AS sends back the attached bit to acknowledge reception. S keeps on sending
a pair (di, b) until AR receives the bit b and sends the message ac to S; then S
starts sending the next pair (di+1, 1− b). Alternation of the attached bit enables
R to determine whether a received datum is really new, and alternation of the
acknowledging bit enables AR to determine which datum is being acknowledged.

The CABP contains unbounded internal behavior, which occurs when a chan-
nel eternally corrupts or loses the same datum or acknowledgment. The fair ab-
straction paradigm [2], which underlies branching bisimulation, says that such
infinite sequences of faulty behavior do not exist in reality, because the chance
of a channel failing infinitely often is zero. Groote and Springintveld [22] defined
a pre-abstraction function to hide all internal actions except those that are ex-
ecuted in focus points, and used Koomen’s fair abstraction rule [2] to eliminate
the remaining loops of internal actions. In our adaptation of the cones and foci
method, focus points can perform internal actions, so neither pre-abstraction
nor Koomen’s fair abstraction rule are needed here.

The structure of the CABP is shown in Figure 1. The CABP system is built
from six components.

S is a data transmitter, which reads data from port 1 and transmits such a
datum repeatedly via channel K, until an acknowledgment ac regarding this
datum is received from AR.

K is a lossy data transmission channel, which transfers data from S to R. Ei-
ther it delivers the datum correctly, or it can make two sorts of mistakes: lose
the datum or change it into the checksum error ce. The non-deterministic
choice between the three options is modeled by the action j.

R is a data receiver, which receives data from K, sends freshly received data
into port 2, and sends an acknowledgment to AS via port 5.

AS is an acknowledgment transmitter, which receives an acknowledgment from
R and repeatedly transmits it via L to AR.

L is a lossy acknowledgment transmission channel, which transfers acknowl-
edgments from AS to AR. Either it delivers the acknowledgment correctly,
or it can make two sorts of mistakes: lose the acknowledgment or change it
into ae.

AR is an acknowledgment receiver, which receives acknowledgments from L and
passes them on to S.

The components can perform read rn(...) and send sn(...) actions to trans-
port data through port n. A read and a send action over the same port n can
synchronize into a communication action cn(...). For a detailed description of the
data types and each component’s specification in µCRL the reader is referred to
[22]. The µCRL specification of the CABP is obtained by putting the six com-
ponents in parallel, encapsulating the internal send and read actions at ports
{3, 4, 5, 6, 7, 8}, and hiding the internal communication actions at these ports
together with the action j.
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Fig. 1. The structure of the CABP

4.1 Implementation and External Behavior

As a starting point we take the LPE Sys that is obtained from the implementa-
tion of the CABP; see [22]. It includes the sort Bit with elements b0 and b1 and
with an inversion function inv : Bit → Bit , and the sort Nat of natural num-
bers. The sort D contains the data elements to be transferred by the protocol.
eq : S × S → Bool coincides with the equality relation between elements of the
sort S.

Definition 8. In each summand of the LPE for Sys below, we only present the
parameters whose values are changed.

Sys(ds:D, bs:Bit , is:Nat , i′s:Nat , dr:D, br:Bit ,
ir:Nat , dk:D, bk:Bit , ik:Nat , bl:Bit , il:Nat)

=
∑

d:D r1(d)·Sys(d/ds, 2/is) � eq(is, 1) � δ (1)
+ c3(〈ds, bs〉)·Sys(ds/dk, bs/bk, 2/ik) � eq(is, 2) ∧ eq(ik, 1) � δ (2)
+ (j·Sys(1/ik) + j·Sys(3/ik) + j·Sys(4/ik)) � eq(ik, 2) � δ (3)
+ c4(〈dk, br〉)·Sys(dk/dr, 2/ir, 1/ik) � eq(ir, 1) ∧ eq(br, bk) ∧ eq(ik, 3) � δ (4)
+ c4(〈dk, br〉)·Sys(1/ik) � eq(ir, 1) ∧ eq(br, inv(bk)) ∧ eq(ik, 3) � δ (5)
+ c4(ce)·Sys(1/ik) � eq(ir, 1) ∧ eq(ik, 4) � δ (6)
+ s2(dr)·Sys(3/ir) � eq(ir, 2) � δ (7)
+ c5(ac)·Sys(inv(br)/br, 1/ir) � eq(ir, 3) � δ (8)
+ c6(inv(br))·Sys(inv(br)/bl, 2/il) � eq(il, 1) � δ (9)
+ (j·Sys(1/il) + j·Sys(3/il) + j·Sys(4/il)) � eq(il, 2) � δ (10)
+ c7(bl)·Sys(1/il, 2/i′s) � eq(i′s, 1) ∧ eq(bl, bs) ∧ eq(il, 3) � δ (11)
+ c7(bl)·Sys(1/il) � eq(i′s, 1) ∧ eq(bl, inv(bs)) ∧ eq(il, 3) � δ (12)
+ c7(ae)·Sys(1/il) � eq(i′s, 1) ∧ eq(il, 4) � δ (13)
+ c8(ac)·Sys(inv(bs)/bs, 1/is, 1/i′s) � eq(is, 2) ∧ eq(i′s, 2) � δ (14)

In the LPE Sys, ds, dr and dk represent a datum of sort D which S, R and K read
at ports 1, 4 and 3, respectively; bs, br, bk and bl are the attached alternating bit
for R, S, K and L, respectively. is, i′s, ir, ik and il are auxiliary parameters that
are introduced by the linearization algorithm which transforms the concurrent
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specification of the CADP into the LPE Sys; these parameters model different
states of S, AR, R, K and L, respectively.

The specification of the external behavior of the CABP is a one-datum buffer,
which reads a datum at port 1, and sends out this same datum at port 2.

Definition 9. The LPE of the external behavior of the CABP is

B(d:D, b:Bool ) =
∑

d′:D r1(d′)·B(d′, F) � b � δ + s2(d)·B(d, T) � ¬b � δ.

4.2 Verification

Let Ξ abbreviate D×Bit×Nat×Nat×D×Bit×Nat×D×Bit×Nat×Bit×Nat .
Furthermore, let ξ:Ξ denote (ds, bs, is, i

′
s, dr, br, ir, dk, bk, ik, bl, il).

Invariants I1-I5, I7 below were taken from [22]. I1-I5 describe the range of
the data parameters is, i′s, ik, ir, and il, respectively. I6 says that bs and bk

remain equal until S gets an acknowledgment from AR. I7 expresses that each
component in Figure 1 either has received information about the datum being
transmitted which it must forward, or did not yet receive this information.

Definition 10.

I1(ξ) ≡ eq(is, 1) ∨ eq(is, 2)
I2(ξ) ≡ eq(i′s, 1) ∨ eq(i′s, 2)
I3(ξ) ≡ eq(ik, 1) ∨ eq(ik, 2) ∨ eq(ik, 3) ∨ eq(ik, 4)
I4(ξ) ≡ eq(ir, 1) ∨ eq(ir, 2) ∨ eq(ir, 3)
I5(ξ) ≡ eq(il, 1) ∨ eq(il, 2) ∨ eq(il, 3) ∨ eq(il, 4)
I6(ξ) ≡ ¬eq(ik, 1) ∧ eq(is, 2) ⇒ eq(bs, bk)
I7(ξ) ≡ (eq(is, 1) ⇒ eq(bs, inv(bk)) ∧ eq(bs, br) ∧ eq(ds, dk)

∧ eq(ds, dr) ∧ eq(i′s, 1) ∧ eq(ir, 1) ∧ eq(ik, 1))
∧ (eq(bs, bk) ⇒ eq(ds, dk))
∧ (eq(ir, 2) ∨ eq(ir, 3) ⇒ eq(ds, dr) ∧ eq(bs, br) ∧ eq(bs, bk))
∧ (eq(bs, inv(br)) ⇒ eq(ds, dr) ∧ eq(bs, bk))
∧ (eq(bs, bl) ⇒ eq(bs, inv(br)))
∧ (eq(i′s, 2) ⇒ eq(bs, bl)).

Lemma 1. I1, I2, I3, I4, I5, I6 and I4 ∧ I7 are invariants of Sys.

The focus condition for Sys is obtained by taking the disjunction of the
summands in the LPE in Definition 8 that deal with an external action; these
summands are (1) and (7).

Definition 11. The focus condition for Sys is

FC (ξ) = eq(is, 1) ∨ eq(ir, 2).

We proceed to prove that each state satisfying the invariants above can reach
a focus point by a sequence of internal transitions, carrying labels from I =
{c3, c4, c5, c6, c7, c8, j}.
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Lemma 2. For each ξ:Ξ with In(ξ) for n = 1-6, there is a ξ̂:Ξ such that FC(ξ̂)
and ξ

c1→ · · · cn→ ξ̂ with c1, . . . , cn ∈ I in Sys.

Proof. Let ¬FC(ξ); in view of I1 and I4 this implies eq(is, 2) ∧ (eq(ir, 1) ∨
eq(ir, 3)). In case eq(ir, 3), we can perform c5(ac) at summand (8) to arrive a
state with eq(is, 2) ∧ eq(ir, 1). By I3 and summands (2), (3) and (6), we can
perform internal actions to reach a state where eq(is, 2)∧eq(ir, 1)∧eq(ik, 3). We
distinguish two cases.

1. eq(br, bk).
We can perform c4(〈dk, br〉) at summand (4) to reach a focus point.

2. eq(br, inv(bk)).
If i′s = 2, then we can perform c(ac) at summand (14) to reach a focus point,
so by I2 we can assume that i′s = 1. If eq(il, 3)∧eq(bl, bs), then by performing
c7(bl) at summand (11) followed by c8(ac) at summand (14) we can reach
a focus point. Otherwise, by I5 and summands (10), (12) and (13) we can
reach a state where eq(is, 2)∧eq(i′s, 1)∧eq(ir, 1)∧eq(ik, 3)∧eq(il, 1). We can
perform c6(inv(br)) at summand (9) followed by j at summand (10) to reach
a state where eq(is, 2)∧eq(i′s, 1)∧eq(ir, 1)∧eq(ik, 3)∧eq(il, 3)∧eq(bl, inv(br)).
By eq(br, inv(bk)), I6 and eq(bl, inv(br)) we have eq(bl, bs). Hence, we can
perform c7(bl) at summand (11) followed by c8(ac) at summand (14) to reach
a focus point.

The state mapping φ : Ξ → D × Bool is defined by

φ(ξ) = 〈ds, eq(is, 1) ∨ eq(ir, 3) ∨ ¬eq(bs, br)〉.
Note that φ is independent of i′s, dr, dk, bk, ik, bl, il; we write φ(ds, bs, is, br, ir).

Theorem 2. For all d:D and b0, b1:Bit,

τI(Sys(d, b0, 1, 1, d, b0, 1, d, b1, 1, b1, 1)) ↔b B(d, T).

Proof. It is easy to check that ∧7
n=1In(d, b0, 1, 1, d, b0, 1, d, b1, 1, b1, 1).

We obtain the following matching criteria. For class I, we only need to check
the summands (4), (8) and (14), as the other nine summands that involve an
initial action leave the values of the parameters in φ(ds, bs, is, br, ir) unchanged.

1. eq(ir, 1) ∧ eq(br, bk) ∧ eq(ik, 3) ⇒ φ(ds, bs, is, br, ir) = φ(ds, bs, is, br, 2/ir)
2. eq(ir, 3) ⇒ φ(ds, bs, is, br, ir) = φ(ds, bs, is, inv(br)/br, 1/ir)
3. eq(is, 2) ∧ eq(i′s, 2) ⇒ φ(ds, bs, is, br, ir) = φ(ds, inv(bs)/bs, 1/is, br, ir)

The matching criteria for the other four classes are produced by summands (1)
and (7). For class II we get:

1. eq(is, 1) ⇒ eq(is, 1) ∨ eq(ir, 3) ∨ ¬eq(bs, br)
2. eq(ir, 2) ⇒ ¬(eq(is, 1) ∨ eq(ir, 3) ∨ ¬eq(bs, br))

For class III we get:

1. (eq(is, 1) ∨ eq(ir, 2)) ∧ (eq(is, 1) ∨ eq(ir, 3) ∨ ¬eq(bs, br)) ⇒ eq(is, 1)
2. (eq(is, 1) ∨ eq(ir, 2)) ∧ ¬(eq(is, 1) ∨ eq(ir, 3) ∨ ¬eq(bs, br)) ⇒ eq(ir, 2)
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For class IV we get:

1. ∀d:D (eq(is, 1) ⇒ d = d)
2. eq(ir, 2) ⇒ dr = ds

Finally, for class V we get:

1. ∀d:D (eq(is, 1) ⇒ φ(d/ds, bs, 2/is, br, ir) = 〈d, F〉)
2. eq(ir, 2) ⇒ φ(ds, bs, is, br, 3/ir) = 〈ds, T〉

We proceed to prove the matching criteria.

I.1 Let eq(ir, 1). Then

φ(ds, bs, is, br, ir) = 〈ds, eq(is, 1) ∨ eq(1, 3) ∨ ¬eq(bs, br)〉
= 〈ds, eq(is, 1) ∨ eq(2, 3) ∨ ¬eq(bs, br)〉
= φ(ds, bs, is, br, 2/ir).

I.2 Let eq(ir, 3). Then by I7, eq(bs, br). Hence,

φ(ds, bs, is, br, ir) = 〈ds, eq(is, 1) ∨ eq(3, 3) ∨ ¬eq(bs, br)〉
= 〈ds, T〉
= 〈ds, eq(is, 1) ∨ eq(ir, 3) ∨ ¬eq(bs, inv(br))〉
= φ(ds, bs, is, inv(br)/br, 1/ir).

I.3 Let eq(i′s, 2). By I7, eq(bs, bl), which together with I7 yields eq(bs, inv(br)).
Hence,

φ(ds, bs, is, br, ir) = 〈ds, eq(is, 1) ∨ eq(ir, 3) ∨ ¬eq(bs, br)〉
= 〈ds, T〉
= 〈ds, eq(1, 1) ∨ eq(ir, 3) ∨ ¬eq(inv(bs), br)〉
= φ(ds, inv(bs)/bs, 1/is, br, ir).

II.1 Trivial.
II.2 Let eq(ir, 2). Then clearly ¬eq(ir, 3), and by I7, eq(bs, br). Furthermore,

according to I7, eq(is, 1) ⇒ eq(ir, 1), so eq(ir, 2) also implies ¬eq(is, 1).
III.1 If ¬eq(ir, 2), then eq(is, 1) ∨ eq(ir, 2) implies eq(is, 1). If eq(ir, 2), then by

I7, eq(bs, br), so that eq(is, 1) ∨ eq(ir, 3) ∨ ¬eq(bs, br) implies eq(is, 1).
III.2 If ¬eq(is, 1), then eq(is, 1) ∨ eq(ir, 2) implies eq(ir, 2). If eq(is, 1), then

the formula ¬(eq(is, 1) ∨ eq(ir, 3) ∨ ¬eq(bs, br)) is false, so that it implies
eq(ir, 2).

IV.1 Trivial.
IV.2 Let eq(ir, 2). Then by I7, eq(dr, ds).
V.1 Let eq(is, 1). Then by I7, eq(ir, 1) and eq(bs, br). So for any d:D,

φ(d/ds, bs, 2/is, br, ir) = 〈d, eq(2, 1) ∨ eq(1, 3) ∨ ¬eq(bs, br)〉
= 〈d, F〉.

V.2
φ(ds, bs, is, br, 3/ir) = 〈ds, eq(is, 1) ∨ eq(3, 3) ∨ ¬eq(bs, br)〉

= 〈ds, T〉.
Note that φ(d, b0, 1, b0, 1) = 〈d, T〉. So by Theorem 1 and Lemma 2,

τI(Sys(d, b0, 1, 1, d, b0, 1, d, b1, 1, b1, 1)) ↔b B(d, T).
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Abstract. We define a typed bisimulation equivalence for the language
Dpi, a distributed version of the π-calculus in which processes may mi-
grate between dynamically created locations. It takes into account re-
source access policies, which can be implemented in Dpi using a novel
form of dynamic capability types. The equivalence, based on typed ac-
tions between configurations, is justified by showing that it is fully-
abstract with respect to a natural distributed version of a contextual
equivalence.
In the second part of the paper we study the effect of controlling the
migration of processes. This affects the ability to perform observations
at specific locations, as the observer may be denied access. We show
how the typed actions can be modified to take this into account, and
generalise the full-abstraction result to this more delicate scenario.

1 Introduction

The behaviour of processes in a distributed system depends on the resources
they have been allocated. Moreover these resources, or a process’s knowledge of
these resources, may vary over time. Therefore an adequate behavioural theory of
distributed systems must be based not only on the inherent abilities of processes
to interact with other processes, but must also take into account the (dynamic)
resource environment in which they are operating. In our approach judgements
will take the form

Γ |= M ≈ N,

where N and M are systems and Γ represents their computing environment.
Intuitively this means that M and N offer the same behaviour, relative to the
environment Γ . The challenge addressed by this paper is to give an adequate
formalisation of this idea, where

– the systems M and N are collections of location aware processes, which may
be allocated varying access rights to resources at different locations and may
migrate between these locations to exercise their rights
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– the computing environment Γ may vary dynamically, reflecting both the
overall resources available to M and N and the evolving knowledge that
users may accumulate of these resources.

This is developed in terms of the language Dpi, [9], a version of the π-calculus,
[13], in which processes may migrate between locations, which in turn can be
dynamically created. As explained in [9] resource access policies in Dpi may
be implemented using a capability based type system; thus in this setting it is
sufficient to develop typed behavioural equivalences in order to capture the effect
of resource access policies on process behaviour. But in this paper we extend the
typing system of [9] by allowing types to be created dynamically and to depend
on received data.

The language Dpi and its reduction semantics is summarised in Section 2,
which relies heavily on the corresponding section of [9]. The typing system, dis-
cussed briefly in Section 3, contains two major extensions to the original typing
system of [9]. The first introduces a new kind of type, rc〈A〉 for registered channel
names, which allows channels names to be used consistently at multiple loca-
tions. The second allows types to be constructed dynamically and be dependent
on received data. Subject reduction still holds for this extended type system.

The second novelty of the paper, in Section 4.1, is a definition of typed action

Γ � M µ−→ Γ ′ � N (1)

indicating that in an environment constrained by the type environment Γ the
system M may perform the action µ and be transformed into N ; the environment
Γ may also be changed by this interaction, to Γ ′, for example by the extrusion of
new resources, or new capabilities on already known resources. Here the actions
µ are either internal moves, τ , or located input or output actions, of the form
k.a?v or (b̃)k.a!v. Informally, the action in (1) is possible if M is capable of
performing the action µ in the standard manner and the environment Γ allows
it to happen.

With these typed actions we can define a standard notion of (weak) bisimu-
lations between configurations, consistent pairs of the form Γ � M ; the formal
definition is given in Section 4 and we use Γ � M ≈bis N to denote that there is
a bisimulation containing the two configurations Γ � M and Γ � N .

The first main result of the paper is that this notion of typed bisimulation
captures precisely an independently defined contextual equivalence, which we
denote by ∼=rbc.

The final topic of the paper is the effect of migration on the behaviour of sys-
tems. In Dpi the migration of processes is unconstrained. The relevant reduction
rule is

k�goto l.P � → l�P �.

Any agent is allowed to migrate from a site k to the site l. Indeed this rule is
essential in establishing the above theorem. For example consider the systems
M1, M2 given by

(new k : K) l�c!〈k〉� | k�a!〈〉 stop� and (new k : K) l�c!〈k〉� | k�stop� (2)
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where K is the declaration type loc[a : rw〈〉], and Γ an environment which has
read capability at type K on c at l. These are not bisimilar in the environment
Γ , as after exporting the new name k on c at l, that is performing the bound
output action (k)l.c!k, only the former may have the typed action

(Γ ′ � k�a!〈〉 stop�) k.a!〈〉−−−→ (Γ ′ � k�stop�)

where Γ ′ represents the environment Γ updated with the new knowledge of a
at k. Moreover they can be distinguished contextually because of the Γ -context

l�c?(x) .gotox.a?(y) goto l.ω!〈〉� | −

An environment which has read or write capability on a channel at k can auto-
matically send an agent there to perform a test and report back to base. Note
that this test works only because systems allowed by Γ have the automatic abil-
ity to migrate to the site k. If on the other hand migration were constrained, as
one would expect in more realistic scenarios, then these tests would no longer
be necessarily valid and these terms may become contextually equivalent.

There are many mechanisms by which migration could be controlled in lan-
guages such as Dpi. In this paper we introduce one such mechanism, based on a
simple extension of the typing system, which allows us to examine the effect of
such control on behavioural equivalences. We introduce a new location capability
move. Then migration from any location to k is only allowed with respect to an
environment Γ , if in Γ the location k is known with a capability move; we say
Γ has migration rights to k. This idea is easily implemented by using a slight
extension to our typing system, and is sufficient to demonstrate the subtleties
involved when migration is controlled.

The remainder of the paper is devoted to extending the characterisation result
given above, characterising a contextual equivalence using bisimulations, to this
language. The typed actions (1) above are readily adapted to this scenario. Here
we allow, for example, the action

Γ � M k.a!v−−−→m Γ ′ � N (3)

if, in addition to the requirements for (1), the environment has the capability
move for k; intuitively for the environment to see the action (3) it must be able
to move to the site k.

These actions lead to a new bisimulation equivalence, denoted ≈m
bis, and we

can prove

Γ |= M ≈m
bis N if and only if Γ |= M ∼=m

cxt N

where ∼=m
cxt is a suitable modification of the contextual equivalence ∼=rbc; in the

definition of ∼=m
cxt

we only require the equivalence to be preserved in the context
of processes at locations to which the environment has migration rights. Thus
referring to (2) above we will have

Γ |= M1 ∼=
m

cxt
M2
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if Γ does not have migration rights to k. Note that neither of these systems can
give rise to the modified typed actions, as given in (3) above.

However it is easy to envisage a natural version of contextual equivalence
which does distinguish between M1 and M2 of (2) above. Although the environ-
ment may not have migration rights to k, it may, apriori, have a process running
there. If this were allowed, and the environment had the appropriate capabil-
ity on the channel a at k then the systems M1 and M2 could be distinguished.
The question then arises of finding a bisimulation based characterisation for this
modified contextual equivalence.

We address a parameterised version of this problem. Let T be the set of lo-
cations at which apriori the environment can place testing processes and let ∼=T

cxt

be the resulting contextual equivalence. Unfortunately this is not characterised
by the natural modification to the equivalence ≈m

bis, which we denote by ≈T
bis. A

counterexample is given in Section 5.2.
It turns out that we must be careful about the location at which information

is learnt. Information about k learnt at l can not be used without the capability
to move to k. However this information must be retained because that move
capability may subsequently be obtained. This leads to a more complicated form
of environment Γ , which records

– locations at which testing processes may be placed, T
– globally available information on capabilities at locations
– similar locally available information.

The details are given in Section 5.2, which also contains a generalisation of the
typed actions of (1) above to these more complicated environments. The final
result of the paper is that the new bisimulation equivalence based on these
actions again captures the contextual equivalence.

In this extended abstract all proofs are omitted, as indeed is most of the
technical exposition of the typing system. The reader is referred to the full
version of the paper, [7], for all the details.

2 The Language Dpi

Syntax: The syntax, given in Figure 1, is a slight extension of that of Dpi from
[9]. This presupposes a general set of names Names ranged over by n, m, and a
set of variables Vars ranged over by x, y; informally we will often use a, b, c, . . .
for names of channels and l, k, . . . for locations or sites. Identifiers, ranged over
by u, v, w, may either be variables or names. The syntax also uses a set of types;
discussion of these is postponed until the next section.

The syntax is built in a two-level structure, the lower level being processes,
agents or threads. The syntax here is an extension of the π-calculus, [9], with
primitives for migration between locations. At this level there are three forms of
name creation:



286 Matthew Hennessy, Massimo Merro, and Julian Rathke

Fig. 1. Syntax of Dpi

M, N ::= Systems
l�P � Located Process
M | N Composition
(new n : T) M Name Scoping
0 Termination

P, Q ::= Processes
u!〈V 〉P Output
u?(X : T)P Input
goto v.W Migration
if u = v then P else Q Matching
(newc n : A) P Channel Name creation
(newreg n : G) P Registered Name creation
(newloc k : K) with C in P Location Name creation
P | Q Composition
∗ P Replication
stop Termination

U, V, W ::= Values
(α1, . . . , αn), n > 0 tuples

α, α′ ::= Generalised Identifiers
u Identifiers
(u1, . . . , un)@u, n ≥ 0 Located Identifiers

– (newca : A) P , the creation of a new local channel name of type A called a.
– (newreg n : rc〈A〉) P , the creation of a new registered name for located chan-

nels of type A. These may be used in the declaration types of locations and
treated uniformly across them.

– (newloc k : K) with C in P , the creation of a new location name k of type K,
with the code C running there, and P as a local continuation. Our typing
system will ensure that K is a well-formed location type; for example this
means that it may only use the registered channel names.

Systems are constructed from located threads, of the form l�P �, representing
the thread P running at location l. These may be combined with the paral-
lel operator | and names may be shared between threads using the construct
(new e : T) .

Reduction Semantics: This is given in terms of a binary relation between closed
systems, system terms which have no free occurrences of variables:

M → N
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Fig. 2. Reduction semantics for Dpi

(r-comm)

k�c!〈V 〉Q� | k�c?(X : T) P � → k�Q� | k�P{|V/X|}�

(r-split)

k�P | Q� → k�P � | k�Q�
(r-c−create)

k�(newc n : A) P � → (new n : A@k) k�P �

(r-move)

k�goto l.P � → l�P �
(r-r−create)

k�(newreg n : G) P � → (new n : G) k�P �

(r-unwind)

k�∗ P � → k�P | ∗ P �
(r-l−create)

k�(newloc l : L) with C in P � →
(new l : L) (l�C� | k�P �)

(r-str)

M ≡ N, M → M ′, M ′ ≡ N ′

N → N ′

(r-eq)

k�if u = u then P else Q� → k�P �

(r-neq)

u �= v

k�if u = v then P else Q� → k�Q�

Fig. 3. Structural equivalence for Dpi

(s-extr) (new n : T) (M | N) = M | (new n : T) N
if n(n) �∈ fn(M)

(s-com) M | N = N | M
(s-assoc) (M | N) | O = M | (N | O)
(s-zero) M | 0 = M
(s-flip) (new n : T) (new n′ : T′) N = (new n′ : T′) (new n : T) N

if n(n) �∈ T′, n(n′) �∈ T

and is a mild generalisation of that given in [9] for Dpi. It is a contextual re-
lation between systems; that is, it is preserved by the static operators | and
(new e : E) . The defining rules are given in Figure 2, one of which uses a struc-
tural equivalence, whose axioms are given in Figure 3.

3 Typing

The collection of types, given in Figure 4, is an extension of those used in [9],
to which the reader is referred for more background and motivation. Note that
the formation of local channel type rw〈T, U〉 requires a subtyping relation <:;
however in the examples of this extended abstract we only use types of the form
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Fig. 4. Types

Base Types: B ::= int | bool | unit | 	 | . . .
Local Channel types: A ::= r〈T〉 | w〈T〉 | rw〈T, U〉

provided U <: T
Capability Types: R ::= u : A
Location Types: K ::= loc[R1, . . . , Rn], n ≥ 0
Registered Name Types: G ::= rc〈A〉
Value Types: C ::= B | A | G | (Ã)@u | (Ã)@K
Transmission Types: T ::= (C1, . . . , Cn), n ≥ 0

rw〈T, T〉, which we abbreviate to rw〈T〉. But there are four major differences
from [9]:

– We use a top type � for names with no capabilities.
– We use a new category of types, registered name types, to explicitly manage

the resource names which can be shared between different locations.
– The types expressions are allowed to contain variables, thereby giving rise to

what we call dynamic types; the constraints they place on agent behaviour
is determined dynamically by instantiation of these variables.

– The notion of type environment is changed; they do not explicitly contain
associations between names and location types.

A type judgement will take the form Γ � M where Γ is a type environment,
a list of assumptions about the types to be associated with the identifiers in the
system M . Typical examples used in environments include w : rw〈T〉@k, meaning
w is a read/write channel at location k, w : rc〈A〉 meaning w is a registered
channel name, and w : loc meaning that w is a location name. Because of lack
of space in this extended abstract we omit the rules for the judgements; they
may be found in the full version, [7], which also contains a proof of Subject
Reduction.

4 Contextual Equivalence in Dpi

We now turn to the issue of defining a notion of equivalence for our language. In
general the ability to distinguish between systems depends on our knowledge of
the capabilities at the various sites. For example a client who is not aware of the
resource a at the location k will be unable to perceive any difference between
the two systems k�a?(x) P � and k�stop�. Thus, as explained in the Introduction,
we develop notions of equivalences of the form

Γ |= M ≈ N (4)
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where Γ is a well-defined type environment representing the user’s knowledge of
the capabilities of the systems M and N . It is important to realise that Γ may
not contain enough information to type M, N ; it represents that part of the type
environment of these processes which has been released to the user.

A knowledge-indexed relation over systems is a family of binary relations
between closed systems indexed by closed type environments. We write Γ |=
M R N to mean that systems M and N are related by R at index Γ ; moreover
we assume that both M and N are typeable relative to some extension of Γ ;
that is some environment ∆ with the same domain as Γ such that ∆ <: Γ .
The desirable properties of knowledge-indexed relations which we consider are
as follows:
Reduction closure: We say that a knowledge-indexed relation over systems is
reduction closed if whenever Γ |= M R N and M → M ′ there exists some N ′

such that N →∗ N ′ and Γ |= M R N ′.
Context closure: We say that a knowledge-indexed relation over systems is con-
textual if

(i) Γ |= M R N implies Γ, Γ ′ |= M R N

(ii) Γ |= M R N and Γ � O implies Γ |= (M | O) R (N | O)
(iii) Γ, n : T |= M R N implies Γ |= (new n : T) M R (new n : T) N

Note that in this last clause we have used an abbreviation to cover the three
different forms of names which can be declared, local channels, registered names
and locations, each differentiated by the form which T can take. Moreover we
assume that n is new to Γ .
Barb preservation: For any given location k and any given channel a such that
Γ � k : loc and Γ � a : rw〈〉@k we write Γ � M ⇓barb a@k if there exists some
M ′ such that M →∗ (new ñ) (M ′ | k�a!〈〉P �), where k, a do not appear in ñ. We
say that a knowledge-indexed relation over systems is barb preserving if

Γ |= M R N and Γ � M ⇓barb a@k implies Γ � N ⇓barb a@k

These three properties determine our touchstone equivalence:

Definition 1 (Reduction barbed congruence). We let ∼=rbc be the largest
knowledge-indexed relation over systems which is

– pointwise symmetric, that is Γ |= M ∼=rbc N implies Γ |= N ∼=rbc M

– contextual
– reduction closed
– barb preserving �

We will now characterise ∼=rbc using a labelled transition system and bisimulation
equivalence, thereby justifying our particular notion of bisimulations.
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Fig. 5. Typed actions

(lts-red)

M −→ M ′

(Γ � M) τ−→ (Γ � M ′)

(lts-out)

Γ 
 k : loc
a : r〈T〉@k ∈ Γ
Γ � 〈V : T〉@k exists

(Γ � k�a!〈V 〉P �) k.a!V−−−→ (Γ � 〈V : T〉@k � k�P �)

(lts-in)

Γ 
 k : loc
a : w〈U〉@k ∈ Γ
Γ 
 V : U@k

(Γ � k�a?(X : T) P �) k.a?V−−−→ (Γ � k�P{|V/X|}�)

(lts-open)

(Γ, n : 	 � M) (ñ)k.a!V−−−−−→ (Γ ′ � M ′)
(Γ � (new n : T) M) (n�n)k.a!V−−−−−−→ (Γ ′ � M ′)

n �= a, k
n ∈ fn(V )

(lts-weak)

(Γ, n : T � M) (ñ:T̃)k.a?V−−−−−−−→ (Γ ′ � M ′)
(Γ � M) (n:T�n:�T)k.a?V−−−−−−−−−→ (Γ ′

� M ′)
n �= a, k

(lts-par)

(Γ � M) α−→ (Γ ′ � M ′)
(Γ � M | N) α−→ (Γ ′ � M ′ | N)
(Γ � N | M) α−→ (Γ ′ � N | M ′)

bn(α) �∈ fn(N)

(lts-new)

(Γ, n : 	 � M) α−→ (Γ ′, n : 	 � M ′)
(Γ � (new n : T) M) α−→ (Γ ′ � (new n : T) M ′)

n �∈ n(α)

4.1 A Labelled Transition Characterisation of Contextual
Equivalence

A standard labelled transition system for Dpi would describe the actions, in-
puts/outputs on located channels, which a system could in principle perform.
However because of possible limited knowledge an external user may not be able
to provoke these actions. Our labelled transition system uses typed actions of
the form

Γ � M µ−→ Γ ′ � M ′
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and the defining rules are given in Figure 5. Again the intuition here is that M is
not necessarily typeable by Γ ; instead it represents that part of the environment
which does type M which is known by the user.

As an example the rule (lts-out) says that k�a!〈V 〉P � can only perform the
obvious output action if

– k is known by Γ to be a location
– the user has the capability to accept a value from a at k, that is Γ � a :

r〈T〉@k for some transmission type T
– the information which is being sent to the user does not contradict its current

knowledge. This is formalised using a partial meet operation 	 which is
defined directly on types and extended to type environments; it is a method
for consistently combining type information. In the the rule we also use the
notation 〈V : T〉@k to represent a simple environment obtained by adding
the knowledge that V has type T at location k. The formal definition may
be found in [7].

The rule for input, (lts-in), has a similar flavour.

Definition 2 (Bisimulations). A binary relation R is said to be a bisimula-
tion if Γ � M R Γ � N implies

– Γ � M µ−→ Γ ′ � M ′ implies Γ � N µ̂=⇒ Γ ′ � N ′ for some N ′ such that
Γ ′ � M ′ R Γ ′ � N ′

– Symmetrically, Γ � N µ−→ Γ ′ � N ′ implies Γ � M µ̂=⇒ Γ ′ � M ′ for some N ′

such that Γ ′ � M ′ R Γ ′ � N ′

Here we are using the standard notation from [12]; µ=⇒ means τ−→∗ ◦ µ−→◦ τ−→∗

while µ̂=⇒ is τ−→∗ if µ is τ and µ=⇒ otherwise; this allows a single internal move
to be matched by zero or move internal moves.

We write Γ |= M ≈bis N if (Γ � M) R (Γ � N) for some bisimulation R,
and say that M and N are bisimilar in the environment Γ .

Theorem 1 (Full abstraction of ∼=rbc for ≈bis). Γ |= M ∼=rbc N iff Γ |=
M ≈bis N �

5 Controlling Mobility

We now consider a richer calculus in which movement of processes may be con-
trolled. As explained in the Introduction we extend Dpi with a very simple means
of mobility control and investigate the resulting contextual equivalence.
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5.1 Migration Rights

Hennessy and Riely have already proposed a simple access control mechanism
for Dpi in the form of the move capability [9], and here we investigate the effect
this has on behavioural equivalence.

The location types in Dpi are of the form loc[u1 : A1, . . . , un : An] where the
ui : Ai can be seen as capabilities at that location. We now introduce an extra
type of capability by allowing location types to be also of the form

loc[move, a1 : A1, . . . , an : An]. (5)

If a location k is known at this type then agents resident at any location have
migration rights to k; we realise that this is a somewhat simplistic approach
to mobility control but it enables us to demonstrate the subtleties involved in
developing behavioural theories in the presence of any such capabilities.

The type system, and the type-checking rules, can easily modified to cater
for this new capability while retaining Subject Reduction; for details see the full
version of the paper, [7].

Instead let us examine the effect migration rights have on behavioural equiv-
alences. Suppose N1, N2 are given by

k�a!〈〉 stop� and k�stop� (6)

The question of whether or not N1 and N2 are contextually equivalent relative
to an environment Γ , now written Γ |= N1 ∼=m

cxt
N2, depends on whether Γ has

migration rights to k. If so, say at a location l, agents may be sent from l to k in
order to observe the difference in behaviour between N1 and N2 at k. But will
these agents be able to report back to the environment? This in turn depends on
whether the environment allows migration from k to l. In general, the situation
can get more complicated. Observing different behaviour at a site k may require
a range of capabilities, and knowledge of these may be distributed throughout
the environment at sites with limited migration rights between themselves.

For this extended language we give, in the following two subsections, two
different generalisations to the full-abstraction result, Theorem 1.

5.2 Mobility Bisimulation Equivalence

It is straightforward to adapt the typed actions in Figure 5 to take into account
these simple migration rights. Essentially for an action to be allowed at a site
k the constraints discussed in Section 4.1 must be satisfied but in addition the
environment must have migration rights to k. Formally we define actions

Γ � M µ−→m Γ ′ � M ′

by replacing the rules (lts-out) and (lts-in) in Figure 5 with
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(lts-outm)

Γ � k : loc[move]
a : r〈T〉@k ∈ Γ
Γ 	 〈V : T〉@k exists
(Γ � k�a!〈V 〉P �) k.a!V−−−→m (Γ 	 〈V : T〉@k � k�P �)

(lts-inm)

Γ � k : loc[move]
a : w〈U〉@k ∈ Γ
Γ � V : U@k

(Γ � k�a?(X : T)P �) k.a?V−−−→m (Γ � k�P{|V/X|}�)

and leaving the other rules unchanged.

Definition 3 (Typed m-Bisimulations). Let Γ |= M ≈m
bis N denote the

resulting version of bisimulation equivalence, obtained by replacing the use of
Γ � M µ−→ Γ ′ � M ′ in Definition 2 with Γ � M µ−→m Γ ′ � M ′.

Example 1. As in (6) above let N1, N2 denote k�a!〈〉 stop� and k�stop� respec-
tively, and suppose Γ is such that Γ 
� k : loc[move]. Then Γ |= N1 ≈m

bis
N2

because no m-typed actions are possible from these systems.

Example 2. Let N3, N4 represent (new k : loc[move, b : rw〈〉]) l�a!〈k〉� | k�b!〈〉�
and (new k : loc[move, b : rw〈〉]) l�a!〈k〉� | k�0� respectively, and let Γ1 denote the
environment

l : loc, l : move, b : rc〈rw〈〉〉, a : rw〈loc[b : rw〈〉]〉@l

Here the environment can interact at the site l because it has migration rights
there; and via the channel a located at l it can gain knowledge of k. But be-
cause of the type at which it knows a it can never gain migration rights to k.
Consequently we have Γ1 |= N3 ≈m

bis
N4.

However let Γ2 denote

l : loc, l : move, b : rc〈rw〈〉〉, a : rw〈loc[move, b : rw〈〉]〉@l

Here any location name received on the channel a at l comes with migration
rights. So we have Γ2 |= N3 
≈m

bis
N4.

The essential property of this new form of equivalence is a restricted form of
contextuality:

Proposition 1. Suppose Γ � k : loc[move]. Then Γ |= M ≈m
bis N and Γ � k�P �

implies Γ |= M | k�P � ≈m
bis

N | k�P �.

This property allows us to give a contextual characterisation of ≈m
bis. We need

to slightly adapt the concepts defined in Section 4.
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m-Context closure: Here the change is in the second clause of the definition of
Context closure; it is changed to

(ii) Γ |= M R N , Γ � k : loc[move] and Γ � k�P � implies Γ |= (M |k�P �) R
(N | k�P �)

m-Barb preservation: Here we only allow barbs at locations to which migration
rights exist. We write Γ � M ⇓mbarb a@k if in addition to the requirement that
Γ � M ⇓barb a@k we have Γ � k : loc[move] and Γ � a : rw〈〉@k.

We now say that a typed relation over systems is m-barb preserving if Γ |=
M R N and Γ � M ⇓mbarb a@k implies Γ � N ⇓mbarb a@k.

Definition 4 (m-Reduction barbed congruence). Let ∼=m
cxt

be the largest
typed relation over systems which is reduction-closed, m-contextual and m-barb
preserving.

Our first generalisation may now be stated:

Theorem 2 (Full abstraction of ∼=m
cxt for ≈m

bis). Γ |= M ∼=m
cxt N iff Γ |=

M ≈m
bis

N. �

5.3 Re-examining Contextuality

The two examples given in the previous subsection deserve re-examination, par-
ticularly in view of the definition of m-contextuality. In Example 1 above it turns
out that N1 and N2 are not equivalent with respect to any Γ which does not
contain migration rights to k. But an alternative definition of contextual would
require the behavioural equivalence to be preserved by all contexts typeable by
Γ . Suppose Γ is the environment

h : loc, h : move, eureka : rw〈〉@h, k : loc, a : rw〈〉@k

Then one can check that Γ � k�a?() gotoh.eureka!〈〉� and running Ni in parallel
with this well-typed context would enable us to distinguish between them.

This new, but still informal, notion of contextuality presupposes that the
context can have already in place some testing agents running at certain sites to
which it does not have migration rights. An obvious choice of sites would be all
those which are known about, that is all k such that Γ � k : loc. However our
results can be parameterised on this choice.

T -Context closure: Let T be a collection of location names. The concept of
T -Context closure is obtained by changing the second clause in the definition of
Context closure to:

(ii) Γ |= M R N , Γ � k�P �, where either k ∈ T or Γ � k : loc[move], implies
Γ |= (M | k�P �) R (N | k�P �)
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Definition 5 (T -Reduction barbed congruence). Let ∼=T
cxt

be the largest
typed relation over systems which is reduction-closed, T -contextual and m-barb
preserving.

The question now is whether we can devise a bisimulation based characterisation
of ∼=T

cxt
.

The obvious approach is to modify the definitions of the typed actions µ−→m,
to obtain actions µ−→T which allow observations at a site k, if either the environ-
ment has migration rights to k as before, or k ∈ T . With these actions we can
modify Definition 2 to obtain a new behavioural equivalence, which we denote
by ≈T

bis. Unfortunately this does not coincide with the contextual equivalence
∼=T

cxt
.

Example 3. Let N5, N6 be the systems defined by

h�a!〈b@k〉� | k�b!〈〉� and h�a!〈b@k〉� | k�stop�

and Γ the environment

h : loc, h : move, k : loc, a : rw〈r〈〉@k〉@h, b : w〈�〉@k

Then if k is in T one can check that N5 
≈T
bis N6. This is because Γ � N5 can

perform the action h.a!b@k followed by k.b!〈〉, which can not be matched by
Γ � N6.

However Γ |= N5 ∼=T
cxt

N6 because it is not possible to find a context to
distinguish between them. A context can be found to augment the knowledge of
the environment at h with the read capability for b at k. But, in a well-typed
context, it is not possible to transfer this information from h to where it can be
put to use, namely k.

This example demonstrates that even with our very restricted move capa-
bility there are problems with the flow of information. Knowledge about the
system learnt at l can not necessarily be passed to k if the environment does
not have move capability at k. This motivates the new form of configurations
we introduce for the labelled transition system necessary in order to characterise

∼=T
cxt.

We replace a simple Γ with a structure Γ = (Γ, Γk1 , . . . , Γkn) where the ki

make up T . Each Γki represents localised knowledge at ki whereas Γ represents
the centralised knowledge, available at any location for which we have move
capability. Given that we can store the centralised knowledge at a location k0,
provided by the environment (with move capability), we can always pass local
knowledge on to k0 (but not vice versa). Thus centralised knowledge is always
greater than any of the local knowledge environments. This leads us to the
following definition:

Definition 6 (Configurations). A configuration (Γ � M) over T consists of
a family of type environments Γ = Γ, Γk1 , . . . , Γkn such that



296 Matthew Hennessy, Massimo Merro, and Julian Rathke

Fig. 6. Labelled transition rules accounting for the move capability

(lts-move−out)

Γ 
 k : loc[move]
a : r〈T〉@k ∈ Γ
Γ � 〈v : T〉@k exists

(Γ � k�a!〈v〉P �) k.a!v−−−→ (Γ �0 〈v : T〉@k � k�P �)

(lts-T−out)

Γ �
 k : loc[move]
k ∈ T
a : r〈T〉@k ∈ Γk

Γ �0 〈v : T〉@k �k 〈v : T〉@k exists

(Γ � k�a!〈v〉P �) k.a!v−−−→ (Γ �0 〈v : T〉@k �k 〈v : T〉@k � k�P �)

(lts-move−in)

Γ 
 k : loc[move]
Γ 
 a : w〈T〉@k
Γ 
 v : T@k

(Γ � k�a?(X : A)P �) k.a?v−−−→ (Γ � k�P{|v/X|}�)

(lts-T−in)

Γ �
 k : loc[move]
k ∈ T
Γk 
 a : w〈T〉@k
Γk 
 v : T@k

(Γ � k�a?(X : A)P �) k.a?v−−−→ (Γ � k�P{|v/X|}�)

(lts-T−weak)

(Γ , (n : T )∇ � M) (ñ:T̃)k.a?V−−−−−−−→ (Γ
′
� M ′)

(Γ � M) (n:T�n:�T)k.a?V−−−−−−−−−→ (Γ
′
� M ′)

n �= a, k

– T = {k1, . . . , kn}
– Γ <: Γki for each 1 ≤ i ≤ n

and a system M which can be typed in some extension of Γ .

We will write Γ
T
∇ to mean the family of environments Γ, Γk1 , . . . , Γkn such that

each component Γki is equal to the environment Γ ; we will typically omit the
parameter T here as it can usually be recovered from context. We understand
Γ , Γ

′
and Γ 	 Γ

′
to be pointwise operations. Finally we need a notation for

increasing knowledge in the individual components of a configuration, for which
we use the notation 	k. For instance we write Γ 	0 Γ ′ to mean the family
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such that the global component becomes Γ 	0 Γ ′ and all other components are
unchanged. Similarly Γ 	k Γ ′ adds, if possible, Γ ′ to the kth component.

We define our new labelled transition system, parameterised on T , as binary
relations between these new configurations. We replace the rules (lts-out) and
(lts-in) in Figure 5 with those in Figure 6 and modifying the remaining rules in
Figure 5 in the obvious manner. The standard definition of (weak) bisimilarity
may be applied to this new labelled transition system. To emphasise the role of
the parameter T we will write the resulting equivalence as ≈T

bis.
We can now state the final result of the paper that, by considering a config-

uration in which the knowledge at every locality is initially Γ , then bisimilarity
coincides with reduction barbed congruence with respect to Γ :

Theorem 3 (Full abstraction). In Dpi with restricted mobility

Γ |= M ∼=
T
cxt

N iff Γ∇ |= M ≈T
bis

N.

6 Conclusions and Related Work

We have presented two labelled transition systems for which bisimilarity coin-
cides with a natural notion of contextual equivalence for distributed systems.
The labelled transitions rely upon a type discipline for the language which can
control resource access and mobility. As in [8,2], the use of a type environment
representing the tester’s knowledge of the system plays an important role in
characterising the contextual equivalences. In particular it aided us in defining a
labelled transition system which accounts for information flow in a distributed
setting with restricted mobility.

There has been a great deal of interest in modelling distributed systems using
calculi in recent years, [14,6,1,4,16,9,3]. The emphasis so far has largely been on
design of the languages to give succinct descriptions of mobile processes with
type systems given to constrain behaviour in a safe manner. Where equivalence
has been used it has typically been introduced as some sort of contextual equiv-
alence very similar to the one found in the present paper [6,1,11]. Proofs of
correctness of protocols or language translations have been carried out with re-
spect to these contextual equivalences. Recently in [5] a form of bisimulation has
been suggested as a proof method for establishing contextual equivalence in the
Seal calculus; but, as far as we know, the only existing example of an operational
characterisation of behavioural equivalence in the distributed setting is found in
[10].

The work in [15] takes a different, more intensional approach to equivalence
in the distributed setting in that, in order to establish correctness of a particular
protocol, a novel notion of equivalence based on coupled simulation tailored to
accommodate migration is identified. Although having many interesting prop-
erties such as congruence, this equivalence is not shown to coincide with any
independent contextually defined notion of equivalence.
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Abstract. We prove that the satisfiability problem for the two-variable
guarded fragment with transitive guards GF2 + TG is 2EXPTIME-hard.
This result closes the open questions left in [4], [17]. In fact, we show
2EXPTIME-hardness of minGF2 + TG, a fragment of GF2 + TG with-
out equality and with just one transitive relation ≺, which is the only
non-unary symbol allowed. Our lower bound for minGF2 + TG matches
the upper bound for the whole guarded fragment with transitive guards
and the unrestricted number of variables GF + TG given by Szwast and
Tendera [17], so in fact GF2 + TG is 2EXPTIME-complete. It is surpris-
ing that the complexity of minGF2 + TG is higher then the complexity
of the variant with one-way transitive guards GF2 +

−→
TG [9]. The latter

logic appears naturally as a counterpart of temporal logics without past
operators.

1 Introduction

1.1 Modal Logic versus First-Order Logic

The first order logic1 is a very natural and convenient language for expressing
properties of many systems that can be encountered in various areas of computer
science. Unfortunately, this convenience and expressive power are expensive and
cause that decision problems for the first order logic are difficult to solve algo-
rithmically. In particular it has been known since works of Church and Turing
in 1930’s, that the satisfiability problem for the first order logic is undecidable.

On the other hand (propositional) modal and temporal logics are widely used
in computer science. Their satisfiability problems are decidable and they posses
a lot of other good algorithmic and model-theoretic properties. Therefore, they
have a lot of applications in database theory, artificial intelligence, verification
of hardware and software, etc.

Propositional modal logic can be translated into the first order logic. The im-
age of this translation, the so-called modal fragment, is a very restricted fragment
� Supported by KBN grant 8 T11C 043 19
1 By the first order logic we mean in this paper the first order logic without constants

and function symbols.

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 299–312, 2003.
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of the first-order logic. Researchers in computer science would like to extend the
modal fragment to obtain such fragments of the first order logic which are still
decidable and retain good properties of modal logic but are more powerful. Find-
ing such an extension could also provide an explanation of good properties of
modal logics.

Since the modal fragment is a two-variable logic, the two-variable first-order
logic FO2 was considered a good candidate for such an extension. The decidability
of the satisfiability problem for FO2 was proved by Mortimer [14]. Later it turned
out that it is NEXPTIME-complete. The lower bound was given by Lewis [12]
and the upper bound by Grädel, Kolaitis and Vardi [7], who established the
exponential model property. Unfortunately, though decidable, FO2 lacks some
good properties of modal logic. For example, if we extend FO2 by fixed point
operators, we obtain a logic which is undecidable [6] in contrast to the µ-calculus
[10] – the propositional modal logic augmented with fixed point operators. A lot
of algorithmic problems is also caused by the fact that FO2 does not posses a
tree model property.

Another extension of the modal fragment, the so called guarded fragment,
was proposed by Andréka, van Benthem and Németi [1].

1.2 Guarded Fragment of First Order Logic

In the guarded fragment GF we do not restrict the number of variables or the arity
of relation symbols. Some restrictions are imposed on the usage of quantifiers
but we do not demand a special prefix of quantifiers, which is usual in many
known decidable fragments of the first-order logic. In GF, every quantifier has to
be relativized by an atomic formula containing all variables that are free in the
scope of this quantifier.

Definition 1. (Andréka, van Benthem and Németi [1]) The guarded frag-
ment GF of the first order logic is defined inductively:

1. Every atomic formula belongs to GF.
2. GF is closed under ¬,∧,∨,→,↔.
3. If x, y are tuples of variables, α(x, y) is an atomic formula, ψ(x, y) is in

GF and free(ψ) ⊆ free(α) = {x, y}, where free(φ) is the set of free variables
of φ, then formulas

∃y(α(x, y) ∧ ψ(x, y)),

∀y(α(x, y)→ ψ(x, y))

belong to GF.

Atoms α(x, y), that relativize quantifiers in the above definition, are called
guards. The order of variables in a guard α(x,y) can be arbitrary.

Let us consider some examples. It is easy to express in GF that a binary
relation R is symmetric:

∀x, y (R(x, y)→ R(y, x)).
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Unfortunately, a formula stating that a binary relation R is transitive:

∀x, y, z ((R(x, y) ∧R(y, z))→ R(x, z))

is not in GF, since the formula R(x, y) ∧ R(y, z), relativizing the quantifier, is
not atomic.

It has been shown that GF retains a lot of good properties of modal and
temporal logic. In particular, Grädel proved that it has the finite model property,
and that its every satisfiable formula has a tree-like model [5]. The satisfiability
problem is decidable and has double exponential complexity. The reason for
such a high complexity is the unrestricted number of variables. In practical
applications only several variables are usually used. The bounded version GFk of
GF, allowing only k variables, is EXPTIME-complete. Grädel and Walukiewicz
investigated guarded fixed point logic µGF [8]. They proved that adding least
and greatest fixed point operators to GF gives a decidable logic, and moreover,
does not increase the complexity, i.e. the satisfiability problem for µGF is in
2EXPTIME and for µGFk – in EXPTIME. It is worth mentioned, that µGF is a
very powerful logic. For example, even its two-variable version without equality
allows to encode µ-calculus with backward modalities.

1.3 Guarded Fragment with Transitive Relations

In some modal logics transitivity axioms are built-in. Such logics would be conve-
niently embedded in the guarded fragment if we could specify that some binary
relations are transitive. As we have seen, a straightforward idea of expressing
transitivity of a binary relation leads to a formula which is not properly guarded.
In fact, it can be shown that transitivity cannot be expressed in GF in any other
way.

Grädel [5] considered an extension of GF: we require that some binary rela-
tions are transitive. He proved that GF3 with transitivity statements is undecid-
able. This result was then improved by Ganzinger, Meyer and Veanes [4] who
proved that even GF2 without equality and with transitivity is undecidable. On
the other hand they observed that the two-variable, monadic guarded fragment
with transitivity MGF2 +TG is decidable. A guarded formula is monadic if all of
its non-unary predicates can appear only in guards. It seems that MGF2 + TG
is very close to modal logic with transitivity axioms but as pointed out by
Ganzinger, Meyer and Veanes it is stronger since it does not have the finite
model property.

1.4 Guarded Fragment with Transitive Guards

In the acronym MGF2 + TG letters TG denote transitive guards. Indeed, if a
formula is monadic then in particular all binary and hence all transitive symbols
can appear only in guards.

Ganzinger, Meyer and Veanes did not give good complexity estimates for
MGF2 +TG since their proof was obtained by a reduction to Rabin’s theory of k



302 Emanuel Kieroński

successors [16]. They also left another, natural open question – the decidability of
GF+TG, the whole guarded fragment with transitive relations, where transitive
relations are admitted only in guards but where non-transitive relations and
equality can occur elsewhere. The last question was answered by Szwast and
Tendera [17] who proved that GF+TG is decidable, and that its satisfiability
problem is in 2EXPTIME.

Surprisingly, the two-variable guarded fragment with transitive guards is not
in EXPTIME. By an elegant reduction from FO2 Szwast and Tendera showed
that it is NEXPTIME-hard. In [9] we slightly improved this bound. We in-
troduced the two-variable guarded fragment with one-way transitive guards
GF2 + −→TG, which is a proper subset of GF2 + TG, and showed that its satis-
fiability problem is EXPSPACE-complete. In this paper we close the remaining
gap and prove that the satisfiability problem for GF2 +TG is 2EXPTIME-hard.

Our 2EXPTIME lower bound is obtained for a very restricted version of
GF2 + TG denoted by minGF2 + TG. This logic does not allow equality and
contains only one transitive relation ≺, which is the only non-unary symbol. The
lack of equality reduces the expressive power of the logic since it is impossible
to define cliques. With equality we can enforce that every model of a formula
contains transitive cliques of size exponential with respect to the size of the
formula.

We believe that this lower bound is surprising for at least two reasons. First,
it matches the upper bound for the whole GF+TG. It is not usual that the
complexity of the two-variable version of a logic equals the complexity of the
same logic with the unbounded number of variables. The second reason concerns
the correspondence between the guarded fragment with transitive guards and
branching temporal logics and will be explained in the next subsection.

1.5 Guarded Fragment with One-Way Transitive Guards

What do we mean by the guarded fragment with one-way transitive guards
GF+−→TG? Consider a subformula of the form ∃y α(x, y)∧ψ(x, y), where a binary,
transitive symbol ≺ is used in the guard α. There are two possibilities α(x, y) =
x ≺ y or α(x, y) = y ≺ x. In GF+−→TG we allow only the first one2. This is similar
to the situation in most temporal logics where we can quantify points in the
future but not in the past. In this context, our results become quite interesting:
we expose the difference in the complexity of reasoning about the future only
and both the future and the past, in the two-variable guarded fragment with
transitive guards.

If we interpret the only binary symbol ≺ in minGF2 + TG as a relation
representing time then we can consider minGF2 + TG a counterpart of a sim-
ple branching temporal logic with both future and past operators. This logic
is 2EXPTIME-hard. On the other hand when we disallow past then, even if
we allow equality and additional, transitive and non-transitive, binary relations

2 Our choice of the first possibility is not essential and similar results can be obtained
when the second possibility is chosen.
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(”modalities”), we get a logic which is EXPSPACE-complete, so has lower com-
plexity (assuming hypothesis EXPSPACE 	=2EXPTIME).

This is rather surprising since for temporal and process logics the complexities
of the satisfiability problem for versions with past operators and versions without
them usually coincide. For example Kupferman and Pnueli [11] investigated two
variants of CTL augmented with past operators. Both of them turned out to be
EXPTIME-complete (similarly to CTL). Adding inverse modalities to µ-calculus
does not increase its complexity [18]. Also propositional dynamic logic PDL and
its version with converse CPDL have the same complexity [13,15].

2 Preliminaries

In Definition 1 we introduced the guarded fragment GF of the first-order logic.
Then we informally introduced some of its variants and extensions. Let us give
the formal definition of the variants we are interested in this paper.

Definition 2. Guarded fragment with transitive guards GF+TG is an extension
of GF by transitive relations. A GF+TG formula Φ consists of a GF formula Φ′

and a list T of binary relation symbols that are required to be transitive. A
relation symbol T can belong to T if it appears in Φ only in guards. We say
that Φ is satisfiable if Φ′ is satisfiable in a model in which all interpretations of
symbols from T are transitive.

We distinguish a restricted, minimal version of the considered logic, for which
we prove our lower bound:

Definition 3. By minGF2 + TG we denote the fragment of the two-variable
GF+TG without equality, which contains only one non-unary symbol ≺. Symbol
≺ is binary and can be used only in guards.

An alternating Turing machine is a generalization of a nondeterministic Tur-
ing machine. States, and hence configurations of such a machine, are partitioned
into four groups: existential, universal, accepting and rejecting. The notion of an
accepting (rejecting) configuration is extended to the case of configurations in
which states are existential or universal. This can be done inductively: a univer-
sal configuration is accepting if all its successor configurations, i.e. configurations
obtained by performing one machine step according to the transition function,
are accepting and an existential configuration is accepting if at least one of its
successor configurations is accepting. A machine M accepts its input w if the
initial configuration of M on w is accepting. By ASPACE(f) we denote the set
of problems that can be solved by alternating Turing machines working in space
bounded by a function f . In this paper we will use the following theorem:

Theorem 1. (Chandra, Kozen, Stockmeyer [3]) For t(n) ≥ log n:

ASPACE[t(n)] = DTIME[2t(n)].



304 Emanuel Kieroński

Let AEXPSPACE=
∞⋃

k=1

ASPACE(2nk

). Then in particular:

AEXPSPACE = 2EXPTIME.

For details about alternating Turing machines you can see for example [2].

3 Proof

In this section we prove the main result of the paper.

Theorem 2. The satisfiability problem for minGF2 + TG is 2EXPTIME-hard.

Proof. By Theorem 1, it suffices to prove that every problem in AEXPSPACE
can be reduced in polynomial time to the satisfiability problem forminGF2+TG.

Let M be an alternating Turing machine working in space bounded by 2nk

.
Let w be an input for M . We construct a minGF2 + TG sentence Φ which is
satisfiable if and only if M accepts w. Without any loss of generality we can
assume that in every configuration, M has exactly two possible transitions and
that on its every computation path it enters an accepting or rejecting state at
exactly 22nk

-th step. To simplify our proof we assume that after entering an
accepting or rejecting state, M does not stop. More precisely, we assume that
accepting and rejecting states are universal. In each of such states, M has two
identical transitions: it does not write any symbol on the tape and it does not
move its head. In other words, after accepting or rejecting M stays infinitely in
the same configuration.

Every configuration will be represented by a set of 2nk

elements, each of them
corresponding to a single cell of the tape. To encode the position of an element
in a configuration, i.e. the consecutive number of the tape cell it represents, we
use unary relation symbols P1, . . . , Pnk . Formally, Pi(a) is true if the i-th bit
of the position of the element a is set to 1. We use the abbreviation P (a) to
describe this position (0 ≤ P (a) < 2nk

).
Observe that it is not difficult to express the following properties with for-

mulas of polynomial length:

P (x) = l for fixed l, 0 ≤ l < 2nk

,

P (x) ≥ l for fixed l, 0 ≤ l < 2nk

,

P (x) = P (y),
P (x) = P (y) + 1.

For example the last property can be expressed as follows:
∨

0≤i<nk

(
Pi(x) ∧ ¬Pi(y) ∧

∧

j>i

(¬Pj(x) ∧ Pj(y)) ∧
∧

j<i

(Pj(x)↔ Pj(y))
)
.

We connect each pair of elements a, b, such that P (a) < P (b), belonging to
the same configuration, with the transitive symbol ≺, i.e. we want a ≺ b to be
true in our model. Figure 1 gives a representation of a configuration.
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0 1 2 2n - 2 2n - 1
k k

P

Fig. 1. A representation of an example configuration

We describe a configuration in a standard way: for each symbol ai in the
alphabet of M (including blank) we use a unary relation symbol Ai, for each
state qi – a unary symbol Qi. We also have a unary symbol H describing the
head position. For element x representing a tape cell scanned by the head, H(x)
and Qi(x), for some i, will be true.

We begin our construction by enforcing that every model of Φ contains a
substructure that can be viewed as an infinite binary tree. The set of 2nk

elements
describing a single configuration of M will be treated as a ”node” of this tree. In
fact, we are not able to enforce that a model contains a ”real” tree. For example,
it is possible that some of elements of a model represent more than one tape cell.
What we do is ensure that every node can identify its two successor nodes.

We organize the structure in such a way that elements belonging to an even
configuration, i.e. a configuration whose depth in a computation tree is even,
will be smaller, with respect to relation ≺, than elements belonging to its suc-
cessor configurations, and elements belonging to an odd configuration will be
greater than elements belonging to its successor configurations. We do not im-
pose any relations between elements that do not belong the same configuration
or to two consecutive configurations. Additionally, we introduce unary symbols
D0, D1, D2, D3 and enforce that Di is true exactly for elements belonging to
configurations whose number is of the form 4k + i. One more unary symbol L
will indicate that the element belongs to the left son of some node.

The structure of the tree is shown in Fig. 2. Horizontal arrows represent
configurations (that are internally ordered by ≺ as described above). Orientation
of arrows represents the relation ≺.

First, we express that for every element of a model at most one of unary
relations Di is true:

Φ1 ≡
∧

i

(∀x (Di(x)→
∧

j�=i

¬Dj(x))).

Formulas Φ2 and Φ3 say that there exists a node representing the initial
configuration of M on w. For all elements of this node, the special unary symbol
I is true. We assume that this configuration is a left configuration.

Φ2 ≡ ∃x (I(x) ∧D0(x) ∧ L(x) ∧ P (x) = 2nk − 1),

Φ3 ≡ ∀x (I(x)→ (P (x) 	= 0
→ ∃y (y ≺ x ∧ I(y) ∧D0(y) ∧ L(y) ∧ P (x) = P (y) + 1))).
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D 0, L

D 1, L D 1,~L

D 2, L D 2,~L

D 3, L D 3,~L

D 0, L D 0,~ L

Level 0

Level 1

Level 2

Level 3

Level 4

Fig. 2. The structure of the tree

Formulas Φ4 − Φ7 express that for every element, except the first one, be-
longing to a description of an even configuration there exists a predecessor in
this configuration, and for every element, except the last one, belonging to a de-
scription on an odd configuration there exists a successor in this configuration:

Φ4 ≡ ∀x (D0(x)→ (P (x) 	= 0
→ ∃y (y ≺ x ∧D0(x) ∧ (L(x)↔ L(y)) ∧ P (x) = P (y) + 1))),

Φ5 ≡ ∀x (D1(x)→ (P (x) 	= 2nk

− 1
→ ∃y (x ≺ y ∧D1(x) ∧ (L(x)↔ L(y)) ∧ P (y) = P (x) + 1))),

Φ6 ≡ ∀x (D2(x)→ (P (x) 	= 0
→ ∃y (y ≺ x ∧D2(x) ∧ (L(x)↔ L(y)) ∧ P (x) = P (y) + 1))),

Φ7 ≡ ∀x (D3(x)→ (P (x) 	= 2nk − 1
→ ∃y (x ≺ y ∧D3(x) ∧ (L(x)↔ L(y)) ∧ P (y) = P (x) + 1))).

For every node of the tree there exist left and right successor nodes. For a node
representing an even configuration, we connect successors directly to the element
a which is the last element in this configuration and enforce that a is smaller than
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elements in successors. For a node representing an odd configuration, successors
are connected to the first element a in the configuration and the element a is
made greater than its successors. The existence of appropriate successors will be
implied by formulas Φ8 − Φ11.

Φ8 ≡ ∀x
(
D0(x)→ (P (x) = 2nk − 1→ (∃y (x ≺ y ∧D1(y) ∧ L(y) ∧ P (y) = 0)

∧ ∃y (x ≺ y ∧D1(y) ∧ ¬L(y) ∧ P (y) = 0)))
)
,

Φ9 ≡ ∀x
(
D1(x)→ (P (x) = 0→ (∃y (y ≺ x ∧D2(y) ∧ L(y) ∧ P (y) = 2nk − 1)

∧ ∃y (y ≺ x ∧D2(y) ∧ ¬L(y) ∧ P (y) = 2nk

− 1)))
)
,

Φ10 ≡ ∀x
(
D2(x)→ (P (x) = 2nk − 1→ (∃y (x ≺ y ∧D3(y) ∧ L(y) ∧ P (y) = 0)

∧ ∃y (x ≺ y ∧D3(y) ∧ ¬L(y) ∧ P (y) = 0)))
)
,

Φ11 ≡ ∀x
(
D3(x)→ (P (x) = 0→ (∃y (y ≺ x ∧D0(y) ∧ L(y) ∧ P (y) = 2nk − 1)

∧ ∃y (y ≺ x ∧D0(y) ∧ ¬L(y) ∧ P (y) = 2nk − 1)))
)
,

We introduce two abbreviations which will help to present some of the re-
maining formulas in a more succinct way. The formula SameLetter(x, y) says
that elements x and y are marked with the same unary symbol from the set
{D0, D1, D2, D3}. NEXT (x, y) is true for two consecutive elements of a de-
scription of a configuration.

SameLetter(x, y) ≡ (D0(x)↔ D0(y)) ∧ (D1(x)↔ D1(y))
∧ (D2(x)↔ D2(y)) ∧ (D3(x)↔ D3(y)),

Next(x, y) ≡ x ≺ y ∧ SameLetter(x, y) ∧ P (y) = P (x) + 1.

Now we say that a model of our formula satisfies several basic properties of a
computation tree. Φ12 states that there is exactly one alphabet symbol in every
tape cell.

Φ12 ≡
∧

j

(
∀x (Dj(x)→

∨

i

Ai(x))
)
∧

∧

j

(
∀x (Aj(x)→

∧

i�=j

¬Ai(x))
)
.

Formulas Φ13−Φ14 say that in each configuration at most one element is scanned
by the head.

Φ13 ≡ ∀x
(
H(x)→ ∀y (x ≺ y → (SameLetter(x, y)→ ¬H(y)))

)
,

Φ14 ≡ ∀x
(
H(x)→ ∀y (y ≺ x→ (SameLetter(x, y)→ ¬H(y)))

)
.

Φ15 says that exactly those elements which represent tape cells observed by the
head store information about state.

Φ15 ≡
∧

i

(
∀x (Qi(x)→ H(x))

)
∧ ∀x

(
H(x)→

∨

i

Qi(x)
)
.
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Formulas Φ16 − Φ18 ensure that the root of the tree describes the initial
configuration of M , in the initial state q0, on the input w = w0 . . . wn−1.

Φ16 ≡ ∀x
(
I(x)→ (P (x) = 0→ (H(x) ∧Q0(x)))

)
,

Φ17 ≡
∧

i<n

∀x (I(x)→ (P (x) = i→Wi(x))),

Φ18 ≡ ∀x
(
I(x)→ (P (x) ≥ n→ BLANK(x))

)
.

Formulas Φ19−Φ20 express that if a tape cell of a configuration is not scanned
by the head then in the same cell of both successor configurations the alphabet
symbol does not change.

Φ19 ≡ ∀x, y
(
x ≺ y →

(
((D0(x) ∧ D1(y) ∨D2(x) ∧D3(y))

∧¬H(x) ∧ P (x) = P (y)
)
→

∧

i

(Ai(x)↔ Ai(y)
)
,

Φ20 ≡ ∀x, y
(
y ≺ x→

(
((D1(x) ∧ D2(y) ∨D3(x) ∧D0(y))

∧¬H(x) ∧ P (x) = P (y)
)
→

∧

i

(Ai(x)↔ Ai(y)
)
.

Consider now a node t of a tree and a configuration c that is described by
this node. There are two cases: the state of the machine in this configuration is
existential or it is universal.

In the first case we enforce that the configuration represented by the left
son of t is created by applying one of the two possible transitions on c. Assume
that for an existential state q and a letter a there are two possible transitions:
(q, a)→ (q′, a′,→) and (q, a)→ (q′′, a′′,←).

We put:

Φexists
(a,q) ≡ ∀x, y

(
x ≺ y →

(
((D0(x) ∧D1(y) ∨D2(x) ∧D3(y))

∧ Q(x) ∧A(x) ∧ L(y) ∧ P (x) = P (y))
→

(
(A′(y) ∧ ∀x (y ≺ x→ (Next(y, x)→ H(x) ∧Q′(x))))

∨ (A′′(y) ∧ ∀x (x ≺ y → (Next(x, y)→ H(x) ∧Q′′(x))))
)))

,

Φexists′
(a,q) ≡ ∀x, y

(
y ≺ x→

(
((D1(x) ∧D2(y) ∨D3(x) ∧D0(y))

∧ Q(x) ∧A(x) ∧ L(y) ∧ P (x) = P (y))
→

(
(A′(y) ∧ ∀x (y ≺ x→ (Next(y, x)→ H(x) ∧Q′(x))))

∨ (A′′(y) ∧ ∀x (x ≺ y → (Next(x, y)→ H(x) ∧Q′′(x))))
)))

.

Other possible situations, when both transitions move the head forward, both
transitions move the head backward, one of transitions does not move the head,
etc., can be handled similarly.

Consider now the case of a universal configuration. We enforce that the left
son of t is created by applying the first transition and the right son – the second
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one. For a universal state q, a letter a and transitions (q, a) → (q′, a′,→) and
(q, a)→ (q′′, a′′,←) we put:

Φuniv
(a,q) ≡ ∀x, y

(
x ≺ y →

(
((D0(x) ∧D1(y) ∨D2(x) ∧D3(y))

∧ Q(x) ∧A(x) ∧ P (x) = P (y))
→

(
¬L(y)→

(
A′′(x) ∧ ∀x (x ≺ y → (Next(x, y)→ (Q′′(x) ∧H(x))))

)

∧ L(y)→
(
A′(x) ∧ ∀x (y ≺ x→ (Next(y, x)→ (Q′(x) ∧H(x))))

)))
,

Φuniv′
(a,q) ≡ ∀x, y

(
y ≺ x→

(
((D1(x) ∧D2(y) ∨D3(x) ∧D0(y))

∧ Q(x) ∧A(x) ∧ P (x) = P (y))
→

(
¬L(y)→

(
A′′(x) ∧ ∀x (x ≺ y → (Next(x, y)→ (Q′′(x) ∧H(x))))

)

∧ L(y)→
(
A′(x) ∧ ∀x (y ≺ x→ (Next(y, x)→ (Q′(x) ∧H(x))))

)))
.

Note that if we had used only two relation symbols D0, D1 instead of four
D0, D1, D2, D3 it would have caused problems with distinguishing between suc-
cessors and predecessors of a configuration.

To finish our construction we give formula Φ21 stating that in none of con-
figurations in a model, M is in its only rejecting state qr.

Φ23 ≡ ∀x (Qr(x)→ false).

We define Φ as

Φ ≡
∧

1≤i≤21

Φi ∧
∧

(a,q′)

Φexist
a,q′ ∧

∧

(a,q′)

Φexist′
a,q′ ∧

∧

(a,q′′)

Φuniv
a,q′′ ∧

∧

(a,q′′)

Φuniv′
a,q′′ ,

where q′ represents existential states and q′′ represents universal states. Observe
that the number of conjuncts, and the size of each of them are polynomial in
|M | and |w|.

We claim that Φ is satisfiable iff M accepts w. Indeed, if M accepts w then
an accepting computation tree can be transformed into a model M of Φ in the
following way. The root of the computation tree is transformed into the root of
M. Then we proceed recursively. Let c be a configuration in the computation
tree and let c′ be its code inM. If c is universal then we transform its left subtree
into the left subtree of c′ and its right subtree into the right subtree of c′. If c
is existential then we transform its accepting subtree into the left subtree of c′.
Since we want to have a complete binary tree, we have to define somehow also
the right subtree of c′. We can for example construct all nodes of this subtree in
such a way that they agree with c′ in predicates denoting alphabet symbols and
for each element a from these nodes

M |= ¬H(a) ∧
∧

i

¬Qi(a).

It is easy to see that M is indeed a model of our formula.
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For the proof of the opposite direction, we want to check that the existence
of an accepting computation tree is implied by the existence of a model of Φ.
A minor difficulty lies in the fact that this model is not necessarily a ”real”
tree, i.e. some elements of the model may represent more than one tape cell.
Of course tape cells represented by the same element have the same position
in the a configuration but can belong to different configurations. Nevertheless,
we can simply obtain a tree model from an arbitrary model of Φ by taking
the appropriate number of copies of such elements. Such a model corresponds
to an accepting computation tree of M on w, with the exception that only
left successors of existential nodes are correct. Now, for formal conformity, we
transform the model into a computation tree by substituting right subtrees of
existential nodes with subtrees which agree with transition function of M . This
is not essential since in existential nodes we demand only one accepting successor
and we know that the left one is in fact accepting. ��

4 A Comment on the Proof

In the preliminary version of the proof some care was taken to provide a kind
of the numbering of configurations. We used a unary symbol B. For an element
a such that P (a) = l, B(a) was true in the model if and only if a belonged
to a description of a configuration whose depth in a computation tree had the
l-th bit set to 1. With such a numbering, we could encode computations of a
usual alternating Turing machine which stops after accepting or rejecting. As
pointed out to me by Jerzy Marcinkowski, when we enforce the machine to work
infinitely we can get rid of the numbering of configurations.

5 Conclusion

The lower bound we gave in Theorem 2 and the upper bound given by Szwast
and Tendera [17] lead to the following corollary:

Corollary 1. The satisfiability problem for the two-variable guarded fragment
with transitive guards GF2 + TG is 2EXPTIME-complete.

Since our result is obtained for minGF2+TG, which is a subset of MGF2+TG
we have also established the exact complexity bounds for MGF2 + TG.

In the table below we summarize the known results on the complexity of
decidable extensions of the guarded fragment of first order logic. The result of
this paper is denoted by *. The complexity of GF +−→TG is implied by results for
GF and GF + TG.
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Abstract. We present an analysis of the “linearly used continuation-
passing interpretation” of functional languages, based on game seman-
tics. This consists of a category of games with a coherence condition on
moves — yielding a fully abstract model of an affine type-theory — and a
syntax-independent and full embedding of a category of HO-style “well-
bracketed” games into it. We show that this embedding corresponds pre-
cisely to linear CPS interpretation in its action on a games model of the
call-by-value (untyped) λ-calculus, yielding a proof of full abstraction for
the associated translation.

1 Introduction

Continuation-passing-style (CPS) interpretation is widely used for reasoning
about typed and untyped functional languages. However, a limitation of the
standard CPS interpretation is its failure to capture the constraints on control
flow which typically exist in such languages. This is because continuations be-
come first-class objects in the target language which may be duplicated and
discarded like any other arguments, although this corresponds to behaviour in
the source language only if the latter also treats continuations as first-class ob-
jects (using a construct such as call/cc). If not, the target language contains
“junk” contexts which can break equivalences which hold in the source language.
One solution to this problem is a finer-grained analysis of CPS using linear types
to control the duplication of continuations. This paper is a semantic investiga-
tion of such a “linear CPS interpretation”1 with the object of establishing its
completeness as a basis for reasoning about program equivalence.

Berdine et. al. [6] have given linear CPS translations of the call-by-value λ-
calculus — and other control features such as exceptions, jumps and coroutines
— into a linear λ-calculus. Syntactic mehods have been used to show that these
translations are complete (in the sense that the target language does not contain
any “junk” at translated types) [13, 7, 9] but these rely either on the restriction

1 Notwithstanding the fact that, as emphasized in [6], “it is continuation transformers
rather than the continuations which are linear” it seems reasonable to refer to a
linear CPS interpretation, meaning a continuation-passing-interpretation based on
linear types.

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 313–327, 2003.
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to a simply typed source language, or on a heavy restriction of the types in the
target language. We shall achieve a more general result by semantic means.

Game semantics has been used to give models of both purely functional
languages [4, 10, 16, 3] and non-functional features, including continuations [11],
which are free of “junk” and hence fully abstract. Another useful feature of games
is that intensional phenomena such as control flow and linear use of resources
can be represented concretely in terms of behavioural constraints.

1.1 Contribution

The primary aim of this paper is to give a (game) semantics of linear CPS
translation. By this we mean the following.

Definition 1. Let L1,L2 be programming languages, and ( ) : L1 → L2 a trans-
lation between them. A semantic interpretation of ( ) consists of models M1 (of
L1) and M2 (of L2), and a map φ : M1 → M2 such that for all terms Mof L1,
φ([[M ]]M1 ) = [[M ]]M2 .

However, these formal requirements fail to capture the semantic character of
a satisfactory interpretation; given a model M2 of L2, we can use a transla-
tion to determine its own interpretation by defining [[M ]]M1 = [[M ]]M2 , so that
φ : M1 → M2 is just an inclusion. By contrast, what we seek is a semantic
interpretation in which both the models, and the mapping between them, are
defined independently of the syntax.

We shall define a category of “coherence games”, GC, in which we give a fully
abstract model of a target language for linear CPS translation, λAff (a recursively
typed, dual affine/non-linear λ-calculus similar to those used in [13, 6]). We
shall then give a semantic interpretation of the linear CPS translation as an
embedding into GC of a standard HO-style category of well-bracketed games,
WB. Specifically, we shall show that if ( ) is the linear CPS translation of λv (the
untyped call-by-value λ-calculus) into λAff , and [[ ]]WB is a standard semantics
of λv in WB (described in [16]) obtained by solving the domain equation D =
D ⇒ D⊥ then the following square commutes:

λv

[[ ]]WB ��

( )

��

WB

φ

��
λAff

[[ ]]GC �� GC
We will prove completeness of the linear CPS interpretation from a semantic
perspective by showing that φ is full. Moreover, fullness will be used to prove a
syntactic completeness result — full abstraction — for the translation of λv into
λAff . This can be seen as a version of the “no-junk” condition studied in [7] —
we show that the translation introduces no observable (i.e. finite) junk.
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Definition 2. A translation ( ) : L1 → L2 is equationally fully abstract if for
all terms M1, M2 of L1, M1 is observationally equivalent to M2 if and only if
M1 is observationally equivalent to M2.

In terms of game semantics, our interpretation can be seen as an analysis of the
bracketing condition [4, 10]. This is known to correspond to local control flow
in games. More precisely, relaxing it leads to models of functional languages
with non-local control operators such as call/cc [11] which are equivalent to
models constructed indirectly by CPS interpretation [12]. A connection between
bracketing and linearity is evident in one direction; in a well-bracketed sequence,
every question has at most one answer. More surprising is a result proved here
— that under appropriate conditions, an innocent strategy which answers each
question at most once must be well-bracketed.

2 An Affine Target Language for CPS

Despite being chosen independently, the linear λ-caluli used as target languages
for the linear CPS translations in [13] and [6] are very similar; both are presented
using dual contexts in a similar style to Barber’s DILL [5]. We shall study an
affine version as this is simpler to model and retains the key property that the
affine CPS translation of λv is fully abstract.

In the terminology of [6], we shall restrict our attention to λAff with only
pointed types (this means, in essence, without sums, including atomic datatypes).
However it is straightforward to extend our semantics of λAff to include sum
types, using the Fam(C) construction [3]. So types are generated from type-
variables together with a single ground type R — the “answer type” of the
CPS translation — by the connectives ⇒, �, & (intuitionistic implication, linear
implication, and linear additive product) and a least fixedpoint operator.

T ::= X | R | T � T | T&T | T ⇒ T | µX.T

Using ⇒ instead of ! to introduce non-linear behaviour results in a much less
complex calculus — terms represent derivations in the negative fragment in-
tuitionistic natural deduction (with no “commuting conversions”), but with a
finer-grained type-system.

Terms-in-context of λAff have the form Γ ; Σ � M : T — i.e. there are two
‘zones’ (multisets of typed variables) to the left of the turnstyle of which the first
is intuitionistic, and the second is affine. The term-language itself is just the λ-
calculus with pairing. Unlike [6], a single, standard notation for λ-abstraction
and application is used for the introduction and elmination of both ⇒ and �,
so the type which can be assigned to a term-in-context is not unique. As in [6]
we take the “equality approach” [1] to recursive types — i.e. we let type-equality
be the least congruence on types such that µX.T = T [µX.T/X ] and extend the
typing rules in Table 1 with:

Γ ; ∆ � M : S

Γ ; ∆ � M : T
S = T
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Γ,x:T ;∆�x:T Γ ;∆,x:T�x:T

Γ ;∆,x:S�M :T
Γ ;∆�λx.M :S�T

Γ ;∆�N :S Γ ;∆′�M :S�T
Γ ;∆,∆′�M N :T

Γ,x:S;∆�M :T
Γ ;∆�λx.M :S⇒T

Γ ; �N :S Γ ;∆�M :S⇒T
Γ ;∆�M N :T

Γ ;∆�M :S Γ ;∆�N :T
Γ ;∆�〈M,N〉:S&T

Γ ;∆�M :T1&T2
Γ ;∆�πi(M):Ti

Table 1. Typing judgements for λAff

Definition 3. The equational theory of λAff , =βηπ is generated by the rules:

(β) (λx.M) N =βηπ M [N/x]
(η) λx.(M x) =βηπ M, x �∈ FV (t)
(π) πi(〈M1, M2〉) =βηπ Mi, i = 1, 2

(πη) 〈π1(M), π2(M)〉 =βηπ M

We shall not give an explicit operational semantics of λAff , but a notion of
convergence based on the existence of a head-normal form

Definition 4. The head-normal forms of λAff are given by the grammar:
H ::= B | λx.H | 〈H, H〉, where:
B ::= x | B M | πi(B).
For a closed term M , we shall write M ⇓ if there exists H such that M =βηπ H.

There is no canonical notion of observational equivalence for λAff , because there
is no canonical notion of observation. Basically, we have a choice between ob-
serving convergence to head-normal form at either linear or non-linear function
type, and these are not equivalent in general. In the context of the linear CPS
translation, it is the former which is most suitable, since it corresponds to the ob-
servations available in the source language. (Allowing observations at non-linear
function types causes failure of full abstraction for the translation.)

Definition 5. Let 
L be contextual equivalence of λAff terms defined with re-
spect to observations at the linear type R � R — i.e. if M, N : T , then M 
L N
if for all closing contexts C[ ] : R � R, C[M ] ⇓ if and only if C[N ] ⇓.

The source language for our example of linear CPS translation will be the
untyped call-by-value λ-calculus, λv, which has terms given by the grammar:
M ::= x | λx.M | M N ,
and an operational semantics given by:

λx.P⇓λx.P
M⇓λx.P N⇓λy.Q P [λy.Q/x]⇓V

M N⇓V

A standard CPS translation of λv can be given an affine typing in λAff [6].
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Definition 6. Let D = µX.(X ⇒ (X ⇒ R) � R). A term M of λv with free
variables x1, . . . xn is interpreted as a λAff term x1 : D, . . . , xn : D; � M :
(D ⇒ R) � R defined as follows:

– x = λk.k x,
– λx.M = λk.k (λx.M ),
– M N = λk.M (λm.N (λn.(m n) k)).

3 Game Semantics

We shall now present a category of “Hyland-Ong-style” games, containing a
semantics of λAff , which is universal for finite types. It is based on the addition
of a notion of coherence to HO arenas in the form of a symmetric relation
on moves, and a corresponding refinement of the notion of legal sequence. A
second significant feature is that we drop the visibility condition from plays; this
actually cuts down the space of innocent and coherent strategies, allowing our
universality result to be proved.2

First, we shall briefly describe standard notions of underlying arenas and
innocent strategies which can form a basis for both coherence games (by adding
a coherence relation) or the standard “well-bracketed” games (by adding a ques-
tion/answer labelling to moves).

Definition 7. An arena A is a pair 〈MA,�A〉 where �A⊆ (MA ∪ {∗}) × MA

(the enabling relation) allows a unique polarity to be inferred for each move,
according to the following rules:
m is an O-move if it is initial (i.e. ∗ � a), or is enabled by some P -move.
m is a Player (P )-move if it is enabled by some O-move.

A justified sequence over an arena A is a sequence of elements of MA in which
each non-initial move a comes with a pointer to a preceding, enabling move
js(a). A legal sequence on A is a justified sequence which is alternating — Player
moves follow Opponent moves and vice-versa. The product and function-space
constructions on arenas are standard [10, 16].

Definition 8. For arenas A1, A2, define:

– A1×A2 = 〈MA1 +MA2 , {〈〈m, i〉, 〈n, i〉〉 | m �Ai n}∪{〈∗, 〈m, i〉〉 | ∗ �Ai m}〉,
– A1 → A2 = 〈MA1 +MA2, {〈〈m, i〉, 〈n, i〉〉 | m �Ai n}∪{〈〈m, 2〉, 〈n, 1〉〉 | ∗ �A2

m ∧ ∗ �A1 n} ∪ {〈∗, 〈m, 2〉〉 | ∗ �A2 m}〉.
The empty arena, with no moves, will be written 1.

An innocent strategy will be represented as a set of Player views [16].

2 This departure from existing games models of linear logic is necessary — in particu-
lar, although the AJM game semantics of PCF [4] is based on a model of intuitionistic
affine type theory which can be used to model λAff , this semantics is not fully com-
plete.
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Definition 9. The Player view of a non-empty justified sequence s is a sequence
with justification pointers, �s�, defined by induction as follows:
�sa� = �s�a, if a is a Player move,
�sa� = a, if a is an initial Opponent move,
�satb� = �s�ab, if b is an Opponent move justified by a.
A legal P -view is a legal sequence s such that �s� = s.

Definition 10. An innocent strategy is a set of even-length legal P -views which
is non-empty, even-prefix-closed and even-branching — i.e. sab, sac ∈ σ implies
b = c.

From an innocent strategy we can obtain a strategy in the standard form of an
even-prefix-closed set of even-length legal sequences by taking its view-closure.

Definition 11. Given a strategy σ : A, the “view closure” V C(σ) is defined to
be the least set of legal sequences on A such that ε ∈ V C(σ), and if s ∈ V C(σ)
and �sab� ∈ σ, then sab ∈ V C(σ).

Composition of strategies is by taking the views of the “parallel composition
plus hiding” of ther view-closures.

Definition 12. For σ : A1 → A2, τ : A2 → A3: σ; τ = {�t�A1, A3� | t�A1, A2 ∈
V C(σ) ∧ t�A2, A3 ∈ V C(τ)}.

3.1 Coherence Arenas

Given an arena A, we say that moves m, n ∈ MA are co-enabled if ∃l ∈
(MA)∗.(l �A m) ∧ (l �A n).

Definition 13. A coherence arena (or C-arena) A is a pair 〈|A|,∼A〉 consisting
of an underlying arena |A| together with a symmetric relation ∼A between co-
enabled moves of |A|.
A coherent sequence of A is a legal sequence s of |A| which satisfies the following
conditions:

– All initial moves in s are coherent: if ta, t′a′ � s and ∗ � a, b then a ∼A b.
– Any two non-initial moves in s with the same justifier are coherent: if

ta, t′a′ � s and js(a) = js(b) then a ∼A b.

We can now define notions of additive and multiplicative product; both are
based on the product of the underlying arenas, but they are differentiated by
varying the coherence relations on initial moves. This distinction can be sum-
marised: in A ⊗ B every initial move of A is coherent with every initial move
of B, whereas in A&B every initial move of A is incoherent with every initial
move of B. Hence a coherent sequence of A⊗B consists of a pair of interleaved
sequences of A and B, and a coherent sequence of A&B is a sequence wholly
from A or wholly from B.

Definition 14. Given C-Arenas A1, A2, define the following C-arenas:
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Tensor Product A1 ⊗ A2 = 〈|A1| × |A2|,∼A1⊗A2〉 where 〈m, i〉 ∼A1⊗A2 〈n, j〉
iff i = j implies m ∼Ai n.

Additive Product A1&A2 = 〈|A1| × |A2|,∼A1&A2〉 where 〈m, i〉 ∼A1&A2

〈n, j〉 iff i = j and m ∼Ai n.
Linear Function Space A1 � A2 = 〈|A1| → |A2|,∼A1�A2〉, where

〈m, i〉 ∼A1�A2 〈n, j〉 iff i = j implies m ∼Ai n.

We shall say that a strategy is coherent if it is never the first participant in a
dialogue to violate the coherence condition.

Definition 15. For any C-arena A, an innocent strategy on A is coherent if
whenever sa ∈ V C(σ) and s is coherent then sa is coherent.

However, we cannot define a category of C-arenas in the standard fashion by
taking morphisms from A to B to be coherent strategies on A � B fails; the
composition of coherent strategies is not coherent (see [12]). To solve this prob-
lem, we place a further restriction on the coherent strategies which are permitted
as morphisms.

Definition 16. A C-strategy from A to B is a coherent strategy on A � B
such that if s ∈ V C(σ) is coherent, then every two moves in s which are initial
in A are coherent — i.e. if ta, t′a′ � s and ∗ �A a, b then a ∼A b.

It is now straightforward to show that the composition of innocent C-strategies
is an innocent C-strategy and so we can define category GC with C-arenas as
objects and C-strategies from A to B as morphisms from A to B.

Proposition 1. (GC,1,⊗) is a symmetric monoidal category with a cartesian
product, &.

The price we have paid is the loss of the symmetric monoidal closed structure
— GC does not have all exponentials in the following sense.

Definition 17. Let A, B be objects in a symmetric monoidal category (C, I,⊗).
An exponential of B by A is a an object BA such that for all C in C, there is an
isomorphism: evA,B : C(C ⊗ A, B) ∼= C(C, BA) which is natural in C.

We have an isomorphism of arenas — (A ⊗ B) � C ∼= A � (B � C) — but
not, in general GC(A ⊗ B, C) ∼= GC(A, B � C). However, to model λAff , we do
not require that BA exists for any arena B, but only for B within a specified
collection of well-opened arenas, for which the notions of coherent strategy and
C-strategy coincide.

Definition 18. Say that a C-arena A is well-opened if for any pair of initial
moves m, n ∈ MA (not necessarily distinct), m �∼A n. We shall write WO for
the full subcategory of GC consisting of well-opened C-arenas.

Lemma 1. If B is well-opened, then for any C-arena A, A � B is an expo-
nential of B by A.
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Proof. If D is any C-arena, then every coherent strategy σ on D � B is a
C-strategy from D to B, since by well-openedness of B, every coherent sequence
on D � B contains at most one initial move, and so any two initial moves of D
in s must have the same justifier, and hence be coherent. So for any arena C,
GC(C ⊗A, B) ∼= GC(1, (C ⊗A) � B) ∼= GC(1, C � (A � B)) ∼= GC(C, A � B)
as required.

Lemma 2. If B is well-opened, then for any A, A � B is well-opened, and if
A and B are well opened, then A&B is well-opened.

We can now use coherence to define a monoidal co-monad ! : GC → GC. The
C-arena !A has the same underlying arena as A, but all of the “incoherences”
between the initial moves of A are removed.

Definition 19. For any C-arena A, define !A = 〈|A|,∼!A〉, where m ∼!A n, if
m ∼A n or ∗ � m, n.

Thus for a well-opened arena A, the coherent sequences of !A consist of mul-
tiple interleaved sequences (“threads”) of A. The action of ! on morphisms is
simple: if σ :!A → B is a coherent strategy, then σ† :!A →!B has the same
underlying strategy. For each C-arena A we have derA :!A → A which has
the same underlying strategy as the identity. We also have equalities of are-
nas: !(A&B) =!A⊗!B =!(A ⊗ B) yielding the monoidal natural transforma-
tions and contraction maps conA :!A →!A⊗!A for each A. Thus we can define
A ⇒ B =!A � B.

3.2 Interpretation of λAff in GC
We have defined functors & : WO × WO → WO, � : WOOP ×WO →
WO and ⇒ : WOOP × WO → WO which we shall use to interpret the
corresponding type-constructors in λAff . To interpret R, we must identify a well-
opened answer-object, and to eliminate “junk” we choose the smallest such non-
terminal arena.

Definition 20. Let o be the arena with one move which is not coherent with
itself, i.e. Mo = {o}, �o= 〈∗, o〉 and o �∼o o.

To interpret recursive types in GC, we use the “information-system”-like ap-
proach studied in depth in [16], which allows domain equations to be solved up
to equality, as required by λAff . First, we define an inclusion order on C-arenas.

Definition 21. A1 � A2 if:

– MA1 ⊆ MA2 ,
– �A1= �A2 ∩((MA1)∗ × MA1)
– ∼A1=∼A2 ∩(MA1 × MA1).
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If A� B then there are obvious inclusion and projection maps A →in B →out A
such that in; out = idA and out; in ⊆ idB.

Proposition 2. C-Arenas form a large cpo, ordered by �.

Each of the functors &, � and ! are continuous with respect to �. Thus we can
define a least fixed point operator by iteration.

Definition 22. Given a continuous functor F : WOOP × WO → WO, let
∆(F ) ∈ WO =

⊔
i∈ω F i(1).

Then F (∆(F ), ∆(F )) = ∆(F ) and so we have a sound model of λAff , based
on the following interpretations of types with n free variables as mixed-variance
functors from (WOOP ×WO)n to WO:

[[R]] = o [[X ]] = πr

[[S � T ]] = [[S]] � [[T ]] [[S ⇒ T ]] =![[S]] � [[T ]]
[[S&T ]] = [[S]]&[[T ]] [[µX.T (X, Y1, . . . Yn)]] = ∆([[T (·, Y1, . . . , Yn)]])

Each term-in-context x1 : S1, . . . , xm : Sm; y1 : T1, . . . yn : Tn � M : U is thus
interpreted as a natural transformation from ![[S1]]⊗ . . .⊗![[Sk]]⊗ [[T1]]⊗ . . .⊗ [[Tm]]
to [[U ]] following e.g. [5]. (We shall write [[S1, . . . , Sn; T1, . . . Tm � U ]] for the set
of such natural transformations.)

Using approximation relations as in [17, 16], we prove the following compu-
tational adequacy result.

Proposition 3. For any program M of λAff , M ⇓ if and only if [[M ]] �= ⊥.

We also have a universality result for finite types, and hence a full abstraction
result with respect to an intrinsic preorder.

Definition 23. The (closed) finite types of λAff are generated by the grammar:
F ::= R | F&F | F � F | F ⇒ F

For an innocent strategy σ, let #(σ) be the cardinality of σ as a set of views, so
we may say that σ is finite if #(σ) is finite.

Proposition 4. Let F be a finite type, and Γ, ∆ contexts of finite types. Then
every finite, innocent C-strategy σ ∈ [[Γ ; ∆ � F ]] is definable — i.e. there exists
a λAff -term-in-context Γ ; ∆ � Mσ : F such that σ = [[Mσ]].

Proof. (Sketch) We apply an inductive decomposition similar to the decompo-
sition theorem for the simply-typed λ-calculus, described axiomatically in [2].
Formally, proof is by induction on #(σ). If this is zero then σ is the empty
strategy, which is definable as a divergent program. We prove the inductive case
by a series of lemmas, all of which are implicitly dependent on the inductive hy-
pothesis. The first is a subcase for strict strategies3 and π-atomic types, which
are given by the following grammar:
P ::= R | F � P | F ⇒ P .
We shall write π-atomic types in the form S1 ⇒ . . . ⇒ Sm ⇒ T1 � . . . �
(Tn � R), or S ⇒ (T � R).
3 A strategy in GC(A,B) is strict if the first P -move in σ (if any) is in A.
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Lemma 3. If P1, P2 are π-atomic types and σ ∈ [[ ; P1 � P2]] is strict then σ is
definable.

Proof. By induction on the size of P2. The base case is P2 = R and P1 = S ⇒
(T � R) — using the induction hypothesis on #(σ) we can find M : S and
N : T such that σ = [[x : P1 � ((x M) N) : R]]. The induction cases are:

– If P2 = C ⇒ P , then by induction (on P2) we can find a term ; x :
(C ⇒ S) ⇒ ((C ⇒ T ) � R) � M : P such that σ = [[y : S ⇒ (T �
R) � λz.M [(λuv.(y (u z) (v z)))/x] : C ⇒ P ]]

– If P2 = C � P then there exists i ≤ m and x : S ⇒ (T ′ � R) � M : P
(where T ′

i = C � Ti and T ′
j = Tj for j �= i) such that σ = [[ ; y : S ⇒ (T �

R) � λz.M [(λu.λv.y uv1 . . . vi−1(vi z)vi+1 . . . vm)/x] : C � P ]]

Lemma 4. If F is any finite type, P is a π-atomic type, and σ ∈ [[ ; F � P ]] is
strict then σ is definable.

Proof. is by induction on the size of F . If this is an atomic formula then Lemma
3 applies. Otherwise F = S ⇒ (T � U1&U2) and we can find i ∈ {1, 2} and
a term-in-context x : S ⇒ (T � Ui) � M : P ]] such that σ = [[y : S ⇒ (T �
U1&U2) � M [λu.λv.πi(y uv)/x] : P ]].

Lemma 5. If σ ∈ [[S1, . . . , Sm; T1, . . . , Tn � R]] is strict then σ is definable.

Proof. If the first P -move in σ is in some [[Si]], then using Lemma 4 we can find
a term ; xi : Si � M : S ⇒ T � R such that σ = [[x1 : S1, . . . , xm : Sm; y1 :
B1, . . . , yn : Bn � (M x) y : R]].
If the first P -move in σ is in some [[Tj ]], then we can find a term ; y : Tj �
M : S ⇒ T1 � . . . � Tj−1 � Tj+1 � . . . � Tk � R such that σ = [[x1 :
S1, . . . , xn : Sm; y1 : T1, . . . , yn : Tn � (M x) y1 . . . yj−1yj+1 . . . yk : R]].

Finally, we can complete the induction to prove Proposition 4 by showing that if
σ ∈ [[Γ ; ∆ � F ]] then σ is definable, by induction on the size of F . If F = R, then
σ must be strict, and Lemma 5 applies. Otherwise F = F1&F2, or F = F1 � F2

or F = F1 ⇒ F2 and can be decomposed and reconstructed by projection/pairing
or uncurrying/currying.

Definition 24. Define the intrinsic equivalence � on strategies σ, τ : A:
σ � τ if for all C-strategies ρ : A → (o � o), σ; ρ = ⊥ if and only if τ ; ρ = ⊥.

The proof of the full abstraction follows a standard pattern [4, 10, 16], based on
Proposition 4 and the fact that for any closed λAff type, T there is a chain of
finite types F1, F2, . . . such that [[T ]] =

⊔
i∈ω[[Fi]].

Theorem 1 (Full Abstraction). For all λAff -terms M, N : T , M 
L N if
and only if [[M ]] � [[N ]].
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4 Well-Bracketing and Linear CPS

We can now show that a variant of the original category of HO games [10] (and
its extension by McCusker with lifted sums [16]) can be fully embedded in the
category of coherence games, and that this embedding preserves denotations
with respect to linear CPS translation.

Definition 25. A bracketed arena (or B-arena) is a pair 〈|A|, λA〉 consisting
of an underlying arena |A| (as per Definition 7), with a labelling function λA :
MA → {Q, A}, which partitions the set of moves into questions and answers.
Answers must be enabled (and must only be enabled) by questions.

The product and function-space of bracketed arenas are based on the correspond-
ing constructions on the underlying arenas — i.e. A × B = 〈|A| × |B|, [λA, λB ]〉
and A ⇒ B = 〈|A| → |B|, [λA, λB]〉. The rôle of answer labelling is to allow the
definition of the bracketing condition.

Definition 26. For each justified sequence, s, we define a prefix pending(s) � s
as follows:
pending(ε) = ε,
pending(sq) = sq if q is a question,
pending(sqta) = pending(s), if a is an answer justified by q.

The pending question of s is the final move in pending(s), if any.

Definition 27. An alternating justified sequence s on a bracketed arena is well-
bracketed if every answer in s is justified by the pending question — i.e. if
rqta � s and a is an answer justified by q, then rq = pending(rqt).
An innocent and well-bracketed strategy on a B-arena is an innocent strategy on
the underlying arena such that whenever sab ∈ V C(σ) and sa is well-bracketed
then sab is well-bracketed.

The following lemma, which characterizes innocent and well-bracketed strategies
in terms of their P -views is proved in [11, 12].

Lemma 6. An innocent strategy σ is well-bracketed if and only if for all s ∈ σ,
s is well-bracketed.

The composition of innocent and well-bracketed strategies (as defined in Defini-
ition 12) is well-bracketed and thus we have a cartesian closed category
(WB,1,×,⇒) with B-arenas as objects and innocent well-bracketed strategies
on A ⇒ B as morphisms from A to B [10, 12]. WB also has a lifted sum con-
struction [16], obtained by adding an initial question and answers corresponding
to each summand. To give a semantics of λv, we only require the unary version
— lifting.

Definition 28. For any B-arena A, the lifting A⊥ is defined as follows:

– MA⊥ = ({q} ∪ {a}) + MA,
– �A⊥= {〈∗, inl(q)〉, 〈inl(q), inl(a)〉} ∪ {〈inl(a), inr(b)〉 | ∗ �A b} ∪

{〈inr(m), inr(n) | m �A n},
– λA⊥(inl(q)) = Q, λA⊥(inl(a)) = A, λA⊥(inr(b)) = λA(b).
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There is an evident operation taking σ : A ⇒ B⊥ to σ∗ : A⊥ ⇒ B⊥, and well-
bracketed strategies ηA : A → A⊥ and tA,B : A × B⊥ → (A × B)⊥, making
lifting a strong monad on WB. We can solve domain equations up to equality in
WB, just as in GC — by taking fixed points of mixed variance functors which are
minimal with respect to the inclusion order — A � B if |A|� |B| and λA = λB�
MB. Thus a semantics of the call-by-value λ-calculus can be defined in standard
fashion.

Definition 29. Let D be the least solution to D = D ⇒ D⊥ in WB — i.e. D =⊔
i∈ω F i(1), where F (X) = X ⇒ X⊥. For each term-in-context x1, . . . xn � M

of λv, let [[M ]]WB : Dn → D⊥ be the innocent, well-bracketed strategy denoting
M , defined as in [16].

Let Σ = 1⊥ be the game with a single question and answer, and define the
intrinsic equivalence � on well-bracketed strategies σ, τ : A as follows:
σ � τ if for all ρ : A → Σ, σ; ρ = ⊥ if and only if τ ; ρ = ⊥.
We can now state McCusker’s full abstraction result for the model of λv in WB.

Proposition 5 (McCusker [16]). For any λv terms M, N : M 
 N if and
only if [[M ]]WB � [[N ]]WB.

4.1 Embedding the Well-bracketed Games into GC
From each B-arena A we can define a C-arena φ(A) with the same underlying
structure, and a coherence relation in which moves are incoherent if and only if
they are answers to the same question.

Definition 30. φ(A) = 〈|A|,∼A〉, where m �∼A n if λA(m) = λA(n) = A, and
m ∼A n otherwise.

φ acts as the identity on underlying innocent strategies. To show that this defines
a functor, we need to show that any innocent and well-bracketed strategy on a
B-arena is a coherent strategy on the associated C-arena.

Lemma 7. If sqt is a coherent sequence on φ(A) and q is a question such that
pending(sqt) = pending(s), then q is answered in t.

Proof. is by induction on the length of sqt. Given sqtb where b is an O
move, we have either that b is a question — in which case pending(sqtb) �=
pending(s) — or b is an answer to a question q′ in t — i.e. t = t′q′t′′b,
where pending(sqt′) = pending(s) and hence q is answered in t′ by induction
hypothesis — or b is an answer to a question q′ in s — i.e. s = s′q′t′, and
pending(s′q′t′) = pending(sqtb) = pending(s′) and hence q′ is already answered
in t′ which contradicts coherence of sqtb.

Proposition 6. For any B-arena A, if σ is a well-bracketed innocent strategy
on A then it is a coherent strategy on φ(A).



A Game Semantics of Linearly Used Continuations 325

Proof. It is sufficient to show that if sbc ∈ V C(σ) and sb is coherent, then
pending(sb) has not already been answered and hence sbc is coherent. We show
this by induction on sequence length: Given an (odd-length) sequence sb, either b
is a question — in which case it is the pending question, and unanswered — or b
is an answer, and sb = s′qtb, where b answers q and so pending(sb) = pending(s′).
The pending question in sb is not answered in s by inductive hypothesis, and so
the only remaining possibility is that it is answered in t. In other words there
is a prefix s′qt′a � s, in which a answers pending(s) = pending(s′). But by
assumption we have pending(s′qt′) = pending(s′) and hence by Lemma 7 q is
answered in t′, which contradicts coherence of sb.

Functoriality and injectivity of φ are immediate, so it remains to show fullness of
the embedding. It is clearly not the case in general that if s is a coherent sequence
on φ(A) then s is well-bracketed; the coherence condition prevents repetition of
answers, but not jumping — answering a question out of turn. However, we can
show that if σ is an innocent and coherent strategy on φ(A), then σ must be
well-bracketed, as otherwise Opponent can force σ to violate coherence because
of innocence. A non-well-bracketed strategy on (o ⇒ o) ⇒ Σ which translates
to a non-coherent strategy on (o ⇒ o) ⇒ (o � o) is depicted in Figure 1.

Proposition 7. For any C-strategy σ : φ(A) → φ(B), σ is a well-bracketed
strategy on A ⇒ B.

Proof. By Lemma 6 it suffices to show that every s ∈ σ is well-bracketed. Sup-
pose for a contradiction that we have a minimal length sequence sqta ∈ σ such
that q is the pending question in sqt but a is not justified by q. Then the justified
sequence sqtaqt in which the two q moves have the same justifier is a coherent
sequence on φ(A ⇒ B). But �sqtat� = sqt and hence sqtata ∈ V C(σ), which
violates the coherence condition.

(o ⇒ o) ⇒ Σ
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Fig. 1. A non-well-bracketed strategy forced to violate coherence

Theorem 2. The category of bracketed arenas and innocent, well-bracketed
strategies embeds fully in the category of C-arenas and C-strategies.
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It remains to observe that interpreting λv in WB followed by embedding in
GC corresponds to interpretation via linear CPS translation. The embedding
preserves the standard cartesian closed structure of WB — the key point is that
it also respects the definitions of lifting in the following sense.

Lemma 8. If A is a B-arena then φ(A⊥) = (φ(A) ⇒ o) � o.

Hence φ(D) = [[µX.X ⇒ ((X ⇒ R) � R]]GC and it is straightforward to check
that the embedding commutes with linear CPS translation as required.

Proposition 8. For any program M of λv, φ([[M ]]WB) = [[M ]]GC .

Theorem 3. The linear CPS translation from λv to λAff is fully abstract.

Proof. Soundess is straightforward. For completeness, suppose M �
L N . Then
[[M ]]GC �� [[N ]]GC by Theorem 1 — i.e. w.l.o.g. there exists a coherent strategy
ρ : [[(µX.(X ⇒ X⊥)⊥]]GC → R � R such that [[M ]]; ρ = ⊥ and [[N ]]; ρ �= ⊥. By
Proposition 7, ρ is a well-bracketed strategy on D⊥ → Σ such that [[M ]]WB; ρ =
⊥ and [[N ]]WB; ρ �= ⊥ so by Proposition 5 M �
 N .

5 Conclusions and Further Directions

There are several possibilities for extending this work. On the logical side, Stre-
icher’s domain equation for the designs of Ludics [18] corresponds to a type of
λAff ; the correspondence between designs and the strategies at this type seems
to parallel closely the account given in [8]. There is also a close relationship
between λAff , and proofs in polarized classical linear logic with both lifting and
the exponentials, and we can construct a model of the latter along the lines of
[15] which is, moreover, fully complete.

As described in [6], several other control features, including exception-
handling, GOTO-style jumps and coroutines can be given linear CPS translations
in λAff , and hence modelled in our category of games. However, apart from
exception-handling (for which the linear CPS interpretation is essentially equiv-
alent to the standard monadic interpretation using a lifted sum type) these
features are not considered in a higher-order setting, which is a significant lim-
itation. One problem is that features such as coroutines and locally declared
exceptions are “hybrid effects” which manipulate control flow but have “state-
like” features, making them difficult to capture via translation into λAff on its
own. Game semantics has been proposed as the basis for a detailed semantic ac-
count of such hybrid effects [14], since it allows state and control to be combined
seamlessly. However, one apparent difficulty in giving a linear continuation pass-
ing semantics of state and state-like features is that by storing continuations, a
program can perform jumps in the flow of control whilst still using its continu-
ations linearly. In the work described here, this corresponds to the reliance on
innocence (i.e. purely functional behaviour) to prove fullness of the embedding
corresponding to linear CPS translation.
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Abstract. Multitree are unranked, unordered trees and occur in many
Computer Science applications like rewriting and logic, knowledge rep-
resentation, XML queries, typing for concurrent systems, cryptographic
protocols.... We define constrained multitree automata which accept sets
of multitrees where the constraints are expressed in a first-order theory
of multisets with counting formulae which is very expressive and decid-
able. The resulting class of multitree automata is closed under boolean
combination, has a decidable emptiness problem and we show that this
class strictly embeds all previous classes of similar devices which have
been defined for a whole variety of applications.

Introduction

Tree automata and regular tree languages have been used successfully in many
areas of Computer Science like type systems, rewriting, program analysis, proto-
col verification... However the expressive power of regular languages is often too
weak and many extensions of regular languages have been proposed for solving
some specific problems. One trend is to add constraints to the transition rules
such that a rule is used only when the constraint is satisfied. The most natu-
ral extension is to add equality constraints which state that some subterms at
some positions must be equal or different. The resulting class has good closure
properties but the emptiness problem (decide if the language L(A) accepted
by an automaton A is empty or not?) is undecidable. Therefore equality con-
straints have been restricted to get classes with a decidable emptiness problem:
automata with equality/disequality constraints between brothers [BT92], reduc-
tion automata [CCC+94], and automata with a bounded number of equality
test along an accepting run [CJ94]. These automata are used in automated the-
orem proving and rewriting. Another direction for extending the expressivity
of regular languages is to use axioms, especially associativity and associativity-
commutativity axioms. Hedge automata [PQ68, Mur01] which are used in query
languages for XML have rules where the left-hand side is a regular expression on
the set of states. Automata where the left-hand side is a Presburger formula or
a rational expression of vectors of integers have be proposed for applications in

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 328–342, 2003.
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type system used in verification of infinite-state systems [Col02], inductive the-
orem proving [LM94] or knowledge representation [NP93] for which feature tree
automata are introduced. In [Ohs01], one adds equality steps involving axioms
during the acceptance process.

The next step is to combine both constraints and axioms which gives two
possible reasons for getting into trouble. Since the most frequently used axiom
is associativity-commutativity and the most frequently needed constraints are
equality constraints, it is natural to look for tree automata combining these
features. The underlying data structure is now the multitree structure where
some operators have unbounded arity and the subterms are unordered. Therefore
the first point is to define a theory of constraints which extends equality to
multitrees and possibly adds some new constraints. The second point is to define
a class of multitree automata which uses the constraints and still has the good
properties required by applications (basically closure under boolean combination
and decision of emptiness). We present a new class of multitree automata with
a simple and natural definition, where the constraints are formulae of the first-
order theory of equality for multisets enriched by Presburger constraints on the
cardinality of multisets. For instance, one may constraint a rule f(q, q, q) → q′

by a formula saying that the first subterm reaching q has twice as elements as the
second subterm reaching q and that the first subterm is the union of the second
subterm and of the third one. We show that these constraints are decidable
(section 2), then we prove that the multitree automata class is closed under
boolean combinations (section 4), and has an elementary emptiness problem
in section 5. Then we prove that this class contains all known classes of tree
automata which use AC axioms or/and equality constraints, are closed under
boolean combinations and have a decidable emptiness problem (in section 6).
Missing proofs will appear in the long version of the paper.

In this paper we focus on the definition of the new class and its basic prop-
erties. Since this class contains many classes previously known which have been
extensively used in Computer Science, we can hint at many applications already
known in knowledge representation (feature tree automata and feature logic),
typing for infinite state systems (rational tree automata), inductive theorem
proving (automata with Presburger constraint), logic and rewriting(automata
with equality constraint between brothers)... Applications to cryptographic pro-
tocols in the spirit of [GLV02] which uses two-way automata with associativity-
commutativity is also relevant.

1 Notations

Terms and Multitrees. Multisets on a (finite or infinite) set of elements e1, e2, . . .
are sets where elements can be repeated. The empty multiset is denoted by ∅.
The multiset composed of ei1 , . . . , eip (where one may have eil

= eij ) is denoted
by {ei1 , . . . , eip}. The number of repetition of an element is its multiplicity. The
number of elements of a multiset #E(M) is the number of elements counted
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with their multiplicities and #D(M) denotes the number of distinct elements.
For instance #D({e1, e1, e2}) = 2 and #E({e1, e1, e2}) = 3.

We consider terms on a finite set of free function symbols F and a finite
set of binary function symbols ⊕1,⊕2, . . . which are supposed to be associative-
commutative (AC in short). For simplicity we use only one ⊕ operator, but our
results are extended easily to the case of several AC symbols. The set of terms is
TF for F = F ∪ {⊕}. Terms can be flattened using the rules (x⊕ y)⊕ z) → and
writting a term ((. . . (t1⊕t2)⊕. . .)⊕tn) as t1⊕t2 . . .⊕tn. Multitrees corresponds to
flattened terms but where the ⊕ operator is considered as a multiset constructor
and are described by the grammar:

MT ::= S | T
S ::= T1 ⊕ . . .⊕ Tn n ≥ 1 (sum−like multitrees)
T ::= f(MT1, . . . ,MTn) arity(f) = n (term−like multitrees)

For instance f(a⊕ g(b), a⊕ a) ∈ T , a⊕ a⊕ f(a, a) ∈ S. In the following we
may say terms as well as multitrees for elements of MT . A multitree t1⊕ . . .⊕ tn
is often denoted by Σi=1,...,nti. Multitrees are equal up to permutation of argu-
ments of ⊕. For instance, f(a⊕ g(b), a⊕ b) = f(g(b) ⊕ a, b⊕ a).

This paper deals with automata recognizing sets of multitrees.

Presburger Arithmetic. Let N be the set of natural numbers and let + denote
addition of natural numbers. Then the first-order theory of equality on this struc-
ture is called Presburger arithmetic and is decidable 1. Diophantine equations,
inequations are example of Presburger arithmetic formula (with a lower com-
plexity since they are in NP). The models of Presburger arithmetic formulae are
the semilinear sets.

2 First-Order Theory of Multisets with Cardinality
Constraints

We define FO#(M) the first-order theory of multisets with cardinality con-
straints.

The syntax of formula. Let X = {X,Y, . . .} be a set of multiset variables, the
set of terms is defined by the grammar:

T ::= X | T ⊕ T

where the ⊕ operator is a binary associative-commutative symbol. We use also
two unary symbols #D and #E . The predicate is the equality predicate =. We
also assume that N1, N2, . . . is a denumerable set of integer variables. Formula
are given according to the grammar:

φ ::= (T = T ) | ψ(#(X1), . . . ,#(Xn), N1, . . . , Np) | ¬φ | φ∧φ | ∃X φ | ∃N φ

where ψ is a Presburger arithmetic formula, # denotes #D or #E .
1 it is ATIME(double-expo,poly)-complete [Ber77]
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Semantics. Let M be the set of finite multisets built on a denumerable set of
distinct elements e1, e2, . . .. An interpretation I associates to each variable X
a multiset I(X) ∈ M, and to each integer variable N some natural number
I(N) ∈ N. The function ⊕ is interpreted as the union of multisets, equality is
equality of multisets, and #D(X) (resp. #E) is interpreted as the number of dis-
tinct elements (resp. number of elements) of X . The interpretation is extended
to formula as in first-order logic, and similarly we define satisfiability, mod-
els,. . . The values of the ei’s are not relevant for the satisfiability of a formula
and satisfiability is preserved by one-to-one mapping of the ei’s.

Expressivity. This logic can express many natural properties.

– any Presburger formula related to the number of elements of multisets (count-
ing formula). For instance X has as many elements as Y : #E(X) = #E(Y ).

– X is empty: #E(X) = 0, X is a singleton: #E(X) = 1
– Y is a subset of X : ∃Z : X = Y ⊕ Z
– the intersection X ∩ Y is empty: ∀Z : Z ⊆ X ∧Z ⊆ Y ⇒ empty(Z)
– X is a multiset containing only copies of some element: #D(X) = 1
– X is a multiset s.t. the multiplicity ne of each element e satisfies the Pres-

burger formula ψ(ne):

∀Xe Y X = Xe ⊕ Y ∧#D(Xe) = 1∧Xe ∩ Y = ∅ ⇒ ψ(#E(Xe))

This formula is called Mult(ψ,X). This is extended for a tuple X1, . . . , Xn

and a variable ψ with n free variables, yielding a formulaMult(ψ,X1,. . ., Xn).
– N is the maximal multiplicity of an element of X :

∀Xe, Y X = Xe ⊕ Y ∧#D(Xe) = 1∧Xe ∩ Y = ∅ ⇒ #E(Xe) ≤ N
∧∃Xe, Y X = Xe ⊕ Y ∧#D(Xe) = 1∧Xe ∩ Y = ∅∧#E(Xe) = N

We shall abbreviate this formula into N = #M (X).
– Y is the set of distinct elements of X :

Y ⊆ X ∧ ∀Xe, X
′ (X = Xe ⊕X ′ ∧Xe �= ∅ ⇒ Y ∩Xe �= ∅)

∧∀Ye, Y
′ (Y = Ye ⊕ Y ′ ⇒ Ye ∩ Y ′ = ∅)

then #D(X) = #E(Y ) which shows that #D is definable within the logic.

The extension of FO#(M) with variables x, y, . . . for elements and the mem-
bership predicate x ∈ X is achieved by introducing a multiset variable Xx for
each variable x together with the condition that Xx is a singleton, and replacing
x ∈ X by Xx ⊆ X .

Theorem 2.1. The first-order theory of multisets with cardinality constraints
is decidable.

When there is no #(X) occurrence, the result can be obtained by encoding
the multiset theory in Skolem arithmetic (private communication from Achim
Blumensath). The extended version of the paper gives an alternative proof based
on semilinear sets which provides an explicit representation of the model of a
formula. When no multiset variable occur free, we get:



332 Denis Lugiez

Proposition 2.1. The model of a formula φ(N1, . . . , Np) of FO#(M) is a semi-
linear set constructible in elementary time.

3 Multitree Automata with Constraints

Equality of multitrees up to permutation of elements of ⊕ defines an equivalence
relation. Let e1, e2, . . . be a enumeration of the equivalence classes corresponding
to the elements of T . For simplicity we identify an element of T and its equiv-
alence class. We interpret each multitree t in MT = S ∪ T as a multiset [[t]] of
ei’s as follows: - if t ∈ T then t is in some ei and we set [[t]] = {ei}

- if t ∈ S then t = ei1 ⊕ . . .⊕ eip and [[t]] = {ei1 , . . . , eip}
For instance [[f(a⊕ b)]] = {f(a⊕ b)} and [[a⊕ b]] = {a, b}.

Definition 3.1. A multitree automaton is composed of a finite set of states
Q = {q1, . . . , qm}, a set of final states QFinal ⊆ Q and a set of rules R of the
form: (type 1) φ(X1, . . . , Xn) ⇒ f(q1, . . . , qn) → q for f of arity n

(type 2) φ(Xq1 , . . . , Xqm) ⇒ q
where in each case, φ denotes a formula of FO#(M).

The transition relation →A is defined by t→A q iff

t = f(t1, . . . , tn)→A q if φ(X1, . . . , Xn) ⇒ f(q1, . . . , qn) → q ∈ R
ti →A qi for i = 1, . . . , n
|= φ([[t1]], . . . , [[tn]])

t = e1 ⊕ . . .⊕ ep →A q if φ(Xq1 , . . . , Xqm) ⇒ q ∈ R
t = t1 ⊕ . . .⊕ tm where, for i = 1, . . . ,m,
ti = ei,1 ⊕ . . .⊕ ei,ni and ei,j →A qi for j = 1, . . . , ni

|= φ([[t1]], . . . , [[tm]])

A multitree is accepted iff t→A q with q ∈ QFinal. The language L(A) accepted
by A is the set of multitrees accepted by A.

Example 3.1. Given a signature consisting of two constants a, b, one binary
symbol f , an automaton accepting only multisets with two constants a and
b such that the number of b’s is greater than the number of a’s can be A =
({qa, qb, qS}, {qS}, R) with R = {True ⇒ a → qa, T rue ⇒ b → qb,#E(Xqa) <
#E(Xqb

) ⇒ qS }.

Then a⊕ b⊕ b→ qS since
{
a→ qa, b→ qb, [[a]] = {a} and [[b ⊕ b]] = {b, b}
|= #E([[a]]) < #E([[b ⊕ b]])

To accept also the multitrees s.t. that each subterm f(t1, t2) satisfies t1 �= t2
and t1, t2 ∈ L(A), we simply add the rule: X1 �= X2 ⇒ f(qS , qS) → qS �

Two automata are equivalent if they have the same language. The class of
multitree languages accepted by multitree automata with constraints is denoted
by CMTL. For simplicity, it is easier to consider automata such that
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(i) Q = QT ∪QS with QT ∩ QS = ∅,
(ii) for all type 1 rules φ(X1, . . . , Xn) ⇒ f(q1, . . . , qn) → q, we have q ∈ QT
(iii) for all type 2 rules φ(Xq1 , . . . , Xqm) ⇒ q, we have q ∈ QS

and φ(Xq1 , . . . , Xqm) ≡ φ′(Xq1 , . . . , Xqm′ ) where {q1, . . . , qm′} = QT .

This can be achieved by splitting each state q into qM and qF , replacing type
1 rules . . . → q by . . . → qF and type 2 rules . . . ⇒ q by . . . ⇒ qM and any
occurrence of q elsewhere by qM and qF .

Example 3.2. In the second automaton of the previous example, the state qS
can be reached by multitrees of S as well as multitrees of T . Therefore we
split it into qSS and qTS and replace the rule X1 �= X2 ⇒ f(qS , qS) → qS by
the rules X1 �= X2 ⇒ f( , ) → qTS where is any of qTS , q

T
S , and the rule

#E(Xqa) < #E(Xqb
) ⇒ qS by #E(Xqa) < #E(Xqb

) ⇒ qSS . �

4 Properties of Multitree Automata with Constraints

Membership. Given an automaton A, its size |A| is the number of symbols
of its presentation, C(t) is a bound on the time for checking the satisfiability
of constraints of A on the subterms of t. If the constraints are quantifier-free
formulas, this amounts to solving equality of terms modulo AC which can be
solved in polynomial time in |t|, see [BKN85].

Proposition 4.1. t ∈ L(A) is decidable in time O(|A||t||C(t)|)
Proof. Consider all |A||t| possible labelling of nodes in t where the root is labelled
by a final state, and check the applicability of rules. �

Completion. An automaton is complete if each multitree reaches at least one
state. To get a complete automaton equivalent to a given automaton, we add a
sink state qS , the rules True⇒ f(. . . , qS , . . .) → qS and the rules True⇒ qS .

Determinization. An automaton is deterministic iff for each multitree t, there
exists at most one state q such that t→A q. We show how to build a de-
terministic automaton AD equivalent to a non-deterministic automaton A =
(QA,QFinal, R). The deterministic automaton AD has a set of states QD = 2QA ,
the final states are the states containing a final state of A.

Determinization of conditions. First we replace rules by rules such that con-
straints are pairwise incompatible. For a symbol f of arity n, let φi(X1, . . . , Xn)
for i = 1, . . . ,m be the conditions of corresponding type 1 rules. For each
I ⊆ {1, . . . ,m}, let ψI(X1, . . . , Xn) be defined by∧

i∈I

φi(X1, . . . , Xn)∧
∧
i�∈I

¬φi(X1, . . . , Xn)

By construction ψI(X1, . . . , Xn)∧ψJ (X1, . . . , Xn) is unsatisfiable if I �= J and
φi(X1, . . . , Xn) ⇔

∨
i∈I ψI(X1, . . . , Xn). Then each rule φi(X1, . . . , Xn) ⇒

f(q1, . . . , qn) → q is replaced by the rules ψI(X1, . . . , Xn) ⇒ f(q1, . . . , qn) → q
for i ∈ I.
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The subset construction: type 1 rules. Type 1 rules of AD are

ψI(X1, . . . , Xn) : f(Q1, . . . , Qn) → Q

with Q = {q | ∃q1 ∈ Q1, . . . , qn ∈ Qn, ψI(X1, . . . , Xn) ⇒ f(q1, . . . , qn) → q ∈ R}

The subset construction: type 2 rules. For J ⊆ {1, . . . , |QA|}, let QJ denote
{qj | j ∈ J} and let XJ the variable associated to QJ in type 2 rules of AD. Let
the type 2 rules of A be φ1(X1, . . . , X|QA|) ⇒ q1, . . . , φp(X1, . . . , X|QA|) ⇒ qp
For each k = 1, . . . , p, we define ψk(X∅, . . . , XJ , . . . , X{1,...,|QA|}) by:

∧
J⊆{1,..,|QA|}

(∃XJ
j XJ = Σj∈JX

J
j ∧φk(ΣJ⊆{1,..,|QA|}X

J
1 , .., ΣJ⊆{1,..,|QA|}X

J
|QA|)

The idea underlying the construction of ψk is the following one:XJ represents
a sum of ei’s s.t. each ei reaches exactly all the states qj for j ∈ J . In a derivation
of A, each ei reaches only one of the possible qj which is represented by the
decomposition of XJ into the sum Σj∈JX

J
j . Finally, we sum all terms that

reach the same state qi ∈ QA for i = 1, . . . , |QA|, and we check whether the
condition φk is satisfiable, which means that the state qk can be reached.

The last point is to eliminate the remaining ambiguities (since the same term
can satisfy several ψk formulas) yielding the following type 2 rules of AD:

∧
i∈I

ψi(X∅, . . . , X{1,...,QA})∧
∧
i�∈I

¬ψi(X∅, . . . , X{1,...,QA}) ⇒ QI

Proposition 4.2. |AD| = O(22|A|) and t→AD Q iff Q = {q | t→A q}.

Proof. We show that t→AD Q iff Q = {q | t→A q} by structural induction on t.

Case t = f(t1, . . . , tn). Since the conditions of rules are either identical or
pairwise incompatible, the proof is similar to the correctness proof for the de-
terminization of tree automata.

Case t = t1 ⊕ . . .⊕ tn. Assume that the property holds for the ti’s. We denote
by t→A I the property that I = {i | t→A qi} for any multitree t. We can write

t = ΣJ⊆{1,...,|QA|}Σtj →A J tj = ΣJ⊆{1,...,|QA|}TJ with TJ = Σtj →A J tj

where the decomposition is unique by induction hypothesis.

– Assume that t→AD QI using∧
i∈I ψi(X∅, . . . , X{1,...,|QA|})∧

∧
i�∈I ¬ψi(X∅, . . . , X{1,...,|QA|}) ⇒ QI .

Let i ∈ I. By definition |= ψi(T∅, . . . , T{1,...,|QA|}) Therefore, for all
J ⊆ {1, . . . , |QA|} we find a decomposition2 TJ = Σj∈JT

J
j such that

|= φi(ΣJ⊆{1,...QA}T
J
1 , . . . , ΣJ⊆{1,...,|QA|}T

J
|QA|)

2 this decomposition depends on i but we don’t write this explicitely for simplicity
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This proves that t = Σ
j=|QA|
j=1 ΣJ⊆{1,...,|QA|}T

J
j →A qi.

For i �∈ I, we can’t find any such decomposition by definition of ¬ψi (other-
wise t |= ψi for i �∈ I and t �→AD QI), which proves that t �→A qi.
Combining the two previous results, we get QI = {qi | t→A qi}.

– Conversely, let Q = {q | t→A q} = QI for some I. According to our notation,

t = ΣJ⊆{1,...,|QA|}TJ where TJ = Σtj →A J tj

By definition of QI , for i ∈ I, there is a decomposition3 TJ = Σj∈J t
J
j s.t.

φi(ΣJ⊆{1,...,|QA|}t
J
1 , . . . , ΣJ⊆{1,...,|QA|}t

J
|QA|)

This proves that |= ψi(T∅, . . . , T{1,...,|QA|}).

For i �∈ I there is no such decomposition (otherwise t→A qi), therefore
�|= ψi(T∅, . . . , T{1,...,|QA|}).
Combining the two properties we get that t→AD QI �

Compositional properties: Product, union, intersection. Given A =
(Q = {q1, . . . , qn},QFinal, R), A′ = (Q′{q′1, . . . , q′n′},Q′

Final, R
′) two automata,

the set of states of the product A×A′ is Q× = Q×Q′, the set of final states is
empty, and the rules are given by:

(type 1) φ(X1, . . . , Xn)∧φ′(X1, . . . , Xn) ⇒ f((q1, q′1), . . . , (qn, q
′
n)) → (q, q′)

iff
{
φ(X1, . . . , Xn) ⇒ f(q1, . . . , qn) → q ∈ R,
φ′(X1, . . . , Xn) ⇒ f(q′1, . . . , q′n) → q′ ∈ R′

(type 2) φ(Σj∈{1,...,n′}X(q1,q′
j)
, . . . , Σj∈{1,...,n′}X(qn,q′

j)) ⇒ (q, q′)
∧ φ′(Σi∈{1,...,n}X(qi,q′

1), . . . , Σi∈{1,...,n}X(qi,q′
n′))

iff
{
φ(Xq1 , . . . , Xqn) ⇒ q ∈ R
φ′(Xq′

1
, . . . , Xq′

n′ ) ⇒ q′ ∈ R′

Proposition 4.3. The construction of A × A′ is done in time O(|A||A′|) and
t→A×A′(q, q′) iff t→A q and t→A′ q′

From this proposition we get closure under intersection and union (simply
adjust the set of final states accordingly).

Complementation Complementation is straightforward for a complete determin-
istic automata: exchange final and non-final states. Since every automaton is
equivalent to a complete deterministic one, we are done.

3 again, we don’t mention explicitely that the decomposition depends on i
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5 Decision of Emptiness

Now we come to our most technical result. The principle of the algorithm for
deciding emptiness of L(A) is the same as for all classes of (finite) tree automata:
it is a marking algorithm which marks all reachable states until no new state can
be marked. As usual, constraints make life more difficult: given a ruleX1 �= X2 ⇒
f(q, q) → q′, we can’t mark the state q as soon as we know that some multitree
reach this state since the satisfiability of the constraint X1 �= X2 requires that
at least two different multitrees reach q. Actually this ensures that also two
multitrees reach q′, establishing an invariant property of the marking algorithm.
Since we deal with multitrees, we shall use two bounds: D on the number of
different multitrees reaching each state, and M on the maximal multiplicity of
an element in a multitree. These bounds are computed from the constraints of
the rules and they are effectively computable because FO#(M) is decidable.

Remark 5.1. Emptiness can be decided directly for a non-deterministic automa-
ton, but in this case the algorithm realizes an implicit determinization which
complicates the construction without adding significant improvments. Therefore
we shall give the algorithm for deciding the emptiness of the language accepted
by a deterministic automaton.

5.1 Formulae for States

Let A = (Q,QFinal, R) be a deterministic automaton. We assume that Q is the
disjoint union of QS and QT = {q1, . . . , qp} such that only multitrees of T can
reach a state of QT and only multitrees of S can reach a state of QS . We now
write formulae which ensure that a state q can be reached by some multitree X ,
when we have already computed Z1 a set of multitrees of T reaching q1,. . . , Zp

a set of multitrees of T reaching qp. Since the automaton is deterministic, we
have Zi ∩ Zj = ∅ if i �= j. We use the notation set(X) for the multiset equal to
the set of distinct elements of X (this can be defined in FO#(M), see section
2).

Case of a state q ∈ QS . Let φi(Xq1 , . . . , Xqp) ⇒ q for i = 1, . . . , l be the type
2 rules for q. The formula ψq(Z1, . . . , Zp, X) states that X reaches q when Z1

is a set of multitrees reaching q1,. . . ,Zp a set of multitrees reaching qp and it is
defined by:

∨i=l
i=1(∃X i

q1
, . . . , X i

qp
X = Σj=p

j=1X
i
qj
∧

∧j=p
j=1 set(X

i
qj

) ⊆ Zj ∧φi(X i
q1
, . . . , X i

qp
))

/ ∗ there is some rule reaching q that can be fired for X ∗ /

Case of a state q ∈ QT . First, we define the formula X ∈ Lq which expresses
that the multitree X is in the language accepted by q by:

– #(X) = 1∧X ⊆ Zi if q is some qi ∈ QT
– ψq(Z1, . . . , Zp, X) if q ∈ QS
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Note that the definition is consistent since ψq is already defined for q ∈ QS .
For simplicity we assume that φi(Xqi

1
, . . . , Xqi

n
) ⇒ f(qi

1, . . . , q
i
n) → q for i =

1, . . . , l are the type 2 rules for q (this can be achieved easily modulo introducing
new states). The formula ψq((Z1, . . . , Zp, X1, . . . , Xn) for q ∈ QT is defined by:

∨i=l
i=1(

∧j=n
j=1 Xj ∈ L(qi

j)∧φi(X1, . . . , Xn))
/ ∗ there is some rule reaching q that can be fired for f(X1, . . . , Xn) ∗ /

5.2 Minimal Solutions of Formulae in FO#(M)

Let φ(N1, . . . , Np) be a formula of FO#(M) with no multiset free variables, a
p-uple (n1, . . . , np) ∈ N

p is minimal for φ iff (i) |= φ(n1, . . . , np) and (ii) there
is no (n′

1, . . . , n
′
p) s.t. |= φ(n′

1, . . . , n
′
p)∧

∧i=p
i=1 n

′
i < ni. Conditions (i) and (ii) are

expressible by a formula Minimalφ(N1, . . . , Np) of FO#(M). The set of p-uples
minimal for φ is a semilinear set computable in elementary time (by proposition
2.1). The minimum of φ(N1, . . . , Np), denoted by m = Min(φ) is the unique
m minimal for ψ(M) ≡ ∃N1, . . . , Np Minimalφ(N1, . . . , Np)∧

∧i=p
i=1M ≥ Ni.

When the formula is unsatisfiable we set m = +∞. By definition m is the
smallest natural number which is greater that any component of any minimal
solution of φ (if there exists one) and m is computable in elementary time.

5.3 Bounds for States

We define a bound D on the number of distinct elements and a bound M on the
multiplicities of elements in multitrees of MT that reach a state q. For a state
q ∈ QS we compute Dq as

Min(∃Z1, . . . , Zp, X ψq(Z1, . . . , Zp, X)∧
∧i=p

i=1 #(Zi) = Mi)

For a state q ∈ QT associated to f of arity n we compute Dq as

Min(∃Z1, . . . , Zp, X1, . . . , Xn ψq(Z1, . . . , Zp, X1, . . . , Xn)∧
i=p∧
i=1

#(Zi) = Mi)

and we set D as the maximum of the finite Dq’s. This value bounds the number
of multitrees that must reach q1,. . . ,qp to allow the construction of a multitree
reaching q (if such a multitree exists). Now we compute bounds on the multiplic-
ities of elements of Zi used in X or X1, . . . , Xn, with the additional constraints
that (i) Z1, . . . , Zp have less than D+1 elements and (ii) we can construct D+1
multitrees reaching q (instead of a single one). We recall that #M (X) is the
formula defining the maximal multiplicity of elements of X .

For a state q∈QS , for k = 1, . . . , D+1 the formula ρk
q (Z1, . . . , Zp, X1, . . . , Xk)

states that we can compute k distinct multitrees reaching q from Z1, . . . , Zp. It
is defined by
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j=k∧
j=1

ψq(Z1, . . . , Zp, Xj)∧
∧

1 ≤ i, j ≤ k
i �= j

Xi �= Xj

and we compute Mk
q as

Min(∃Z1, .., Zp, X1, .., Xk ρ
k
q (Z1, .., Zp, X)∧

i=p∧
i=1

#(Zi) ≤ D∧
i=k∧
i=1

#M (Xi) ≤M)

which gives the bound on the multiplicities of occurrences of elements of Zi’s
occurring in the Xj ’s for j = 1, . . . , k when we have the additionnal constraint
that the number of elements of each Zi is bounded by D.

Now, we must perform a similar computation for states of QT . The notation
(X i

1, . . . , X
i
n) �= (X i

1, . . . , X
i
n) denotes the formula

∨l=n
l=1 X

i
l �= Xj

l and states that
the two n-uples of multisets are distinct. For a state q ∈ QT associated to f of ar-
ity n, for k = 1, . . . , D+1, we define ρk

q (Z1, . . . , Zp, X
1
1 , . . . , X

1
n︸ ︷︷ ︸

first n−uple

, . . . , Xk
1 , . . . , X

k
n︸ ︷︷ ︸

kth n−uple

)

which states that we can compute k distinct multitrees f(X1
1 , . . . , X

1
n),. . . ,

f(Xk
1 , . . . , X

k
n) reaching q from Z1, . . . , Zp, by

j=k∧
j=1

ψq(Z1, . . . , Zp, X
j
1 , . . . , X

j
n)∧

∧
1 ≤ i, j ≤ k
i �= j

(X i
1, . . . , X

i
n) �= (Xj

1 , . . . , X
j
n)

and we compute Mk
q as

Min(∃Z1, .., Zp, X
1
1 , .., X

1
n, .., X

k
1 , .., X

k
n ρk

q (Z1, .., Zp, X
1
1 , .., X

1
n, .., X

k
1 , .., X

k
n)

∧
∧i=p

i=1 #(Zi) ≤ D∧
∧i=p

i=1 #M (Xi)≤M)

LetM be the maximum of the finiteMk
q for q ∈ QS∪QT and k = 1, . . . , D+1.

5.4 The Algorithm

Let D and M be as defined previously and let Q = {q1, . . . , qp} be the set of
states q of A. For each qi ∈ Q, the Reachability algorithm computes the set Lm

i

which is (an approximation of) the set of multitrees that reach the state qi in m
steps at most 4, where the approximation amounts to bounding the number of
multitrees in (Lm

i ) by D and the multiplicity of elements in a sum by M .

4 One step doesn’t mean one application of rule, but label the root of a multitree by
some state when all the sons are labelled by a state
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The Reachability algorithm
/*Initialize*/
m = 0, Lm

i = ∅, set qi unmarked for all i = 1, . . . , p
/*Loop*/
repeat /*Compute the increasing sequence (Lm

i )*/
for all i = 1, . . . , p do

if qi is marked then Lm+1
i = Lm

i

else Lm+1
i =Lm

i ∪ {t | t→ qi for t = f(t1, . . . , tn) with ti ∈ Lm
j

or t = Σjtj with tj ∈ Lm
j , #D(t) ≤ D

and #M (t) ≤M }
if |Lm+1

i | ≥ D + 1 then mark qi
until Lm

i = Lm+1
i for all i = 1, . . . , p.

for each i = 1, . . . , p do set Li = Lm
i

Proposition 5.1. The algorithm terminates and qi is reachable iff Li �= ∅.

Proof. (Idea). Termination is obvious. To prove correctness, we set L0
i = ∅ and

Lm+1
i = Lm

i ∪ {t | t→ qi for t = f(t1, . . . , tn) and ti ∈ Lm
i , i = 1, . . . , n

or
t = t1 ⊕ . . .⊕ tl and ti ∈ Lm

ji
, i = 1, . . . , l}

Then we prove that: ∀m, i,Lm
i ⊆ Lm

i and (Lm
i = Lm

i or |Lm
i | > D) �

An immediate consequence of the last proposition is:

Proposition 5.2. L(A) = ∅ is decidable.

The determinization process, the computations of bounds and the reachabil-
ity algorithm involve only a fixed number of exponential steps. Therefore the
decision procedure for emptiness is elementary.

6 Comparison with Other Classes of Tree Languages

Language with Equality/Disequality Constraints between Brothers.
Tree automata with equality/disequality constraint between brothers are the
most significant extension of tree automata which retains the good properties
of tree automata: closure under boolean properties and decision of emptiness.
This class, denoted by L(AWEDC), has been used to get or improve decision
results of many problems (mainly in rewriting, constraint solving and logic). No
AC symbols occur in the signature and the only constraints rules have the form∧

i,j Xi = Xj ∧
∧

k,l Xk �= Xl ⇒ f(q1, . . . , qn) → q (a variable Xm representing
the mth son of the term on which the rule is tested). Such rules are a subcase of
type 1 rules when no AC symbol occur, therefore these languages are particular
instances of constrained multitree languages.

Proposition 6.1. L(AWEDC) ⊆ CMTL
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The class Reg of regular languages is a subclass of L(AWEDC), therefore
Reg ⊂ CMTL. Unrestricted equality constraints leads to classes with an unde-
cidable emptiness problem, but special inequality/disequality constraints have
been studied leading to reduction automata [CCC+94] or automata allowing
only a bounded number of equality tests in a run [CJ94]. Such constraints are
different in nature to FO#(M) constraints and can’t be combined with them.

Closure of Regular Tree Languages. Regular tree languages are usually not
closed under associativity or associativity-commutativity but CMTL languages
are closed under associativity- commutativity. Therefore the relevant question
is whether the closure of a regular-tree language under AC is necessarily in
CMTL? Let Cl(Reg) denote the closure of regular languages under AC where
we assume that terms are flattened i.e. transformed into multitrees, see [BN98].
The expressivity of type 2 rules allows to get the following inclusion:

Proposition 6.2. Cl(Reg) ⊆ CMTL

Tree Language with Rational Constraints. Tree automata with rational
constraints, TARC in short, have usual tree automata rules as type 1 rule and
the constraints for type 2 rules are Presburger formula ψ(#(X1), . . . ,#(Xn)).
In [Col02], these constraints are rational expressions that the representation of
(#(X1), . . . ,#(Xn)) in some basis satisfies 5. Therefore we get:

Proposition 6.3. L(TARC) ⊆ CMTL

Since equational tree automata defined in [Ohs01] coincide with TARC (un-
published result) we get another inclusion for free.

Multitree Automata with Arithmetic Constraints. Tree automata with
arithmetic constraints [LM94] work on normalized multitrees where all occur-
rences of the same element e are replaced by a pair (multiplicity of e, e).
A normalized multitree can be denoted by n1.e1 ⊕ . . . ⊕ np.ep. This normal-
ization process is costly and can’t be reversed. The states of these automata
are divided in several sorts that we simplify into unprimed, primed, double
primed states. The relevant rules of the automata are φ(N) : N.q → q′ and
ψ(#(q′1), . . . ,#(q′m)) → q′′ where ψ and φ are Presburger formula, and #(q) de-
notes the number of occurrences of q. Furthermore, there is no constrained rules
similar to type 1 rule. Normalized multisets accepted by these automata have
the form {n1

1.e
1
1, . . . , n

1
k1
.e1kp︸ ︷︷ ︸

|=φ1(n1
i )

, . . . , nm
1 .e

m
1 , . . . , n

m
km
.em

km︸ ︷︷ ︸
|=φm(nm

i )

} where |= ψ(k1, . . . , km)

for some Presburger formula ψ. The expressivity of FO#(M) allows to express
that some (not normalized) multiset has the above form after normalization.
The constraint is

X = Xq′
1
⊕ . . .⊕Xq′

m
∧

∧
i=1,...,m

Mult(φi, Xq′
i
)∧ψ(#D(Xq′

1
), . . . ,#D(Xq′

m
))

5 in this paper, all but operators but ⊕ have arity 0 or 1
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where Mult(φ,X) is the FO#(M) formula stating that the multiplicity of each
element of X satisfies φ (cf section 2). Therefore denoting by L(TAC) the set of
languages accepted by tree automata with arithmetic constraints, we get:

Proposition 6.4. L(TAC) ⊆ CMTL

[Lug98] defines a class of multitree automata which is stricly included in
CMTL. The constraints of type 1 rules are only boolean combinations of equa-
tions where one side is a variable (e.g. Xi = Σj ∈ {1, . . . , n}Xj) and the rules for
terms of S can be replaced by type 2 rules where the constraint is a Presburger
arithmetic formula. For instance, it is impossible to express normalization in this
class, therefore it is disjoint from TAC. But due to the high expressive power
of FO#(M), both classes are included in CMTL. Moreover the algorithm to
decide emptiness of L(A) used Dickson’s lemma which prevented from stating
that the complexity of the problem was elementary.

Feature Tree Automata. Feature tree automata have been introduced by
Podelski and Niehren [NP93] to provide a notion of recognizable languages for
feature trees. Feature trees can be seen as multisets constructed from a finite set
of multiset constructors {, }A{, }B . . . and free unary symbols f1, f2, . . . (feature
constructors)6. Recognizable sets are the multisets satisfying boolean combina-
tion of counting constraints of the form φ(#(fi)). This kind of constraints is a
very special case of FO#(M) formula. In some sense, there are local constraints,
since they don’t relate the number of occurrences of some feature f and the
number of occurrences of some other feature g. If we denote by L(FTA) the set
of multitree languages accepted by feature tree automata, we get:

Proposition 6.5. L(FTA) ⊆ CMTL.

Conclusion

One possible extension of this work is to look also at the associativity axiom.
It is straightforward to add rules like hedge automata rules in this framework
without losing properties, but a more interesting idea is to combine regularity
constraints (like in hedge automata) and FO#(M) formula. However we have
found out that the resulting class is not closed under complement and doesn’t
enjoy determinization even when we allows only Presburger formulae [DL02].
Another possible question is to look for extensions allowing a bounded number
of equality test along the acceptance process, but there is probably no satisfac-
tory result to hope for in this direction since the relevant classes of automata
are not closed under all the boolean operations, even when no associativity-
commutativity axiom is used. Another direction of research is to use two-way
tree automata (one can go up and down in the multitree). Some work has been

6 In the original presentation of [NP93], the A’s are constructors labelling nodes and
the features f ’s label edges
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done in this direction [GLV02], but undecidability quickly shows up and the
counting/equality constraints that we use are probably too expressive to work
well in that extension. Designing efficient implementations of our algorithms is
also an issue: the main point is to balance the expressivity of constraints and a
reasonable algorithmic efficiency using good data structures for multisets.
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Abstract. Circular assume-guarantee reasoning is used for the composi-
tional verification of concurrent systems. Its soundness has been studied
in depth, perhaps because circularity makes it anything but obvious.
In this paper, we investigate completeness. We show that compositional
circular assume-guarantee rules cannot be both sound and complete.

1 Introduction

The goal in compositional verification of concurrent systems is to prove that a
complex system, a parallel composition of several subsystems, satisfies a complex
property, a conjunction of several simpler properties. In principle, verification
tools can attack such a goal directly, at least if the complex system is finite still.
However, the state space of the system may be exponentially larger than that
of any subsystem — a phenomenon called state explosion — which may cause
verification to become intractable in practice. Compositional verification tries
to use the modular structure of complex systems and properties to decompose
intractable verification tasks into a bunch of smaller, hopefully tractable sub-
tasks; ideally, each subtask only establishes properties of a single subsystem in
isolation. Later, one deduces from all these subtasks via a suitable proof rule
that the original complex system satisfies the desired complex property.

Systems, Properties. We model systems and properties uniformly as elements
of S = 〈S,∧, 1,≤〉, a meet-semilattice with one, i. e., a partial order 〈S,≤〉 with
greatest element 1 in which the greatest lower bound x∧y of any two elements x
and y exists. In this model, the expression x ≤ y can have three different readings
depending on whether x and y denote systems or properties, respectively. If both
are systems then x ≤ y means that x refines y, if both are properties then it
means that x entails y, and if x is a system and y a property then x ≤ y expresses
that x satisfies y. Likewise, x∧ y denotes composition if x and y are systems, it
denotes conjunction if x and y are properties, and if x is system and y a property
then x∧ y — x constrained by y — is the coarsest refinement of x that satisfies
y. Thus, all we require of systems (properties) is that refinement (entailment)
is an order and that composition (conjunction) is an associative commutative
and idempotent operation which respects the order. Section 4 will show that this

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 343–357, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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abstract algebraic setting already suffices for proving incompleteness of circular
assume-guarantee reasoning. In particular, no notion of computation is required,
unlike in the proofs for soundness.

Example 1. Meet-semilattices are a natural model for systems and properties.
For instance, in (linear-time) temporal verification, often one views systems and
properties as languages over some non-empty (and possibly infinite) alphabet
Σ. In this setting, refinement and entailment correspond to language inclusion,
and composition and conjunction correspond to language intersection, so we
have a meet-semilattice structure. How that meet-semilattice actually looks like,
depends on the type of properties we want to verify.

By the characterization in [3], safety properties are expressible as prefix-
closed ∗-languages. I. e., a safety property may be viewed as a subset L of Σ∗

such that for all w ∈ Σ∗, if w belongs to L then all prefixes of w belong to
L, too. So for verification of safety properties, the meet-semilattice is the set of
prefix-closed ∗-languages (over Σ). Note that these are exactly the languages
generated by (possibly infinite) labeled state transition graphs, which are a nat-
ural representation of systems. In general, when verifying arbitrary temporal
properties, the meet-semilattice will be the set of ω-languages (over Σ), i. e., the
power set of Σω. Here, natural representations of systems and properties are
some more elaborate variants of state transition graphs, for instance fair transi-
tion systems [14] or (possibly infinite state) ω-automata [19]. ��

Proof Rules. In general, there are two kinds of proof rules for compositional
verification, non-circular and circular ones. We show some examples to demon-
strate the difference. Let s1, s2 ∈ S be systems and p1, p2 ∈ S properties and
suppose we want to verify that the composition of s1 and s2 satisfies the con-
junction of p1 and p2. (1) shows two non-circular rules for this purpose. Both
rules decompose the goal into two subgoals, where the subgoals of the first rule
state that system si satisfies property pi, or in other words: si guarantees pi. The
second rule differs only in the second subgoal, which states that s2 constrained
by p1 satisfies p2, or in other words: if p1 is assumed then s2 guarantees p2 —
hence the wide-spread term assume-guarantee rule.

s1 ≤ p1 s2 ≤ p2

s1 ∧ s2 ≤ p1 ∧ p2

s1 ≤ p1 p1 ∧ s2 ≤ p2

s1 ∧ s2 ≤ p1 ∧ p2
(1)

Going one step further and also introducing an assumption in the first subgoal,
we obtain the circular rule (2).

p2 ∧ s1 ≤ p1 p1 ∧ s2 ≤ p2

s1 ∧ s2 ≤ p1 ∧ p2
(2)

Unlike the non-circular rules, (2) is unsound; for instance, if both systems are
1, the greatest element in S, and both properties are equal and different from
1 then both premises hold but the conclusion does not. As soundness is indis-
pensable, rule (2) must be restricted by a side condition which excludes cases as
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the one above. Such circularity-breaking side conditions do exist; in fact, quite
a number of restricted variants of (2) are proven sound (by induction usually)
in the literature, see [1,4,11,17,20] to name just a few.

Completeness. As there are many variants of sound circular assume-guarantee
rules, the question arises whether some are better than others. An important
criterion for rating rules is the restrictiveness of the side condition; if the side
condition is overly restrictive the rule is applicable to few cases only, hence it
is considered worse than a variant with a less restrictive side condition (as long
as that variant is sound still). In the best case, the rule is complete, i. e., the
side condition is true whenever premises and conclusion are true. Thus, the
side condition of a complete rule does not restrict the rule unnecessarily since
it is true whenever the rule should be applicable. Note however, that the side
condition is not redundant in complete rules; it may still be indispensable for
proving soundness.

Compositionality. Recall that compositional verification seeks to reduce a
large, intractable goal into many smaller subgoals. The rules in (1) and (2)
support this approach as the premises of these rules are less complex than their
conclusions. In particular, no premise involves the composition of the systems
s1 and s2 any more, so verification of the subgoals is more likely to be tractable
than direct verification of the goal. However, when using a circular rule which is
restricted by a side condition, it does not suffice to verify the subgoals that arise
from the premises; additionally, we need to prove that the side condition holds. It
may be the case that this proof requires to consider both systems simultaneously
— e. g., for establishing some mutual exclusion property — and thus involves
some aspects of the composition, which is against the spirit of compositional
verification. Therefore, a rule can be called compositional only if checking the side
condition is possible without taking into account both systems simultaneously,
i. e., only if the side condition is expressible as a boolean combination of sub-
conditions, each of which involves at most one of the systems.

Plan. Section 2 formally presents proof rules which are restricted by a side
condition and defines soundness and completeness. Section 3 specifies what we
mean by circular assume-guarantee reasoning in the context of compositional
verification and formalizes the precise requirements for rules to be compositional.
Section 4 proves the main result that compositional circular assume-guarantee
rules cannot be both sound and complete. Finally, Section 5 discusses related
work and Section 6 concludes. Proofs which have been omitted here due to lack
of space can be found in [13].

2 Inference Rules

Terms, Formulas. We fix a set of variables Var. Terms are built inductively
from variables in Var, the nullary operator 	, called top, and the binary operator
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�, called meet. We consider top neutral w. r. t. meet, which is seen as associative,
commutative and idempotent. We call a term t atomic iff t is a variable or t is
top. By var(t), we denote the set of variables occuring in t, and we say that a
term t′ is a subterm of t iff var(t′) ⊆ var(t).

A formula ϕ is a pair 〈t, t′〉 of terms, written as t � t′. We refer to t as the
left-, to t′ as the right-hand side of ϕ. We denote the set of variables occuring in
ϕ by var(ϕ), i. e., var(ϕ) = var(t) ∪ var(t′), and for every set of formulas Φ, we
define var(Φ) =

⋃
ϕ∈Φ var(ϕ).

Truth, Entailment. We fix S = 〈S,∧, 1,≤〉, a non-trivial meet-semilattice
with one. By Val, we denote the set of valuations, i. e., the set of total functions
from Var to S. We extend a valuation α to terms in the canonical way, i. e.,
α(	) = 1 and α(t1 � t2) = α(t1) ∧ α(t2). Note that we may view any term t as
a total function from Val to S by defining the function application t(α) as α(t).

We say that a formula t � t′ is true under a valuation α, denoted by α |=
t � t′, iff α(t) ≤ α(t′). We extend truth to sets of formulas, i. e., α |= Φ iff α |= ϕ
for all ϕ ∈ Φ.

We say that Φ entails Ψ , denoted by Φ |= Ψ , iff for all α ∈ Val, α |= Φ implies
α |= Ψ . We say that Φ is equivalent to Ψ , denoted by Φ ≡ Ψ , iff Φ |= Ψ and
Ψ |= Φ. Note that in sets of formulas the operators top and meet are redundant
on right-hand sides since for terms t, t′1, t

′
2, we have the equivalences {t � 	} ≡ ∅

and {t � t′1 � t′2} ≡ {t � t′1, t � t′2}.

Relations. Let X , Y and Z be sets and n ∈ N. Given n functions f1, . . . , fn :
X → Y and an n-ary function g : Y n → Z, we define the n-ary composition of
g and f1, . . . , fn as the function g[f1, . . . , fn] : X → Z such that for all x ∈ X ,
g[f1, . . . , fn](x) = g(f1(x), . . . , fn(x)).

Let n ∈ N, let t1, . . . , tn be n terms and let C : Sn → {0, 1}, i. e., C is
the characteristic function of an n-ary relation on S, the carrier of our fixed
meet-semilattice S. Viewing terms as functions from Val to S, the function
C[t1, . . . , tn] : Val → {0, 1} is well-defined — it is the characteristic function
of some set of valuations — and we say that C is associated with the terms
t1, . . . , tn. Note that for every enumeration x1, . . . , xm of a superset of the vari-
ables occuring in the terms t1, . . . , tn there is a unique function C′ : Sm → {0, 1}
such that C′[x1, . . . , xm] = C[t1, . . . , tn]. Therefore, without loss of generality,
we may assume that the associated terms are variables.

A relation Γ is an n-ary function C : Sn → {0, 1} associated with n variables
x1, . . . , xn, i. e., Γ = C[x1, . . . , xn]. We denote the set of variables occuring in Γ
by var(Γ ), i. e., var(Γ ) = {x1, . . . , xn}.

We define a notion of truth for relations, similar to the one for formulas.
We say that a relation C[x1, . . . , xn] is true under a valuation α, denoted by
α |= C[x1, . . . , xn], iff C[x1, . . . , xn](α) = 1. Rewriting this with the definition of
n-ary composition, we see that α |= C[x1, . . . , xn] iff C(α(x1), . . . , α(xn)) = 1.
We say that a relation Γ is true iff α |= Γ for all α ∈ Val. Note that every set of
formulas Φmay be expressed by an equivalent relation ΓΦ with var(ΓΦ) = var(Φ),
where for all valuations α, α |= Φ iff α |= ΓΦ. However, relations are strictly more
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expressive than formulas. For instance, inequality of two distinct variables x and
y is not expressible by formulas, i. e., there is no set of formulas Φ such that for
all α ∈ Val, α |= Φ iff α(x) �= α(y).

Inference Rules. An inference rule (or rule, for short) R is a triple 〈Φ,ψ, Γ 〉,
where the premises Φ are a finite set of formulas, the conclusion ψ is a formula,
and the side condition Γ is a relation. We say that R is syntactic iff the side
condition Γ is true. We write a rule R as R : Φ/ψ if Γ or

R :
ϕ1 . . . ϕm

ψ
if C[x1, . . . , xn]

when Φ = {ϕ1, . . . , ϕm} and Γ = C[x1, . . . , xn]. If R is syntactic then we may
omit the side condition and write R : Φ/ψ, simply. Without loss of generality
we will assume that the right-hand sides of all premises are atomic and that
var(ψ) ∪ var(Γ ) ⊆ var(Φ), i. e., every variable of the conclusion or the side
condition occurs in the premises.

Soundness, Completeness. Let R : Φ/ψ if Γ be an inference rule. We say
that R is sound iff for all valuations α, α |= Φ and α |= Γ implies α |= ψ. We say
that R is syntactically sound iff Φ |= ψ. Note that syntactical soundness implies
soundness, and every sound syntactic rule is syntactically sound.

We say that R is complete iff for all valuations α, α |= Φ and α |= ψ implies
α |= Γ . Note that every syntactic rule is complete, trivially. Also note that
for syntactically sound rules completeness is not an issue, as every syntactically
sound rule R : Φ/ψ if Γ can be transformed by omitting the side condition into
the (sound and complete) syntactic rule R′ : Φ/ψ. Hence, there is no reason why
a syntactically sound rule should be restricted by a side condition.

Example 2. Assume that S = 〈S,∧, 1,≤〉 is the four-element meet-semilattice
which is not a chain. Let s1, s2, p1 and p2 be four distinct variables, where we
think of the si as representing systems and of the pj as representing properties.
We define the rules R1 and R2, where

Rk :
p2 � s1 � p1 p1 � s2 � p2

s1 � s2 � p1 � p2
if Ck[s1, s2, p1, p2]

and for all a, b, c, d ∈ S, C1(a, b, c, d) = 1 iff c and d are incomparable, and
C2(a, b, c, d) = 1 iff a ∧ b ≤ c and a ∧ b ≤ d. Both rules are sound as both side
conditions are restrictive enough to prevent unsound circular reasoning. R2 is
trivially complete as C2[s1, s2, p1, p2] is equivalent to the conclusion. However,
R1 is incomplete as, for instance, it is not applicable to the (trivial) case when
both properties equal 1. Note that the relation C1[s1, s2, p1, p2] is not expressible
by formulas, which demonstrates that the language of side conditions is more
expressive than languages of premises and conclusions. ��



348 Patrick Maier

R3 :
s1 � p1 s2 � p2

s1 � s2 � p1 � p2
R6 :

p2 � s1 � p1 p1 � s2 � p2

s1 � s2 � p1 � p2

R4 :
s1 � p1 p1 � s2 � p2

s1 � s2 � p1 � p2
R7 :

p3 � s1 � p1 p1 � s2 � p2

s1 � s2 � p1 � p2

R5 :
p3 � s1 � p1 p1 � s2 � p2

p3 � s1 � s2 � p1 � p2
R8 :

p1 � s1 � � p2 � s2

p1 � s1 � s2 � p2

Fig. 1. Sample assume-guarantee rules

3 Assume-Guarantee Rules

Assume-Guarantee Rules. We call an inference rule R : Φ/ψ if Γ an assume-
guarantee rule (or A-G rule, for short) iff for all premises ϕ ∈ Φ, the left-hand
side of ψ and the right-hand side of ϕ do not share any variables. We call an
A-G rule R : Φ/ψ if Γ circular iff Φ �|= ψ.

Example 3. As the definition of A-G rules does not involve the side condition,
we may illustrate it using syntactic rules only, see figure 1. There, s1, s2, p1, p2

and p3 are five distinct variables, where the system/property distinction is as in
example 2.

The rules R3, R4 and R5 are non-circular A-G rules. Note the second premise
of R4, which may be read as assuming the property p1 the system s2 guarantees
the property p2. Likewise, the conclusion of R5 may be read as assuming p3 the
composition of s1 and s2 guarantees both p1 and p2. This should explain where
the term assume-guarantee rule comes from.

The rules R6, R7 and R8 (and also R1 and R2 from example 2) are circular
A-G rules as they are not syntactically sound. The term circular is justified
for R6, whose premises express circular assume-guarantee dependencies between
the properties p1 and p2. For R7 and R8, however, there is no circularity in the
premises. In the case of R7, unsoundness arises from the unresolved assumption
p3; compare to R5 where that assumption is resolved. R8 is unsound because it
is nonsense, it serves to demonstrate that not every assume-guarantee rule has
a meaningful reading. So, the term circular should not be taken literally, rather
it is an abstraction capturing the most important property of circular assume-
guarantee reasoning, namely its lack of syntactical soundness. ��
The following propositions provide an alternative characterization of circularity
resp. a sufficient criterion for the truth of the premises of an A-G rule.

Proposition 1. An A-G rule R : Φ/tψ � tψ
′ if Γ is circular if and only if

Φ �|= tψ � x for some x ∈ var(tψ ′).

Proposition 2. Let R : Φ/tψ � tψ
′ if Γ be an A-G rule and let α be a valuation.

If for all x, y ∈ var(Φ) \ var(tψ),
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– Φ |= tψ � x implies α(x) = 1, and
– Φ �|= tψ � x and Φ �|= tψ � y implies α(x) = α(y),

then α |= Φ.

A-G Rules for Compositional Verification. As has already been hinted in
example 3, for the purpose of verification we distinguish systems and properties,
so we partition our variable set Var into system variables si and property vari-
ables pj . Section 4 will show that already the composition of only two systems
exhibits the incompleteness of compositional circular assume-guarantee reason-
ing, so actually we can restrict the variable set to Var = {s1, s2}�{p1, p2, p3, . . . }.

The goal of compositional verification is to establish that the composition
of some systems (in our case, s1 and s2) guarantees some property (possibly
assuming some other property). So for an A-G rule to be useful for compositional
verification, s1 � s2 must be a subterm of the left-hand side of the conclusion,
which we will implicitly assume henceforth. Thus, without loss of generality we
may assume that an A-G rule R is presented in the form

R :
ϕ1 . . . ϕm
tψ � tψ

′ if C[s1, s2, p1, . . . , pn]

where {s1, s2} ⊆ var(tψ) and var({ϕ1, . . . , ϕm, tψ � tψ
′}) = {s1, s2, p1, . . . , pn}.

The latter requirement can always be achieved by renaming some property vari-
ables and extending and reordering the associated variables in the side condition.
By the definition of A-G rules, var(tψ) ∩ var(t′) = ∅ for every premise t � t′, so
t′ ∈ {	, p1, . . . , pn} as we assume the right-hand sides of premises to be atomic.

Compositionality. Let R : Φ/ψ if C[s1, s2, p1, . . . , pn] be an A-G rule. We will
call R compositional if it avoids the system composition s1 � s2 in the premises
as well as in the side condition. Formally, we say that R is compositional in the
premises iff s1 � s2 is not a subterm of any left-hand side in Φ. We say that R
is compositional in the side condition iff C[s1, s2, p1, . . . , pn] is expressible as a
boolean combination of relations whose associated variables either do not include
s1 or s2. I. e., R is compositional in the side condition iff there are r1, r2 ∈ N, a
(r1 + r2)-ary boolean function F : {0, 1}r1+r2 → {0, 1} and r1 + r2 (n + 1)-ary
functions C1

1 , . . . , C
r1
1 , C1

2 , . . . , C
r2
2 : Sn+1 → {0, 1} such that

C[s1, s2, p̃] = F
[
C1

1 [s1, p̃], . . . , Cr11 [s1, p̃], C1
2 [s2, p̃], . . . , Cr22 [s2, p̃]

]
(3)

where p̃ abbreviates the enumeration p1, . . . , pn. We say that R is compositional
iff it is compositional in the premises and in the side condition.

One may think of the above functions Cki as abstracting the system si to-
gether with the properties p1, . . . , pn to a boolean value. Actually, we can relax
the above definition of compositionality in the side condition from boolean to
arbitrary finitary abstractions Cki . I. e., R is compositional in the side condi-
tion iff there are a finite set D and r1, r2 ∈ N and F : Dr1+r2 → {0, 1} and
C1

1 , . . . , C
r1
1 , C1

2 , . . . , C
r2
2 : Sn+1 → D such that the equation (3) holds.
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0 1 2 3 4

Fig. 2. Forks of width 0 to 4

Example 4. Recall the A-G rules R1 to R8 from the examples 2 and 3. All these
rules are compositional in the premises, and the syntactic rules R3 to R8 are
compositional in the side condition, trivially. The rule R1 is also compositional
in the side condition but R2 is not. ��

4 Incompleteness of Compositional Rules

Forks. We say that Y ⊆ S is a fork iff there is x ∈ Y such that for all y, z ∈ Y ,
y �= z implies x = y ∧ z; if Y is infinite then we say that Y is a fork of infinite
width, otherwise the size of Y is m ∈ N and we say that Y is a fork of width
m− 1. Note that if S contains a fork of infinite width then it also contains forks
of width m for every m ∈ N.

Example 5. Some forks of finite width are depicted in figure 2. Note that if S
is a chain then it contains only forks of width 1, and if S is the power set meet-
semilattice of an arbitrary set X then it contains forks of infinite width iff X is
infinite. In particular, the meet-semilattice of ω-languages over some alphabet
Σ (see example 1) contains forks of infinite width iff Σ is not unary. The same
holds for the meet-semilattice of prefix-closed ∗-languages over Σ. This is so
because if Σ is unary then the prefix-closed ∗-languages form a chain. And if Σ
contains the distinct letters a and b, then Y = {a∗} ∪ {a∗ ∪ aib∗ | i ∈ N} is a
fork of infinite width. ��
In order to prove our main theorem, we need two lemmas. Lemma 3 is purely
combinatorial, it states the infeasibility of particular boolean equation systems.
Lemma 4 forms the core of the main theorem. Provided that the semilattice
S contains forks of sufficient width, it reduces the existence of a sound and
complete circular A-G rule R which is compositional in the side condition to
feasibility of a boolean equation system, which is known to be be infeasible by
Lemma 3. This contradiction implies that R must be unsound or incomplete.

Lemma 3. Let m,n ∈ N and F : {0, 1}m+n → {0, 1}. Then the system of
equations EF over the variables uki (0 ≤ i ≤ 2min{m,n}, 1 ≤ k ≤ m) and vlj
(0 ≤ j ≤ 2min{m,n}, 1 ≤ l ≤ n) has no solutions, where EF is defined as

EF = {F (u1
i , . . . , u

m
i , v

1
j , . . . , v

n
j ) = 1 | 0 ≤ i, j ≤ 2min{m,n}, i �= j}

∪ {F (u1
i , . . . , u

m
i , v

1
i , . . . , v

n
i ) = 0 | 1 ≤ i ≤ 2min{m,n}}.
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Lemma 4. Let R : Φ/ψ if C[s1, s2, p1, . . . , pn] be a circular A-G rule. Let
r1, r2 ∈ N, let F : {0, 1}r1+r2 → {0, 1} be a (r1 + r2)-ary boolean function
and let C1

1 , . . . , C
r1
1 , C

1
2 , . . . , C

r2
2 : Sn+1 → {0, 1} be (n + 1)-ary functions such

that

C[s1, s2, p̃] = F
[
C1

1 [s1, p̃], . . . , Cr11 [s1, p̃], C1
2 [s2, p̃], . . . , Cr22 [s2, p̃]

]
(4)

where p̃ stands for p1, . . . , pn. If S contains a fork of width 2min{r1,r2} then R is
unsound or incomplete.

Proof. Without loss of generality we may assume that there is m ∈ {0, . . . , n}
such that for all j ≥ 1, Φ |= tψ � pj iff j ≤ m, where tψ is the left-hand side of
ψ. In what follows, we sketch a proof by contradiction.

Assume that R is sound and complete and let Y ⊆ S be a fork of width
2min{r1,r2}, i. e., Y = {x0, x1, . . . , x2r} with r = min{r1, r2} such that for all
i, j ≥ 0 with i �= j, x0 = xi ∧ xj . By Lemma 3, we know that the system of
equations

{F (u1
i , . . . , u

r1
i , v

1
j , . . . , v

r2
j ) = 1 | 0 ≤ i, j ≤ 2min{r1,r2}, i �= j}

∪ {F (u1
i , . . . , u

r1
i , v

1
i , . . . , v

r2
i ) = 0 | 1 ≤ i ≤ 2min{r1,r2}}

(5)

over the variables uki and vlj (0 ≤ i, j ≤ 2min{r1,r2}, 1 ≤ k ≤ r1, 1 ≤ l ≤ r2) has
no solutions. However, we will show that there is a solution to (5), namely with
Ck1 (xi, 1̃, x̃0) resp. Cl2(xj , 1̃, x̃0) as the values of uki resp. vlj , where 1̃ abbreviates
the list 1, . . . , 1 of lengthm, and x̃0 abbreviates the list x0, . . . , x0 of length n−m.
For all i, j ∈ {0, . . . , 2min{r1,r2}}, we define a valuation αij such that αij(s1) = xi,
αij(s2) = xj , αij(p1) = · · · = αij(pm) = 1 and αij(pm+1) = · · · = αij(pn) = x0.

First, let i, j ∈ {0, . . . , 2min{r1,r2}} with i �= j. Then we can show αij |= Φ
(by Proposition 2) and αij |= ψ. Hence by completeness, αij |= C[s1, s2, p̃], i. e.,
C[s1, s2, p̃](αij) = 1, which by (4) expands to the equation

F
(
C1

1 (xi, 1̃, x̃0), . . . , Cr11 (xi, 1̃, x̃0), C1
2 (xj , 1̃, x̃0), . . . , Cr22 (xj , 1̃, x̃0)

)
= 1.

Second, let i ∈ {1, . . . , 2min{r1,r2}}. Then we can show αii |= Φ (by Proposition 2)
and αii �|= ψ (using Proposition 1). Thus, soundness forces αii �|= C[s1, s2, p̃], i. e.,
C[s1, s2, p̃](αii) = 0, which by (4) expands to the equation

F
(
C1

1 (xi, 1̃, x̃0), . . . , Cr11 (xi, 1̃, x̃0), C1
2 (xi, 1̃, x̃0), . . . , Cr22 (xi, 1̃, x̃0)

)
= 0.

Thus, the system of equations (5) indeed has a solution, which ends this proof
by contradiction. ��
We have shown that an A-G rule which is compositional in the side condition
cannot be both sound and complete — provided that the semilattice S contains
forks of sufficient width. The latter is the case trivially whenever S contains a
fork of infinite width.

Theorem 5. If S contains forks of infinite width then there exists no sound and
complete compositional circular assume-guarantee rule.

Proof. Follows from Lemma 4. ��
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5 Discussion of Related Work

Incompleteness of Other Rules. Our setting of inference rules in meet-
semilattices is a very abstract one. Most circular A-G rules in the literature
are presented in more concrete settings, i. e., they use more structure than just
meet and order — and that extra structure is usually indispensable for proving
soundness by a circularity-breaking induction. This raises the question to what
extent our incompleteness result is relevant for such concrete rules.

We claim that most circular A-G rules can be transformed — preserving
soundness and compositionality — into equivalent circular A-G rules in meet-
semilattices which contain forks of infinite width. Incompleteness of the trans-
formed rule then points out a defect of the original rule: There must be cases
in which the original rule is not applicable although soundness is not in danger.
Below, we will exemplify two such transformations.

Various circular A-G rules have been proposed for settings, where systems
and properties are presented as some form of transition graphs enriched with
input and output, e. g., Moore or Mealy machines [11,9] or Reactive Modules [4].
These rules establish certain refinement relations, e. g., trace containment or
simulation, between compositions of transition graphs. Thereby, composition is a
partial operation, which is defined only if the components satisfy some condition
called compatibility. These compatibilities form an implicit side condition to the
A-G rules, which is made explicit by the transformation. We demonstrate this
in the following example by means of the transformation of a circular A-G rule
for Moore machines.

Example 6. Let X be a finite set of variables, ranging over an arbitrary non-
empty domain D. A Moore machine M is a (possibly infinite) state transition
graph with input variables IM ⊆ X and output variables OM ⊆ X , where the
nodes resp. edges of the graph are labeled by valuations of the output resp. input
variables; for a formal definition see for instance [9,11]. Naturally, one associates
a trace language �M� ⊆ Σ∗ with M , where Σ = DX is the set of valuations of
all variables. The parallel composition M1 ‖M2 of two Moore machines M1 and
M2 corresponds to language intersection, i. e., �M1 ‖M2� = �M1� ∩ �M2�. Note
that M1 ‖M2 is defined only if M1 and M2 are compatible, i. e., OM1 and OM2

are disjoint.
For Moore machines with trace semantics, the following circular proof rule

is known:
�P2 ‖ S1� ⊆ �P1� �P1 ‖ S2� ⊆ �P2�

�S1 ‖ S2� ⊆ �P1 ‖ P2�
(6)

where S1, S2, P1, P2 are Moore machines such that all parallel compositions
in (6) are defined. We transform this rule into the A-G rule RMoore for the
meet-semilattice 〈P(Σ∗),∩, Σ∗,⊆〉, the power set of Σ∗:

RMoore :
p2 � s1 � p1 p1 � s2 � p2

s1 � s2 � p1 � p2
if F

[
C[s1], C[p1], C[s2], C[p2]

]
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whereD = P(X )�{⊥} is a finite set and C : P(Σ∗) → D is a finitary abstraction
mapping each L ∈ P(Σ∗) to the least set of output variables OM such thatM is a
Moore machine with �M� = L; if no such Moore machine exists then C(L) = ⊥.
The function F : D4 → {0, 1} is defined by F (Os1 , Op1 , Os2 , Op2) = 1 iff

Os1 �= ⊥ and Op1 �= ⊥ and Os2 �= ⊥ and Op2 �= ⊥
and Os1 ∩Os2 = Op1 ∩Op2 = Op2 ∩Os1 = Op1 ∩Os2 = ∅.

RMoore is a compositional circular A-G rule according to Section 3. Circularity
and compositionality in the premises are obvious. Compositionality in the side
condition holds as obviously there exist functions Cki : P(Σ∗)3 → D such that

F
[
C[s1], C[p1], C[s2], C[p2]

]

= F
[
C1

1 [s1, p1, p2], C2
1 [s1, p1, p2], C1

2 [s2, p1, p2], C2
2 [s2, p1, p2]

]
.

Moreover, soundness of RMoore can be reduced to soundness of the original
rule (6), and vice versa, so both rules are applicable in exactly the same cases.
To see how soundness of RMoore reduces to (6), consider the premises and side
condition of RMoore to be true under a valuation α. Then there are Moore ma-
chines Si and Pj such that �Si� = α(si) and �Pj� = α(pj) and S1 and S2,
P1 and P2, P2 and S1 as well as P1 and S2 are compatible, i. e., all parallel
compositions in (6) are defined. Furthermore, we have �P2� ∩ �S1� ⊆ �P1� and
�P1�∩ �S2� ⊆ �P2�, which by language intersection and soundness of (6) implies
�S1 ‖ S2� ⊆ �P1 ‖ P2�, which in turn by language intersection implies that the
conclusion of RMoore is true under α. To show the converse reduction, let Si and
Pj be Moore machines such that all parallel compositions in (6) are defined, i. e.,
S1 and S2, P1 and P2, P2 and S1 as well as P1 and S2 are compatible. Obviously,
soundness of (6) follows by language intersection and soundness of RMoore.

As the proof rule (6) has been proven sound in [11], RMoore is a sound and
compositional circular A-G rule. Thus by Theorem 5, RMoore is incomplete be-
cause the meet-semilattice 〈P(Σ∗),∩, Σ∗,⊆〉 contains forks of infinite width.
Hence there are cases in which circular reasoning is admissible yet the rule (6)
is not applicable, due to partiality of parallel composition. ��
Other kinds of circular A-G rules focus on temporal logics to present properties
(and sometimes systems also), see for instance [1,2,10]. In order to break the
circularity, such rules usually employ so-called assume-guarantee specifications,
i. e., formulas of the form ϕ 	 ψ where 	 is a special temporal operator ensur-
ing that during any computation the guarantee ψ holds at least one step longer
than the assumption ϕ. In our meet-semilattice setting, we cannot express A-G
specifications in the premises of inference rules. However, we can move A-G spec-
ifications to the side condition, where their truth is expressible as a relation. In
the following example, we demonstrate this transformation on a simple circular
rule for A-G specifications.

Example 7. Let AP be a non-empty set of atomic propositions. We say that
Σ = P(AP) is the set of states, and Σω is the set of computations. A system
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is a set of computations, and the parallel composition of two systems S1 and
S2 is their intersection S1 ∩ S2. Likewise, a property is a set of computations,
and we say that a property P entails another property Q iff P ⊆ Q. We may
represent certain properties by formulas in linear-time temporal logic (LTL),
which are constructed from atomic propositions by means of boolean operators
and the standard temporal operators X (next-time), U (until), F (eventually) and
G (always); for a formal definition of syntax and semantics of LTL see for instance
[5]. Henceforth, we will identify a formula ϕ with the property it represents.

Given two formulas ϕ and ψ, we define the assume-guarantee specification
ϕ�ψ as an abbreviation of the formula ¬(ϕU¬ψ), cf. [18]. The temporal operator
� satisfies the following (in)equalities:

ϕ� ψ = ψ ∧ (
ϕ⇒ X(ϕ � ψ)

)
(7)

Gϕ ∧ (ϕ� ψ) ⊆ Gψ (8)

From the fix-point equation (7), we can read off that ϕ�ψ is the weakest property
where ψ holds strictly longer than ϕ along every computation.

For A-G specifications, the following circular proof rule is known:

S1 ⊆ ϕ2 � ϕ1 S2 ⊆ ϕ1 � ϕ2

S1 ∩ S2 ⊆ G(ϕ1 ∧ ϕ2)
(9)

where S1, S2 are systems and ϕ1, ϕ2 are LTL formulas. We transform this
rule into the A-G rule R� for the meet-semilattice of systems and properties
〈P(Σω),∩, Σω,⊆〉:

R� :
p4 � s1 � p3 p3 � s2 � p4

s1 � s2 � p3 � p4
if C1

1 [s1, p1, . . . , p4] ∗ C1
2 [s2, p1, . . . , p4]

where ∗ : {0, 1}2 → {0, 1} denotes multiplication (i. e., conjunction in logical
terms) and the functions Cki : P(Σω)5 → {0, 1} are defined by

C1
1 (S1, P1, P2, P3, P4) = 1 iff P3 = GP1 and P4 = GP2 and S1 ⊆ P2 � P1,

C1
2 (S2, P1, P2, P3, P4) = 1 iff P3 = GP1 and P4 = GP2 and S2 ⊆ P1 � P2.

Note that the equality P3 = GP1 is supposed to hold iff there exists an LTL for-
mula ϕ1 such that ϕ1 and Gϕ1 represent the properties P1 and P3, respectively;
P4 = GP2 is to be interpreted similarly.

Obviously, R� is a compositional circular A-G rule1 according to Section 3.
Moreover, soundness of R� can be reduced to soundness of the original rule (9),
and vice versa, so both rules are applicable in exactly the same cases. To see
how soundness of R� reduces to (9), consider the premises and side condition of
R� to be true under a valuation α. Then there are LTL formulas ϕj such that
Gϕ1 = α(p3) and Gϕ2 = α(p4) and α(s1) ⊆ ϕ2 �ϕ1 and α(s2) ⊆ ϕ1 �ϕ2. Using
soundness of (9), we infer α(s1) ∩ α(s2) ⊆ G(ϕ1 ∧ ϕ2), which implies that the
1 The trivial premises p1 � � and p2 � � have been omitted from the definition of

R� for the sake of readability.
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conclusion of R� is true under α. To show the converse reduction, let Si and ϕj
be systems and formulas, respectively, such that the premises of rule (9) hold.
By (8), these premises imply Gϕ2 ∩S1 ⊆ Gϕ1 and Gϕ1 ∩S2 ⊆ Gϕ2, respectively.
Using soundness of R�, we infer S1 ∩ S2 ⊆ Gϕ1 ∩ Gϕ2, which is equivalent to
the conclusion of (9).

As the proof rule (9) is sound, cf. [16,18], R� is a sound and compositional
circular A-G rule. Thus by Theorem 5, R� is incomplete because the meet-
semilattice 〈P(Σω),∩, Σω,⊆〉 contains forks of infinite width. As a consequence,
the rule (9) does not capture all sound circular reasoning patterns, i. e., there
are cases in which circular reasoning is admissible yet (9) is not applicable. ��
In short, this paper shows that compositionality implies incompleteness. Yet, we
did not encounter any complete rule except for the rather trivial rule R2 from
example 2. This raises the question whether non-trivial sound and complete
circular A-G rules do exist at all. They do — in [12], we present a very general
sound and complete circular A-G rule for certain classes of lattices. Of course,
that rule must be non-compositional; in fact, it is non-compositional both in the
premises and in the side condition. Still, that general rule can be instantiated to
many known circular A-G rules, no matter whether they are compositional or
not.

Other Notions of Completeness. When some complex system should be
verified against a conjunction of properties, one usually applies backward rea-
soning, i. e., one matches the verification goal against the conclusion of a proof
rule and from the premises and the side condition one infers the subgoals that
need to be established. In [18], the authors investigate a notion of completeness
that characterizes rules which always enable backward reasoning, so we will term
this notion backward completeness. Adopted to our setting, a rule R : Φ/ψ if Γ
is called backward complete iff for all valuations α, α |= ψ implies α′ |= Φ and
α′ |= Γ for some valuation α′ which agrees with α on the variables of ψ. Thus,
truth of the conclusion implies that the premises and the side condition can be
made true through choosing (i. e., guessing) appropriate values for the auxiliary
variables, i. e., for those variables in the premises that do not occur in the conclu-
sion. Note that backward completeness does not distinguish premises and side
condition, whereas this distinction is essential for our notion of completeness.

Our notion of completeness relates more to forward reasoning, i. e., from
prior knowledge which subsystems guarantee which properties assuming which
other properties, we want to infer that the complex system guarantees a conjunc-
tion of properties. A complete rule (in the sense of this paper) will enable this
inference whenever the conclusion is consistent with our knowledge. Still, our
incompleteness result bears some significance for backward complete rules. For
a rule R : Φ/ψ if Γ without auxiliary variables, i. e., var(ψ) = var(Φ), backward
completeness implies completeness. Thus, as a consequence of Theorem 5, every
sound and backward complete compositional circular A-G rule necessarily needs
to employ auxiliary variables. In other words, backward reasoning with compo-
sitional circular rules is likely to require guessing auxiliary assertions about the
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system. I. e., one trades the lower complexity of the (decomposed) system for a
higher complexity of the proof search.

6 Conclusion

We have shown that sound and compositional circular assume-guarantee rules,
presented as inference rules restricted by an arbitrary side condition, cannot
be complete. I. e., the side condition of a compositional rule, no matter how
elaborate it is, cannot capture all cases where circular reasoning is admissible.
Consequently, two important criteria for rating the quality of inference rules work
against each other in the realm of circular reasoning. Upon designing assume-
guarantee rules, this raises the question whether we should settle for composi-
tionality or rather for completeness. The answer depends on the intended use of
the rule.

Over the years, the practicality of circular assume-guarantee reasoning as a
technique for compositional verification has been documented in a number of
case studies, see [7,8,15] to name a few. In most cases, these assume-guarantee
rules were tailored for model checking, and as model checkers particularly suffer
from the infamous state explosion problem, the designers of the rules focussed on
(automatic) system decomposition rather than on completeness. Consequently,
these rules avoid to generate subgoals that involve a composition of subsystems.
Here, compositional rules whose side conditions can be checked efficiently (but
are not too restrictive) seem to be very appropriate. There are tools that suc-
cessfully employ such incomplete compositional rules, e. g., in the verification of
thread-parallel software [6]. To some extent, the loss of completeness can be mit-
igated against by human interaction, e. g., in the form of auxiliary annotations
(to the code of the system), which provide more information about the system
so the tools may find better decompositions.

To the best of our knowledge, there is no data available on the practical
use of complete circular assume-guarantee rules in verification. However, in the
case of manual (or almost manual) verification, we see no reason for severely
restricting the power of circular reasoning, so one might prefer a complete rule
over a compositional one. Of course, then one must tackle system decomposition
in the subgoals by other means, e. g., by abstraction. Still, assume-guarantee
reasoning may be superior to direct verification, as the additional assumptions
in the subgoals may enable better abstractions.

Acknowledgement. The author thanks Viorica Sofronie-Stokkermans and An-
dreas Podelski for helpful discussions and comments and Carsten Sinz for support
with theorem provers.
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A Monadic Multi-stage Metalanguage
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Abstract. We describe a metalanguage MMML, which makes explicit
the order of evaluation (in the spirit of monadic metalanguages) and
the staging of computations (as in languages for multi-level binding-
time analysis). The main contribution of the paper is an operational
semantics which is sufficiently detailed for analyzing subtle aspects of
multi-stage programming, but also intuitive enough to serve as a refer-
ence semantics. For instance, the separation of computational types from
code types, makes clear the distinction between a computation for gener-
ating code and the generated code, and provides a basis for multi-lingual
extensions, where a variety of programming languages (aka monads) co-
exist. The operational semantics consists of two parts: local (semantics
preserving) simplification rules, and computation steps executed in a de-
terministic order (because they may have side-effects). We focus on the
computational aspects, thus we adopt a simple type system, that can
detect usual type errors, but not the unresolved link errors. Because of
its explicit annotations, MMML is suitable as an intermediate language.

1 Introduction

Staging a computation into multiple steps is a well-known optimization tech-
nique used in algorithms, which exploits information available in early stages for
generating code that will be executed in later stages. Multi-stage programming
languages, like MetaML (see [9, 15, 16, 3]), provide constructs for expressing stag-
ing in a natural and concise manner, and must allow arbitrary interleaving of
code generation and computation. Multi-stage programming is particularly con-
venient for defining generative components, which take as input a specification of
user requirements and generate on the fly a customized component, or mobile ap-
plications, which need to adapt after each move, e.g. by assembling components
downloaded remotely to generate code tailored to the local environment.
So far most of the theoretical research on multi-stage programming languages
has focused on type systems (for the most recent proposals see [3, 10, 11]).
The resulting operational semantics are often instrumental to a particular type
system (thus difficult to relate and compare), and often ignore the subtle inter-
actions between code generation and computational effects. In this paper, we
provide a deeper understanding of the computational aspects of multi-stage pro-
gramming, in the framework of a metalanguage with computational types Mτ
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and code types 〈τ〉: computational types classify terms describing computations,
while code types classify terms representing other terms. We believe that in this
framework one can have a fresh look at typing issues, and above all a generic
approach for adding staging to a programming language (described in a monadic
style), including a multi-lingual metalanguage.
An important principle of Haskell [12] is that pure functional evaluation (and all
the optimization techniques that come with it) should not be corrupted by the
addition of computational effects. In Haskell this separation has been achieved
through the use of monads (like monadic IO and monadic state). When describ-
ing MMML we adopt this principle not only at the level of types, but also at the
level of the operational semantics. In fact, we distinguish between simplification
(described by local rewrite rules) and computation (that may cause side-effects).

Summary. Section 2 describes a general pattern for specifying the operational
semantics of monadic metalanguages, which distinguishes simplification from
computation. Section 3 exemplifies the general pattern by considering a monadic
metalanguage MML for imperative computations. Section 4 introduces an ex-
tension MMML with staging, and explains how definitions and results for MML
have to be modified and extended. Section 5 gives simple examples of MMML
programs, which illustrate the most subtle points of the operational semantics.
Section 6 discusses related work and issues specific to MMML.

Notation. In the paper we use the following notations and conventions.

– m, n range over the set N of natural numbers. Furthermore, m ∈ N is iden-
tified with the set {i ∈ N|i < m} of its predecessors.

– e ranges over the set E∗ of finite sequences (ei|i ∈ m) of elements of E, and
|e| denotes its length (i.e. , m). e1, e2 denotes the concatenation of e1 and
e2.

– Term equivalence, written ≡, is α-conversion. FV(e) is the set of variables
free in e. If E is a set of terms, then E0 is the set of e ∈ E s.t. FV(e) = ∅.
e[xi: = ei|i ∈ m] (and e[x: = e]) denotes parallel substitution (modulo ≡).

– f : A
fin→ B means that f is a partial function from A to B with a finite

domain, written dom(f). We write {ai: bi|i ∈ m} for the partial function
mapping ai to bi (where the ai must be different, i.e. ai = aj implies i = j).
We use the following operations on partial functions: ∅ is the everywhere
undefined partial function; f1, f2 denotes the union of two partial functions
with disjoint domains; f{a: b} denotes the extension of f to a �∈ dom(f);
f{a = b} denotes the update of f in a ∈ dom(f).

– Given a BNF e: : = P1 | . . . | Pm, we write e+ = Pm+1 | . . . | Pm+n as a
shorthand for the extended BNF e: : = P1 | . . . | Pm+n.

– We write
∗
> for the reflexive and transitive closure of a a relation > .
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2 Monadic Metalanguages, Simplification and
Computation

We outline a general pattern for specifying the operational semantics of monadic
metalanguages, which distinguishes between transparent simplification and pro-
grammable computation. This is possible because in a monadic metalanguage
there is a clear distinction between term-constructors for building terms of com-
putational types, and the other term-constructors that are computationally ir-
relevant. For computationally relevant term-constructors we give an operational
semantics that ensures the correct sequencing of computational effects, e.g. by
adopting some well-established technique for specifying the operational seman-
tics of programming languages (see [19]), while for computationally irrelevant
term-constructors it suffices to give local simplification rules, that can be ap-
plied non-deterministically (because they are semantic preserving).

Remark 1. In [18] Wadler adopts a similar style, that distinguishes pure from
monadic reduction. However, his pure reduction is a deterministic strategy, while
simplification is non-deterministic. In this respect, our approach is related to the
Cham [2]: simplification corresponds to heating and computation to reaction.

Combinatory Reduction Systems. We work in the setting of Combinatory Re-
duction Systems (CRS) [8], which extends Term Rewriting Systems (TRS) with
binders. In Section 4 the uniformity of CRS descriptions is exploited for defining
the extension with staging generically and concisely. In a CRS the syntax of
terms is specified by a set C of term-constructors with given arity #: C → N∗

e ∈ E: : = x | c([xi]ei|i ∈ m) with #c = (ni|i ∈ m) and ∀i ∈ m.|xi| = ni

Variables x belong to an infinite set X. More complex terms are built by ap-
plying a term-constructor c to a sequence of abstractions [xi]ei binding the free
occurrences of the xi in ei, thus the set of free variables in c([xi]ei|i ∈ m) is

FV(c([xi]ei|i ∈ m)) ∆= ∪{FV([xi]ei)|i ∈ m} where FV([x]e) = FV(e) − {x}
In CRS rewrite rules e > e′ can be specified as in TRS, for instance the β-rule
is @(λ([x]e′), e) > e′[x: = e], where e and e′ are arbitrary terms. It is possible
to give a more schematic syntax for rewrite rules, but it requires metavariables
ranging over abstractions.
Given a set T of types τ , a type system deriving judgments of the form Γ 
 e: τ ,
where Γ : X

fin→ T is a type assignment, is specified by assigning to each term-
constructor c of arity #c = (ni|i ∈ m) a set of type schema (τ i⇒τi|i ∈ m)⇒τ
consistent with #c, i.e. , |τ i| = ni for i ∈ m. More precisely, the typing rules are

x
Γ 
 x: τ

Γ (x) = τ c
{Γ 
 [xi]ei: τ i⇒τi | i ∈ m}

Γ 
 c([xi]ei|i ∈ m): τ
c: (τ i⇒τi|i ∈ m)⇒τ

where Γ 
 [x]e: τ⇒τ stands for Γ, {xi: τi|i ∈ m} 
 e: τ with x = (xi|i ∈ m) and
τ = (τi|i ∈ m). Note that τ⇒τ is used in type schema, but it is not a type τ ∈ T.
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Monadic Metalanguages. To specify a monadic metalanguage we define:

– Types τ ∈ T, including computational types Mτ .
– Terms e ∈ E, including return ret(e) and monadic do do(e1, [x]e2), which

corresponds to Haskell do-notation x ⇐ e1; e2.
– A type system, which amounts to give for each term-constructor a set of

type schema, in particular for ret and do the type schema are ret: τ⇒Mτ
and do: Mτ1, (τ1⇒Mτ2)⇒Mτ2

– A simplification relation e > e′ on terms, namely the compatible closure
of a set of rewrite rules. By definition of > , the induced equivalence is
always a congruence. In addition, we require that > satisfies the Church
Rosser (CR) and Subject Reduction (SR) properties.

– A computation relation > on configurations. A configuration Id ∈ Conf
describes the state of a closed system, while the relation > describes how
a closed system may evolve. Usually there is an obvious way to extend >
to configurations (preserving the CR property). To formulate a type safety
result (along the lines of [19]), we must define well-formed configurations

 Id, show that both > and > preserve well-formedness (for >
it should be an easy consequence of SR), and finally establish a progress
property for ===⇒ ∆= > ∪ > .

Simplification should be orthogonal to computation, i.e. , if Id1
∗
> Id′1 and

Id1 can move Id1 > Id2, then Id′1 has a move Id′1 > Id′2 s.t. Id2
∗
> Id′2.

3 MML: A Monadic Metalanguage for Imperative
Computations

We introduce a monadic metalanguage MML for imperative computations, which
exemplifies the pattern outlined in Section 2 in a familiar case, namely a subset
of Haskell with the IO-monad. Moreover, MML provides a starting point for the
addition of staging.

– Types τ ∈ T: : = nat | Mτ | τ1 → τ2 | ref τ . The type nat of natural num-
bers avoids a degenerate BNF (we will ignore it most of the time).

– Term-constructors c ∈ C: : = ret | do | λ | @ | new | get | set | l . Locations
l belong to an infinite set L (they are not allowed in user-written programs,
but are instrumental to the operational semantics). The type schema for
term-constructors (from which one can infer also their arity) are
• ret: τ⇒Mτ and do: Mτ1, (τ1⇒Mτ2)⇒Mτ2

• @: (τ1 → τ2), τ1⇒τ2 and λ: (τ1⇒τ2)⇒(τ1 → τ2)
• new: τ⇒M(ref τ) , get: ref τ⇒Mτ and set: ref τ, τ⇒M(ref τ)

a signature Σ: L
fin→ T gives the type to locations, i.e. , l: ref τ when Σ(l) = τ .
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– The BNF for terms e ∈ E generated by the term-constructors above is
e: :=x | ret(e) | do(e1, [x]e2) |λ([x]e) |@(e1, e2) |new(e) | get(e) | set(e1, e2) | l

λ([x]e) and @(e1, e2) are λ-abstraction λx.e and application e1e2; new, get
and set are the ML-like operations ref e, !e and e1: = e2 on references.

The type system is parametric in Σ, and the rules for deriving judgments of the
form Γ 
Σ e: τ are

x
Γ 
Σ x: τ

Γ (x) = τ l
Γ 
Σ l: ref τ

Σ(l) = τ

c
{Γ 
Σ [xi]ei: τ i⇒τi | i ∈ m}

Γ 
Σ c([xi]ei|i ∈ m): τ
c: (τ i⇒τi|i ∈ m)⇒τ

Simplification > is the compatible closure of @(λ([x]e2), e1) > e2[x: = e1],
i.e. , β-reduction. We write = for β-equivalence, i.e. , the reflexive, symmetric
and transitive closure of > . We recall the properties of simplification (β-
reduction) relevant for our purposes.

Proposition 1 (Congr). The equivalence = induced by > is a congruence.

Proposition 2 (CR). The simplification relation > is confluent.

Proposition 3 (SR). If Γ 
Σ e: τ and e > e′, then Γ 
Σ e′: τ .

Remark 2. Several extensions can be handled at the level of simplification.

– The extension with a datatype, like nat or τ1 × τ2, amounts to add term-
constructors for introduction and elimination (zero: nat, succ: nat⇒nat and
case: nat, τ, (nat⇒τ)⇒τ) and simplification rules describing how they inter-
act (case(zero, e0, [x]e1) > e0 and case(succ(e), e0, [x]e1) > e1[x: = e]).

– Recursive definitions can be handled by a term-constructor fix: (τ⇒τ)⇒τ
with simplification rule fix([x]e) > e[x: = fix([x]e)]. However, if one wants
simplification of well-typed terms to terminate, then the type schema for fix
should be (Mτ⇒Mτ)⇒Mτ and fix([x]e) becomes a computation redex.

– A test for equality of references ifeq: ref τ, ref τ, τ ′, τ ′⇒τ ′ with simplification
rules ifeq(l, l, e1, e2) > e1 and ifeq(l1, l2, e1, e2) > e2 when l1 �= l2.

3.1 Computation

We define configurations Id ∈ Conf (and the auxiliary notions of store, evaluation
context and computation redex) and the computation relation Id > Id′ | ok
(see Table 1).

– Stores µ ∈ S
∆= L

fin→ E map locations to their contents.
– Evaluation contexts E ∈ EC: : = � | E[do(�, [x]e)] .
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– Configurations (µ, e, E) ∈ Conf
∆= S × E × EC consist of the current store µ,

the program fragment e under consideration and its evaluation context E.
– Computation redexes r∈R: :=do(e1, [x]e2) |ret(e) |new(e) | get(l) | set(l, e) .

When the program fragment under consideration is a computation redex, it en-
ables a computation step with no need for further simplification (see Theorem 1).

Administrative steps, involve only the evaluation context

A.0 (µ, ret(e),�) > ok
A.1 (µ, ret(e1), E[do(�, [x]e2)]) > (µ, e2[x: = e1], E)
A.2 (µ, do(e1, [x]e2), E) > (µ, e1, E[do(�, [x]e2)])

Imperative steps, involve only the store

I.1 (µ, new(e), E) > (µ{l: e}, ret(l), E), where l �∈ dom(µ)
I.2 (µ, get(l), E) > (µ, ret(e), E), provided e = µ(l)
I.3 (µ, set(l, e), E) > (µ{l = e}, ret(l), E), provided l ∈ dom(µ)

Table 1. Computation Relation for MML

The confluent simplification relation > on terms extends in the obvious
way to a confluent relation (denoted > ) on stores, evaluation contexts,
computation redexes and configurations.
A complete program corresponds to a closed term e ∈ E0 (with no occurrences
of locations l), and its evaluation starts from the initial configuration (∅, e, �).
The following properties ensure that only closed configurations are reachable (by

> and > steps) from initial ones.

Lemma 1.

1. If (µ, e, E) > (µ′, e′, E′), then dom(µ′) = dom(µ) and
FV(µ′) ⊆ FV(µ), FV(e′) ⊆ FV(e) and FV(E′) ⊆ FV(E).

2. If Id > Id′ and Id is closed, then Id′ is closed.

When the program fragment under consideration is a computation redex, it does
not matter whether simplification is done before or after computation.

Theorem 1 (Bisim). If Id ≡ (µ, e, E) with e ∈ R and Id
∗
> Id′, then

1. Id > D implies ∃D′ s.t. Id′ > D′ and D
∗
> D′

2. Id′ > D′ implies ∃D s.t. Id > D and D
∗
> D′

where D and D′ range over Conf ∪ {ok}.
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Proof. An equivalent statement, but easier to prove, is obtained by replacing
∗
> with one-step parallel reduction. A key observation for proving the bisim-

ulation result is that simplification applied to a computation redex r and an
evaluation context E does not change the relevant structure (of r and E) for
determining the computation step among those in Table 1.

3.2 Type Safety

We go through the proof of type safety. The result is standard and unsurprising,
but we make some adjustments to the Subject Reduction (SR) and Progress
properties, in order to stress the role of simplification > and computation

> , when they are not bundled in one deterministic reduction strategy on
configurations. First of all, we define well-formedness for configurations 
Σ Id
and evaluation contexts �: Mτ 
Σ E: Mτ ′.

Definition 1. We write 
Σ (µ, e, E) ∆⇐⇒
– dom(Σ) = dom(µ)
– µ(l) = el and Σ(l) = τl imply 
Σ el: τl

– there exists τ such that 
Σ e: Mτ is derivable
– there exists τ ′ such that �: Mτ 
Σ E: Mτ ′ is derivable (see Table 2)

�
�: Mτ ′ �Σ �: Mτ ′ do

�: Mτ2 �Σ E: Mτ ′ �Σ [x]e: τ1⇒Mτ2

�: Mτ1 �Σ E[do(�, [x]e)]: Mτ ′

Table 2. Well-formed Evaluation Contexts for MML

Theorem 2 (SR).

1. If 
Σ Id1 and Id1 > Id2, then 
Σ Id2

2. If 
Σ1 Id1 and Id1 > Id2, then exists Σ2 ⊇ Σ1 s.t. 
Σ2 Id2

Proof. The first claim is an easy consequence of Proposition 3. The second is
proved by case-analysis on the computation rules of Table 1.

Theorem 3 (Progress). If 
Σ (µ, e, E), then one of the following holds

1. e �∈ R and e > , or
2. e ∈ R and (µ, e, E) >

Proof. When e ∈ R we have (µ, e, E) > , e.g. when e is get(l) or set(l, e′), then
l ∈ dom(µ) by well-formedness of the configuration. When e �∈ R, then e cannot
be a > -normal form, otherwise we get a contradiction with 
Σ e: Mτ .
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4 MMML: A Multi-stage Extension of MML

We describe a monadic metalanguage MMML obtained by adding staging to
MML. At the level of syntax, type system and simplification the extension is
generic, i.e. , applicable to any monadic metalanguage (as defined in Section 2).

– The BNF for types τ ∈ T+ = 〈τ〉 is extended with code types.

– The BNF for term-constructors c ∈ C+ = up | dn | cV | cM is extended
with up, dn and two recursive productions cV and cM , which capture the
reflective nature of the extension (the set of term-constructors for MMML is
infinite, although that for MML is finite). The type schema for the additional
term-constructors are
• up: τ⇒〈τ〉 is MetaML cross-stage persistence (aka binary inclusion).
• dn: 〈τ〉⇒Mτ is compilation of (potentially open) code. An attempt to

compile open code causes an unresolved link error (an effect not present
in MML), thus dn has a computational result type.

• if c: (τ i⇒τi|i ∈ m)⇒τ , then
∗ cV : (〈τ i〉⇒〈τi〉|i ∈ m)⇒〈τ〉 builds code representing a term c(. . .)
∗ cM : (〈τ i〉⇒M〈τi〉|i ∈ m)⇒M〈τ〉 builds a computations that gener-

ates code representing c(. . .)
where 〈τi|i ∈ m〉 stands for the sequence (〈τi〉|i ∈ m). For instance,
λV : (〈τ1〉⇒〈τ2〉)⇒〈τ1 → τ2〉 and λM : (〈τ1〉⇒M〈τ2〉)⇒M〈τ1 → τ2〉.

The key difference between cV and cM (reflected in their type schema) is that
generating code with cM may have computational effects, while with cV does
not. For instance, the computation λM ([x]e) generates a fresh name (a new
effect related to computation under a binder), performs the computation e
to generate the code e′ for the body of the λ-abstraction, and finally returns
the code λV ([x]e′) for the λ-abstraction.

The BNF for terms e ∈ E and the type system (for deriving judgments of the
form Γ 
Σ e: τ) are extended in the only possible way, given the type schema for
the term-constructors. In MMML (unlike λ© and MetaML) there is no need to
include level information in typing judgments, since it is already explicit in types
and terms. For instance, a MetaML type τ at level 1 becomes 〈τ〉 in MMML, and
a λ at level 1 becomes a λV or λM .
Simplification > is unchanged, i.e. , no new simplification rules are added.
The properties of simplification established in Section 3 (i.e. , Proposition 1, 2
and 3) continue to hold and their proofs are unchanged.

Remark 3. One may wonder whether there is a need to have both cM and cV ,
or whether cM can be defined in terms of cV and term-constructors for compu-
tational types. Indeed, this is the case when c is not a binder. For instance,
when c: τ1⇒τ2 and e: Mτ1, we could define cM (e) as do(e, [x]ret(cV (x))).
However, when c is a binder, like λ, one cannot move the computation of the
body of λM ([x]e) outside the binder. One could adopt a more concrete repre-
sentation of terms using first-order abstract syntax (FOAS), and introduce a
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monadic operation gensym: M〈τ〉 to generate a fresh name (see [6]). But in this
approach λV is no longer a binder, and this would be a drastic loss of abstraction
for a reference semantics.
In λ-calculus one can encode a term-constructor c as a constant c′ of higher-
order type. For instance, do(e1, [x]e2) becomes do′@e1@(λx.e2), where we adopt
the standard infix notation for application @. Then we can use c′V to encode
cM and cV . For instance, doV (e1, [x]e2) becomes do′V @V e1@V (λV x.e2), and
doM (e1, [x]e2) becomes do@e1@(λc.do@(λMx.e2)@(λf.do′V @V c@V f)). With this
encoding (unlike FOAS) there is no loss of abstraction, moreover it gives better
control on code generation, e.g. doM (e1, [x]e2) (and its encoding) computes e1

first, while do@(λMx.e2)@(λf.do@e1@(λc.do′V @V c@V f)) computes e2 first.

4.1 Computation

We now define configurations and the computation relation Id > Id′ | ok | err
for MMML (see Table 3), where err indicates an unresolved link error at run-time.
We must account for run-time errors, because we have adopted a permissive (and
simple) type system. In the following we stress what auxiliary notions need to
be changed when going from MML to MMML.

Remark 4. When adding staging, the modifications to the definition of >
are fairly modular, but we cannot rely on a general theory (like rewrite rules for
CRS) as in the case of simplification.

– Stores µ ∈ S
∆= L

fin→ E are unchanged.
– Evaluation contexts E ∈ EC+ = E[cM (v, [x]�, f)] are extended with one

production, where c ∈ C, f : : = [x]e is an abstraction, v: : = [x]ret(e) is a
value abstraction. Moreover, v, x and f must be consistent with the arity of
c, for instance E[λM ([x]�)], E[doM (�, [x]e)] and E[doM (ret(e), [x]�)].
Intuitively E[λM ([x]�)] says that the program fragment under consideration
is generating code for the body of a λ-abstraction.

– A configuration (X |µ, e, E) ∈ Conf
∆= Pfin(X)×S×E×EC has an additional

component, i.e. , the set X of names generated so far. A name may leak
outside the scope of its binder, thus X grows as the computation progresses.

– Computation redexes r ∈ R + = cM (f) | dn(vc) are extended with two

productions, where c ∈ C, f must be consistent with the arity of c, and
vc ∈ VC: : = x | up(e) | cV ([xi]vci|i ∈ m) is a code value. The redex cM (f)

may generate fresh names, while dn(vc) may cause an unresolved link error.

Compilation dn takes a code value vc of type 〈τ〉 and computes the term e of
type τ represented by vc (or fails if e does not exist). The represented term e is
given by an operation similar to MetaML’s demotion.

Definition 2 (Demotion). The partial function ↓ mapping vc ∈ VC to the
represented term is given by
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– x↓ is undefined; up(e)↓= e (this is a base case, like x);
cV ([xi]vci|i ∈ m)↓= c([xi]ei|i ∈ m) when ei = vci[xi: = up(xi)]↓ for i ∈ m

where up(x) is the sequence (up(xi)|i ∈ m) when x = (xi|i ∈ m)

Administrative and Imperative steps are as in Table 1, they do not modify the set X.
Code generation steps, involve only the set X and the evaluation context

G.0 (X|µ, cM , E) > (X|µ, ret(cV ), E) when the arity of c is ()
G.1 (X|µ, cM ([x]e, f), E) > (X, x|µ, e,E[cM ([x]�, f)]) with x renamed to avoid

clashes with X. In particular (X|µ, λM ([x]e), E) > (X, x|µ, e, E[λM ([x]�)])
G.2 (X|µ, ret(e), E[cM (v, [x]�)]) > (X|µ, ret(cV (f, [x]e)), E) where

v = ([xi]ret(ei)|i ∈ m) and f = ([xi]ei|i ∈ m). The free occurrences of x in e get
captured by cV , e.g. (X|µ, ret(e),E[λM ([x]�)]) > (X|µ, ret(λV ([x]e)), E)

G.3 (X|µ, ret(e1), E[cM (v, [x1]�, [x2]e2, f)]) >
(X, x2|µ, e2, E[cM (v, [x1]ret(e1), [x2]�, f)]) with x2 renamed to avoid clashes
with X, and the free occurrences of x1 in e1 captured by cM .

Compilation step, may cause a run-time error

C.1 (X|µ, dn(vc), E) >

�
(X|µ, ret(e), E) if e = vc↓
err if vc↓ undefined

Table 3. Computation Relation for MMML

In an evaluation context for MMML, e.g. E[λM ([x]�)], the hole � can be within
the scope of a binder, thus an evaluation context E has not only a set of free
variables, but also a sequence of captured variables.

Definition 3. The sequence CV(E) of captured variables and the set FV(E)
of free variables are defined by induction on the structure of E

– CV(�) ∆= ∅ CV(E[do(�, [x]e)]) ∆= CV(E)
CV(E[cM (v, [x]�, f)]) ∆=CV(E), x in particular CV(E[λM ([x]�)]) ∆=CV(E), x

– FV(�) ∆= ∅ FV(E[do(�, [x]e)]) ∆= FV(E) ∪ (FV([x]e) − CV(E))
FV(E[cM (v, [x]�, f)]) ∆= FV(E) ∪ (FV(v, f) − CV(E))

As in the case of MML, the confluent simplification relation on terms extends to a
confluent relation on the other syntactic categories. Also for MMML we can prove
that only closed configurations are reachable from an initial one (∅|∅, e, �), where
e ∈ E0. However, the second clause of Lemma 2 is more subtle, in particular it
ensures that FV(E) and CV(E) remain disjoint.

Lemma 2.

1. If (X |µ, e, E) > (X ′|µ′, e′, E′), then X ′=X, dom(µ′)=dom(µ), CV(E′)=
CV(E), FV(µ′) ⊆ FV(µ), FV(e′) ⊆ FV(e) and FV(E′) ⊆ FV(E).
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2. If (X |µ, e, E) > (X ′|µ′, e′, E′), FV(µ, e) ∪ CV(E) ⊆ X and FV(E) ⊆
X − CV(E), then X ⊆ X ′, dom(µ) ⊆ dom(µ′), FV(µ′, e′) ∪ CV(E′) ⊆ X ′

and FV(E′) ⊆ X ′ − CV(E′).

The bisimulation result (Theorem 1) is basically unchanged, but the proof must
cover additional cases corresponding to the computation rules in Table 3.

4.2 Type Safety

In MMML the definitions of well-formed configuration ∆ 
Σ Id and evaluation
context ∆, �: Mτ 
Σ E: Mτ ′ must take into account the set X . For this reason
we need a type assignment ∆ which maps names x ∈ X to code types 〈τ〉.

Definition 4. We write ∆ 
Σ (X |µ, e, E) ∆⇐⇒
– dom(Σ) = dom(µ) and dom(∆) = X
– µ(l) = el and Σ(l) = τl imply ∆ 
Σ el: τl

– there exists τ such that ∆ 
Σ e: Mτ is derivable
– there exists τ ′ such that ∆, �: Mτ 
Σ E: Mτ ′ is derivable (see Table 4).

�
∆,�: Mτ ′ �Σ �: Mτ ′ do

∆,�: Mτ2 �Σ E: Mτ ′ ∆ �Σ [x]e: τ1⇒Mτ2

∆,�: Mτ1 �Σ E[do(�, [x]e)]: Mτ ′

cM

∆,�:M〈τ 〉 �Σ E: Mτ ′

{∆ �Σ vi: 〈τ i〉⇒M〈τi〉 | i ∈ m} {∆ �Σ fi: 〈τm+1+i〉⇒M〈τm+1+i〉 | i ∈ n}
∆, {xk: 〈τ ′

k〉|k ∈ p},�: M〈τm〉 �Σ E[cM (v, [x]�, f)]: Mτ ′ cond

where the side-condition (cond) is:
v = (vi|i ∈ m) and f = (fi|i ∈ n)
cM : (〈τ i〉⇒M〈τi〉|i ∈ m + 1 + n)⇒M〈τ 〉
τm = (τ ′

k|k ∈ p) and x = (xk|k ∈ p)

in particular λM

∆,�: M〈τ1 → τ2〉 �Σ E: Mτ ′

∆, x: 〈τ1〉,�: M〈τ2〉 �Σ E[λM ([x]�)]: Mτ ′

Table 4. Well-formed Evaluation Contexts for MMML

Remark 5. The formation rule (cM ) for an evaluation context E[cM (v, [x]�, f)]
says that the captured variables x must have a code type (this is consistent with
the code generation rules (G.1) and (G.3) of Table 3) and that they should not
occur free in E, v or f (this is consistent with the second property in Lemma 2).

Lemma 3. If Γ 
Σ vc: 〈τ〉 and e = vc↓, then Γ 
Σ e: τ .

We can now formulate the SR and progress properties for MMML.
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Theorem 4 (SR).

1. If ∆ 
Σ Id1 and Id1 > Id2, then ∆ 
Σ Id2

2. If ∆1 
Σ1 Id1 and Id1 > Id2, then exist Σ2 ⊇ Σ1 and ∆2 ⊇ ∆1 s.t.
∆2 
Σ2 Id2

Proof. The first claim is straightforward (see Theorem 2). The second is proved
by case-analysis on the computation rules, so we must cover the additional cases
for the computation rules in Table 3, e.g.

(G.1) if Id1 is (X |µ, λM ([x]e), E), then Id2 is (X, x|µ, e, E[λM ([x]�)]) and the
typings ∆1, x: 〈τ1〉 
Σ1 e: M〈τ2〉 and ∆1, �: M〈τ1 → τ2〉 
Σ1 E: τ ′ are
derivable. Therefore we can take Σ2 ≡ Σ1 and ∆2 ≡ ∆1, x: 〈τ1〉.

(C.1) if Id1 is (X |µ, dn(vc), E), then Id2 is (X, x|µ, ret(e), E) with e = vc↓ and
the typings ∆1 
Σ1 vc: 〈τ〉 and ∆1, �: Mτ 
Σ1 E: τ ′ are derivable. By
Lemma 3 ∆1 
Σ1 e: τ is derivable, therefore we can take Σ2 ≡ Σ1 and
∆2 ≡ ∆1.

Lemma 4. If ∆ 
Σ e: τ and e is a > -normal form, then

– τ ≡ nat implies e is a natural number
– τ ≡ Mτ implies e is a computation redex
– τ ≡ ref τ implies e is a location
– τ ≡ 〈τ ′〉 implies e is a code value
– τ ≡ (τ1 → τ2) implies e is a λ-abstraction

Proof. By induction on the derivation of ∆ 
Σ e: τ . The base cases are: x, up,
l, λ, ret, do, new and cM . The inductive steps are: get, set, dn, cV and @ (@ is
impossible because by the IH one would have a β-redex).

Theorem 5 (Progress). If ∆ 
Σ (X |µ, e, E), then one of the following holds

1. e �∈ R and e > , or
2. e ∈ R and (X |µ, e, E) >

Proof. When e ∈ R we have (µ, e, E) > (see Theorem 3). When e �∈ R,
then e cannot be a > -normal form. otherwise we get a contradiction with
∆ 
Σ e: Mτ and Lemma 4.

5 Examples

We give simple examples of computations in MMML to illustrate subtle points
of multi-stage programming. For readability, we use Haskell’s do-notation x ⇐
e1; e2 (or e1; e2) for do(e1, [x]e2) (when x �∈ FV(e2)) and write λBx.e for λB([x]e).
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Scope extrusion: a bound variable x leaks in the store.

l ⇐ new(0V ); (λMx.set(l, x); ret(x)): M〈nat → nat〉

1. (∅ | ∅, new(0V ), l ⇐ �; λMx.set(l, x); ret(x)) create a location l
2. (∅ | l = 0V , λMx.set(l, x); ret(x), �) generate a fresh name x
3. (x | l = 0V , set(l, x), λMx.�; ret(x)) assign x to l
4. (x | l = x, ret(x), λMx.�) complete code generation of λ-abstraction
5. (x | l = x, ret(λV x.x), �) x is bound by λV , but a copy is also left in

the store.

The semantics in [3] is more conservative, when a variable leaks in the store it is
bound by dead-code annotation., but on closed values the two semantics agree.

Recapturing of extruded variable by its binder.

λMx. l ⇐ new(x); get(l): M〈τ → τ〉

1. (∅ | ∅, λMx. l ⇐ new(x); get(l), �) generate x, then create l
2. (x | l = x, get(l), λMx.�) get content of l
3. (x | l = x, ret(x), λMx.�) complete code generation of λ-abstraction
4. (x | l = x, ret(λV x.x), �) x is bound by λV .

This form of recapturing is allowed by [17], but not by [3].

No recapturing of extruded variable by another binder using the same name.

l ⇐ new(0V ); (λMx.set(l, x); ret(x)); z ⇐ get(l); ret(λV x.z): M〈τ → nat〉

1. (∅ | l = 0V , (λMx.set(l, x); ret(x)), �; z ⇐ get(l); ret(λV x.z))
generate x and assign it to l

2. (x | l = x, ret(λV x.x), �; z ⇐ get(l); ret(λV x.z))
first code generation completed

3. (x | l = x, get(l), z ⇐ �; ret(λV x.z)) get content of l
4. (x | l = x, ret(x), z ⇐ �; ret(λV x.z))

complete code generation of λ-abstraction
5. (x | l = x, ret(λV x′.x), �)

the bound variable x is renamed by substitution ret(λV x.z)[z: = x]

No recapturing of extruded variable by its binder after code generation.

l ⇐ new(0V ); z ⇐ (λMx.λMy.set(l, y); ret(x));
f ⇐ dn(z); u ⇐ get(l); ret(f u) : M(nat → 〈nat〉)

1. (x, y | l = y, ret(λV x.λV y.x), z ⇐ �; f ⇐ dn(z); u ⇐ get(l); ret(f u))
code generation completed, y is bound by λV and leaked in the store

2. (x, y | l = y, dn(λV x.λV y.x), f ⇐ �; u ⇐ get(l); ret(f u)) compile code
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3. (x, y | l = y, ret(λx.λy.x), f ⇐ �; u ⇐ get(l); ret(f u))
get content of l and apply f to it

4. (x, y | l = y, ret((λx.λy.x) y), �) the result simplifies to (λy′.y), because
the bound variable y is renamed by β-reduction.

When y is recaptured by λV , it becomes a bound variable and can be renamed.
Therefore, the connection with the (free) occurrences of y left in the store (or
the program fragment under consideration) is lost.

6 Related Work and Discussion

We discuss related work and some issues specific to MMML. A more general
discussion of open issues in meta-programming can be found in [14].

Comparison with MetaML, λ© and λM. The motivation for looking at the inter-
actions between computational effects and run-time code generation comes from
MetaML [9, 15, 16, 3]. We borrow code types from MetaML (and λ© of [4]), but
use annotated term-constructors as in λM of [4] (see also [7]), so that simplifica-
tion and computation rules are level insensitive. Indeed, the term-constructors
c ∈ C of MMML can be given by an alternative BNF

c: : = retB | doB |λB |@B |newB | getB | setB | lB |upB | dnB with B ∈ {V, M}∗

For instance, λB is λ when B is empty; if c is λB, then cV and cM are given
by λBV and λBM respectively. However, MMML’s annotations are sequences
B ∈ {V, M}∗, while those of λM are natural number n. A sequence B identifies
a natural number n, namely the length of B, moreover for each i < n it says
whether computation at that level has been completed, as expressed by the
different typing for cV and cM . The refined annotations of term-constructors
(and computational types) allow to distinguish the following situations:

– (λMx.e, E) we start generating code for a λ-abstraction
– (e, E[λMx.�]) we have generated a fresh name x, and start generating code

for the body
– (e, E[λMx.E′]) we are somewhere in the middle of the computation gener-

ating code for the body
– (ret(e), E[λMx.�]) we have the code for the body of the λ-abstraction
– (ret(λV x.e), E) we have the code for the λ-abstraction

All operational semantics proposed for MetaML or λ© do not make these fine-
grain distinctions. Only [10], which extends λ� of [5] with names a la FreshML
(and intensional analysis), has an operational semantics with steps modeling
fresh name generation and recapturing, but its relations with λ© and MetaML
have not been investigated, yet.
The up and dn primitives of MMML are related to cross-stage persistence %e
and code execution run e of MetaML. In MMML demotion vc ↓ is partial, thus



372 Eugenio Moggi and Sonia Fagorzi

evaluation of dn(vc) may raise an unresolved link error, while in MetaML de-
motion is total, and an unresolved link error is raised only when evaluating x
(at level 0). However, in [3] demotion is applied only to closed values, during
evaluation of well-typed programs.

Multi-lingual extensions. It is easy to extend a monadic metalanguage, like
MMML, to cope with a variety of programming languages: each programming
language PLi is modeled by a different monad Mi with its own set of opera-
tions. However, one should continue to have one code type constructor 〈τ〉,
i.e. , the representation of terms should be uniform. Therefore, there should be
one up: τ⇒〈τ〉 and one cV (for each c), but several dni: 〈τ〉⇒Miτ and cMi , one
for each monad Mi. In this way, we could have terms of type M1〈M2τ〉, which
correspond to a program written in PL1 for generating programs written in PL2.

Compilation strategies. The compilation step (C.1) in Table 3 uses the demotion
operation of Definition 2, which returns the term vc ↓ of type τ represented by
a code value vc of type 〈τ〉 (if such a term exists). One could adopt a lazier
compilation strategy, which delays the compilation of parts of the code. A lazy
strategy has the effect of delaying unresolved link errors, including the possibility
of never raising them (when part of the code is dead). For instance, a possible
clause for lazy demotion is retV (e) ↓= dn(e). A more aggressive approach is to
replace the compilation step with simplification rules

dn(up(e)) > e dn(cV ([xi]ei|i ∈ m)) > c([xi]dn(ei[xi: = up(xi)])|i ∈ m)

However, one must modify the type system to ensure the SR and progress prop-
erty,but changing the type schema for dn to 〈τ〉⇒τ is not enough!

Type systems. We have adopted a simple type system for MMML, which does
not detect statically all run-time errors. In particular, we have not included the
closed type constructor [τ ] of MetaML for two reasons:

1. there are alternative approaches to prevent link errors incomparable with
the closed type approach (e.g. the region-based approach of [17] and the
environment classifier approach of [11])

2. it requires dead-code annotations (x)e that are instrumental to the proof of
type safety.

Better type systems are desirable not only for detecting errors statically, but
also to provide more accurate type schema for dn, e.g. dn: [〈τ〉]⇒τ , which could
justify replacing the compilation step by local simplification rules (see above).
[10] is the best attempt up-to-date in addressing typing issues, although it does
not explicitly consider computational effects. The adaptation of Nanevski’s type
system to MMML, e.g. refining code types 〈τ |C〉 with a set C of names, is a
subject for further research. Also the type system of [11] (where one has several
code type constructors 〈τ〉α, corresponding to different ways of representing
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terms) could be adapted to MMML, but at a preliminary check it seems that the
more accurate type schema (∀α.〈τ〉α)⇒∀α.τ for dn is insufficient to validate the
local simplification rules for compilation.

Uniform representation in Logical Frameworks. The code types of MMML pro-
vide a uniform representation of terms, similar to the (weak) Higher-Order Ab-
stract Syntax (HOAS) encoding of object logics in a logical framework (LF).
Of course, in a LF there are stronger requirements on HOAS encodings, but
any advance in the area of LF is likely to advance the state-of-the-art in meta-
programming. Recently [10] has made significant advances in the area of in-
tensional analysis, i.e. , the ability to analyze code (see [14]), by building on
[13].

Monadic intermediate languages. [1] advocates the use of MIL for expressing
optimizing transformations. Also MMML could be used for this purpose, but for
having non-trivial optimizations one has to introduce more aggressive simplifi-
cations (than those strictly needed for defining the operational semantics) and
refine monadic types with effect information as done in [1]. In general, we expect
β-conversion @(λ([x]e2), e1) ≈ e2[x: = e1] and the following equivalences to be
observationally sound

– do(ret(e1), [x]e2) ≈ e2[x: = e1]
– cM ([xi]ret(ei)|i ∈ m) ≈ ret(cV ([xi]ei|i ∈ m))

while other equivalences, like @V (λV ([x]e2), e1) ≈ e2[x: = e1], are more fragile
(e.g. they fail when the language is extended with intensional analysis).

Acknowledgments. We thank Francois Pottier, Amr Sabry, Walid Taha for
useful discussions, and the anonymous referees for their valuable comments.
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Abstract. Combining Higher Order Abstract Syntax (HOAS) and (co)-
induction is well known to be problematic. In previous work [1] we
have described the implementation of a tool called Hybrid, within Is-
abelle HOL, which allows object logics to be represented using HOAS,
and reasoned about using tactical theorem proving and principles of
(co)induction. Moreover, it is definitional, which guarantees consistency
within a classical type theory. In this paper we describe how to use it
in a multi-level reasoning fashion, similar in spirit to other meta-logics
such FOλ∆IN and Twelf. By explicitly referencing provability, we solve
the problem of reasoning by (co)induction in presence of non-stratifiable
hypothetical judgments, which allow very elegant and succinct specifica-
tions. We demonstrate the method by formally verifying the correctness
of a compiler for (a fragment) of Mini-ML, following [10]. To further ex-
hibit the flexibility of our system, we modify the target language with
a notion of non-well-founded closure, inspired by Milner & Tofte [16]
and formally verify via co-induction a subject reduction theorem for this
modified language.

1 Introduction

Higher Order Abstract Syntax (HOAS) is a representation technique, dating
back to Church, where binding constructs in an object logic are encoded within
the function space provided by a meta-language based on a λ-calculus. This
specification is generic enough that sometimes HOAS has been identified [12]
merely with a mechanism to delegate α-conversion to the meta-language. While
this is important, it is by no means the whole story. As made clear by the LF
and λProlog experience, further benefits come when, for an object logic type i,
this function space is taken to be i⇒ i, or a subset of it. Then object-logic sub-
stitution can be rendered as meta-level β-conversion. A meta-language offering
this facility is a step up, but there is still room for improvement. Experiments
such as the one reported in [17] suggest that the full benefits of HOAS can only
be enjoyed when it is paired with hypothetical and parametric judgments. A
standard example is the full HOAS encoding of type-inference in which the type
environment of a term is captured abstractly without any reference to a list of
variable/type pairs. Though this is appealing, such judgments are generally not
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inductive since they may contain negative occurrence of the predicate being de-
fined. This raises the question of how we are going to reason on such encodings,
in particular, are there induction and case analysis principles available?

A solution that has emerged in the last five years is that specification and
(inductive) meta-reasoning should be dealt with in a single system but at differ-
ent levels. One such meta-logic is Miller & McDowell FOλ∆IN [14]; it is is based
on higher-order intuitionistic logic augmented with definitional reflection [8] —
to provide support for case analysis — and induction on natural numbers. Con-
sistency is ensured by cut-elimination. Inside this meta-language they develop a
specification logic (SL) which in turn it is used to specify the object-logic (OL)
under study. This partition solves the problem of meta-reasoning in the pres-
ence of negative occurrences, since hypothetical judgments are now encapsulated
within the OL and therefore not required to be inductive. The price to pay is
this additional layer where we explicitly reference provability and the necessity
therefore of a sort of meta-interpreter (the SL logic) to access it.

Very recently, Felty [6] has suggested that, rather than implementing an
interactive theorem prover for FOλ∆IN from scratch, the latter can be simulated
within an existing system (Coq in that case); in particular, definitional reflection
is mimicked by the elimination rules of inductive types. Nevertheless, this is
not quite enough, as reasoning by inversion crucially depends on simplifying in
the presence of constructors. Since some of the higher-order ones may be non-
inductive, Felty recurs to the assumption of a set of axioms stating the freeness
and extensionality properties of constructors in the given signature. Under those
conditions the author shows, in the example of the formalization of subject
reduction for Mini-ML, how it is possible to replicate, in an well-understood and
interactive setting, the style of proofs typical of FOλ∆IN ; namely the result is
proven without “technical” lemmas foreign to the mathematics of the problem.

In previous work [1] we have described the implementation of a higher-order
meta-language, called Hybrid, within Isabelle HOL, which provides a form of
HOAS for the user to represent object logics. The user level is separated from
the infrastructure, in which HOAS is implemented definitionally via a de Bruijn
style encoding.

In this paper we adopt most of Felty’s architecture, with the notable differ-
ence of using Hybrid rather than Coq as the basic meta-language. A graphical
depiction of the proposed architecture is in Figure 1. Moreover, we take a further
departure in design: we suggest to push at the OL only those judgments which
would not be inductive, and to leave the rest at the Isabelle HOL level. We claim
that this framework has several advantages:

– The system is more trustworthy: freeness of constructors and more impor-
tantly extensionality properties at higher types are not assumed, but proven
via the related properties of the infrastructure, see Subsection 3.1.

– The mixing of meta-level and OL judgments makes proofs more easily mech-
anizable and allows us to use co-induction which is still unaccounted for in
a logic such as FOλ∆IN .
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Hybrid

Isabelle/Hol

Specification logic

Object logic

Syntax: lam x . E x, fix x . E x . . .

Semantics: typing Γ � E : τ ,
compilation η � F ↔ e

Sequent calculus: Φ �n G,
prog clauses, induction on height

Meta-language: “Datatype”
for a λ-calculus

Tactics/Simplifier
HOL (co)induction

Fig. 1. Multi-Level Architecture

– More in general, there is a fruitful interaction between (co)-induction prin-
ciples, Isabelle HOL datatypes, classical reasoning and hypothetical judg-
ments, which tends to yield more automation than in a system such as Coq.

Our approach is also comparable with Twelf [21] (see Section 6), but is has a low
mathematical overhead, as it simply consists of a package on top of Isabelle HOL.
In a sense, we could look at Hybrid as a way to “compile” HOAS meta-proofs,
such as Twelf’s, into the well-understood setting of higher-order logic.

We demonstrate the method by formally verifying the correctness of (part
of) a compiler for a fragment of Mini-ML, following [10]. To further exhibit the
flexibility of our system, we modify the target language with a notion of non-
well-founded closure, inspired by Milner & Tofte’s paper [16] and formally verify,
via co-induction, a subject reduction theorem for this new language.

The paper is organized as follows: in the next Section 2 we introduce at the
informal level the syntax and semantics of our case study. Section 3 recalls some
basics notion of Hybrid and its syntax-representing techniques. In Section 4 we
introduce the multi-level architecture, while Section 5 is the heart of the paper,
detailing the formal verification of compiler correctness. We conclude with a few
words on related and future work (Section 6 and 7).

We use a pretty-printed version of Isabelle HOL concrete syntax; a rule
(a sequent) with conclusion C and premises H1 . . . Hn will be represented
as [[ H1; . . . ; Hn ]] =⇒ C. An Isabelle HOL type declaration has the form
s : : [ t1, . . . tn ]⇒ t. Isabelle HOL connectives are represented via the usual log-
ical notation. Free variables (upper-case) are implicitly universally quantified.
The sign “==” (Isabelle meta-equality) is used for equality by definition,

∧
for

Isabelle universal meta-quantification. The keyword MC-Theorem denotes a
machine-checked theorem, while (Co)Inductive introduces a (co)inductive rela-
tion in Isabelle HOL. We have tried to use the same notation for mathematical
and formalized judgments. To facilitate the comparison with the Hannan & Pfen-
ning’s approach, we have used the same nomenclature and convention as [18].
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2 The Case Study

Compiler verification can be a daunting task, but it is a good candidate for
mechanization. Restricting to functional languages (see [11] for issue related to
compilation of Java for example), some first attempts were based on denota-
tional semantics [3, 13]. Using instead operational semantics has the advantage
that the meaning of both high and low level languages can be expressed in a
common setting. In particular, operational semantics and program translations
can be represented using deductive systems. This approach started in [4]1. Other
papers, for example [9], have explored aspects of higher-order encoding of ab-
stract machines and compilation and [10] contains the first attempt to carry
formal verification of compiler correctness in LF. Only recently the notion of
regular world introduced in [21] provides a satisfying foundation for the theory
of mode, termination and coverage checking [19], which has been developed to
justify using LF for meta-reasoning.

We follow the stepwise approach to compilation in [10]; however, for reason
of space, we limit ourselves to the verification of the correspondence between
the big-step semantics of a higher-order functional language and the evaluation
to closure of its translation into a target language of first-order expressions.
For interest, though, we add a co-inductive twist due to Milner & Tofte [16] in
the treatment of fix points, which is analogous to the semantics of letrec in the
original formulation of Mini-ML.

The language we utilize here is a strict lambda calculus augmented with a
fix point operator, although it could be easily generalized to the rendition of
Mini-ML in [18]. This fragment is sufficient to illustrate the main ideas without
cluttering the presentation with too many details. The types and terms of the
source language are given respectively by:

Types τ ::= i | τ1 arrow τ2

Terms e ::= x | lam x . e | e @ e′ | fix x . e

The rules for call-by-value operational semantics (e ⇓ v) and type inference (Γ �
e : τ) are standard and are omitted — see Subsection 4.2 for the implementation.
The usual subject reduction for this source language holds.

2.1 Compilation

We start the compilation process by translating the higher-order syntax into a
first-order one. Terms are compiled into a simple calculus with explicit substi-
tutions, where de Bruijn indexes are represented by appropriate shifting on the
1 numeral:

dB Terms F ::= 1 | F ↑ | lam′ F | F @′ F ′ | fix′ F

1 A partial verification via first-order encoding can be found in [2].
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Then we introduce environments and closures:

Environments η ::= · | η; W | η + F
Values W ::= {η, F}

In this setting the only possible values are closures, yet the presence of fix-
points requires environments to possibly contain unevaluated expressions, via
the environment constructor ‘+’. We will see in Subsection 2.2 how this can be
refined using a notion of non-well-founded closure.

The operational semantics of this language (judgment η � F ↪→ W ) uses
environments to represent mappings of free variables to values and closures for
terms whose free variables have values in the environment. We remark that due
to the presence of unrestricted fix points, the rule fev 1+ in not just a look-up,
but requires the evaluation of the body of the fix point.

fev 1
η; W � 1 ↪→W

η � F ↪→ W
fev ↑

η; W ′ � F ↑↪→W

η � F ↪→W
fev 1+

η + F � 1 ↪→W

η � F ↪→W
fev ↑+

η + F ′ � F ↑↪→W

fev lam′
η � lam′ F ↪→ {η, lam′ F}

η + fix′ F � F ↪→W
fev fix′

η � fix′ F ↪→W

η � F1 ↪→ {η′, lam′ F ′
1} η � F2 ↪→W2 η′; W2 � F ′

1 ↪→W
fev @′

η � F1 @′ F2 ↪→W

The judgment η � F ↔ e (Figure 2) elegantly accomplishes the translation
to the dB language using parametric and hypothetical judgments for the binding
constructs: for the fix point, we assume we have extended the environment with
a new expression parameter f ; in the function case, the parameter w ranges over
values and the judgment is mutually recursive with value translation, W ⇔ v.
As remarked in [18], this translation is total, but can be non-deterministic, when
η and e are given and F is computed.

The verification of compiler correctness can be graphically represented as:

e
e ↪→ v � v

≡

F

η � F ↔ e

�

η � F ↪→ W
� W

W ⇔ v

�

We discuss the statement and the proof once we provide the mechanization in
Section 5.
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u
w ⇔ x

...
η; w � F ↔ e

tr lamw,x,u

η � lam′ F ↔ lam x . e

u
η � f ↔ x

...
η + f � F ↔ e

tr fixf,x,u

η � fix′ F ↔ fix x . e

W ⇔ e
tr 1

η; W � 1 ↔ e

η � F ↔ e
tr ↑

η; W � F ↑↔ e

η � F ↔ E
tr 1+

η + F � 1 ↔ e

η � F ↔ e
tr ↑+

η + F ′ � F ↑↔ e

η � F1 ↔ e1 η � F2 ↔ e2
tr app

η � F1 @′ F2 ↔ e1@ e2

η � lam′ F ↔ lam x . e
vtr lam

{η, lam′ F} ⇔ lam x . e

Fig. 2. Translation to modified dB terms and values

2.2 Compilation via Non-Well-Founded Closures

In order to illustrate the flexibility of our approach we now depart from [18]
and draw inspiration from [16] to give a different and simplified treatment of fix
points. First, we take up the SML-like restriction that the body of a fix point is
always a lambda. Then the idea is simply to allow a fix point to evaluate to a
“circular” closure, where, intuitively, the free variable points to the closure itself.
This means swapping the following rule for fev fix′ and dropping rules fev 1+

and fev ↑+. The analogous rules in the translation are also dropped.

cl = {(η; cl), lam′ F}
fev fix′ ∗

η � fix′ (lam′ F ) ↪→ cl

This amounts to a non-well-founded notion of closure. Other versions are possi-
ble, viz. recursive environments, see [4] for a discussion.

To exemplify the style of co-inductive reasoning entailed, we adapt the proof
of subject reduction for closures in [16]. First we introduce typing for dB terms:

ftp 1
∆; τ � 1 : τ

∆ � F : τ
ftp ↑

∆; τ ′ � F ↑: τ

∆; τ � F : τ ′
ftp lam′

∆ � lam′ F : τ arrow τ ′

∆; τ � F : τ
ftp fix′

∆ � fix′ F : τ

∆ � F1 : τ ′ arrow τ ∆ � F2 : τ ′
ftp @′

∆ � F1 @′ F2 : τ

Typing of closures can be seen as taking the greatest fix point of the following
rules, where we refer the reader to ibid. for motivation and examples:
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∆ � lam′ F : τ η :′ ∆
tpc

{η, lam′ F} : τ
etp·

· :′ ·
W : τ η :′ ∆

etp;
(η; W ) :′ (∆; τ)

We note the “circularity” of rule tpc and etp;, where the former requires well-
typedness of value environment w.r.t. type environment.

Theorem 1 (Subject reduction for closures [16]).
Let η :′ ∆. If η � F ↪→ W and ∆ � F : τ , then W : τ .

3 Hybrid Infrastructure

We briefly recall that the theory Hybrid [1] provides support for a deep em-
bedding of higher-order abstract syntax within Isabelle HOL. In particular, it
provides a model of the untyped λ-calculus with constants. Let con denote a
suitable type of constants. The model comprises a type expr together with func-
tions

CON :: con ⇒ expr $$ :: expr ⇒ expr ⇒ expr
VAR :: nat ⇒ expr lambda :: (expr ⇒ expr)⇒ expr

and two predicates proper : : expr ⇒ bool and abstr : : (expr ⇒ expr ) ⇒ bool .
The elements of expr which satisfy proper are in one-to-one correspondence with
the terms of the untyped λ-calculus modulo α-equivalence. The function CON
is the inclusion of constants into terms, VAR is the enumeration of an infinite
supply of free variables, and $$ is application. The function lambda is declared
as a binder and we write LAM v. e for lambda (λ v. e).

For this data to faithfully represent the syntax of the untyped λ-calculus, it
must be that CON, VAR, $$ are injective on proper expressions and furthermore,
lambda is injective on some suitable subset of expr ⇒ expr . This cannot the
whole of expr ⇒ expr for cardinality reasons. In fact, we need only a small
fragment of the set. The predicate abstr identifies those functions which are
sufficiently parametric to be realized as the body of a λ-term, and lambda is
injective on these. This predicate can be seen as a full HOAS counterpart of
the valid1 judgment in [5], but it must be defined at the de Bruijn level, since
a higher-order definition would require a theory of n-ary abstractions, which is
the object of current research.

There is a strong tradition in the HOL community of making extensions by
definition wherever possible. This ensures the consistency of the logic relative
to a small axiomatic core. Hybrid is implemented in a definitional style using a
translation into de Bruijn notation. The type expr is defined by the grammar

expr ::= CON con | VAR var | BND bnd | expr $$ expr | ABS expr

The translation of terms is best explained by example. Let TO = Λ V1. Λ V2. V1 V3

be an expression in the concrete syntax of the λ-calculus. This is rendered in
Hybrid as TH = LAM v1. (LAM v2. (v1 $$ VAR 3)) — note the difference between
the treatment of free variables and of bound variables. Expanding the binder,
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this expression is by definition lambda (λ v1. (lambda λ v2. (v1 $$ VAR 3))), where
λvi is meta-abstraction. The function lambda : : (expr ⇒ expr) ⇒ expr is de-
fined so as to map any function satisfying abstr to a corresponding proper de
Bruijn expression. Again, it is defined as an inductive relation on the underlying
representation and then proven to be functional. The expression TH is reduced
by higher-order rewriting to the de Bruijn term ABS (ABS (BND 1 $$ VAR 3)).
Given these definitions, the essential properties of Hybrid expressions can be
proved as theorems from the properties of the underlying de Bruijn representa-
tion: for instance, the injectivity of lambda

[[ abstr E; abstr F ]] =⇒ (LAM v. E v = LAM v. F v) = (E = F ) INJ

and extensionality [[ abstr E; abstr F ; ∀i. E (VAR i) = F (VAR i) ]] =⇒ E = F .
Several principles of induction over proper expressions are also provable.

3.1 Coding the Syntax of OL System in Hybrid

We begin by showing how to represent (a fragment of) Mini-ML in Hybrid. In
order to render the syntax of the source language in HOAS format we need con-
stants for abstraction, application and fix point, say cAPP , cABS and cFIX .
Recall that in the meta-language application is denoted by infix $$, and abstrac-
tion by LAM. Then the source language corresponds to the grammar:

e ::= v | cABS $$ (LAM v. e v) | cAPP $$ e1 $$ e2 | cFIX $$ (LAM v. e v)

Thus, we declare these constants to belong to con and then make the following
definitions :

@ : : [ exp, exp ]⇒ exp lam : : (exp ⇒ exp)⇒ exp
e1 @ e2 == CON cAPP $$ e1 $$ e2 lam x . E x == CON cABS $$ LAM x. e E

and similarly for the fix point, where lam (resp. fix) is indeed an Isabelle HOL
binder. For example, the “real” underlying form of fix x . lam y . x @ y is

CON cFIX $$ (LAM x. CON cABS $$ LAM y. (CON cAPP $$ x $$ y)

It is now possible to prove the freeness properties of constructors.

MC-Theorem 1. The constructors have distinct images; for example,
lam x . E x 
= fix x . E′ x. Furthermore, every binding constructor is injec-
tive on abstractions; for example, [[ abstr E; abstr E′ ]] =⇒ (fix x . E x =
fix x . E′ x) = (E = E′).

This is proven via Isabelle HOL’s simplification, using property INJ .
Although dB expressions are strictly first-order, we still need to encode them

as Hybrid expressions. In fact, we will use for compilation a judgment which is
parametric in (higher-order) terms, dB expression and values. Therefore they all
have to be interpreted via the SL universal quantification and consequently need
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to be synonymous to Hybrid (proper) terms, to make the universal quantification
consistent2. The encoding is trivial and the details omitted.

The informal definition of environments and closure is by mutual recursion.
Since our aim here is also to show how Hybrid expressions can coexist with
regular Isabelle HOL ones, we will use Isabelle HOL mechanism for mutually
inductive datatypes. This brings about the declaration of a datatype of poly-
morphic environments, intended to be instantiated with a value. Environments
can be now mutually recursive with closures, where the type synonymous exp′

is retained for forward compatibility with Subsection 5.1:

datatype (α env) ::= · | (α env) ; α | (α env) + exp′

and α clos ::= mk clo (α env) exp′

Then we introduce in con a constructor, say cCLO(val clos), which encapsulates
a Isabelle HOL closure. Finally, we can define a Hybrid closure as a constant of
type [ (val env), exp′ ] ⇒ val , defined as {η, F} == CON (cCLO (mk clo η F )).
Thanks to this rather cumbersome encoding, we can establish freeness properties
of closures as in Theorem 1.

4 Multi-level Architecture

In previous work [1, 17], we chose to work in a single level, implementing every
judgment as a (co)inductive definition in Isabelle HOL, but exploiting the form
of HOAS that our package supports. While the tool seemed successful in dealing
with predicates over closed terms, say evaluation, we had to resort to a more
traditional encoding, i.e. via explicit environments, with respect to judgments
involving open ones such as typing. As we have mentioned earlier, a two-level
approach solves this dilemma.

4.1 Encoding the Specification Logic

We introduce our specification logic, namely a fragment of second-order heredi-
tary Harrop formulae, which is sufficient for the encoding of our case-study.

Clauses D ::= A | D1 and D2 | G imp A | tt | all x. D
Goals G ::= A | G1 and G2 | A imp G | tt | all x. G

This syntax translates immediately in a Isabelle HOL datatype:

datatype oo ::= tt | 〈atm〉 | oo and oo | atm imp oo | all (prpr⇒ oo)

where 〈 〉 coerces atoms into propositions. The universal quantifier is intended
to range over all proper Hybrid terms. In analogy with logic programming, it will
be left implicit in clauses.
2 This is because Hybrid, in its current formulation, provides only what amounts to

an untyped meta-language. This is being addressed in the next version
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This logic is so simple that its proof-system can be modeled with a logic
programmer interpreter; in fact, for such a logic, uniform provability [15] (of a
sequent-calculus) is complete. We give the following definition of provability:

Inductive � :: [nat , (atmlist), oo ]⇒ bool
=⇒ Φ �n tt

[[ Φ �n G1; Φ �n G2 ]] =⇒ Φ �n+1 (G1 and G2)
[[ ∀x. Φ �n (G x) ]] =⇒ Φ �n+1 (all x. G x)

[[ Φ, A �n G ]] =⇒ Φ �n+1 (A imp G)
[[ A ∈ Φ ]] =⇒ Φ �n 〈A〉

[[ A←− G; Φ �n G ]] =⇒ Φ �n+1 〈A〉
Note the following:

– Only atomic antecedent are required in implications which therefore yield
only atomic contexts.

– Atoms are provable either by assumptions or via backchaining over a set of
Prolog-like rules, which encode the properties of the object-logic in question.
The suggestive notation A←− G corresponds to an inductive definition of a
set prog of type [ atm, oo ]⇒ bool , see Subsection 4.2. The sequent calculus
is parametric in those clauses and so are its meta-theoretical properties.

– Sequents are decorated with natural numbers which represent the height of
a proof; this measure allows reasoning by complete induction.

– For convenience we define Φ � G iff ∃n. Φ �n G and � G iff ·� G.
– The very fact that provability is inductive makes available inversion princi-

ples as elimination rules of the aforementioned definition. In Isabelle HOL
(as well as in Coq) case analysis is particularly well-supported as part of the
datatype/inductive package. For example the inversion theorem that analy-
ses the shape of a derivation ending in an atom from the empty context is
obtained simply with a call to the built-in mk cases function, which special-
izes the elimination principle to the given constructors:

[[ ·�i 〈A〉;
∧

G j. [[ A←− G; ·�j G; i = j + 1 ]] =⇒ P ]] =⇒ P

– The adequacy of the encoding of the SL can be established as in [14].

MC-Theorem 2 (Structural Rules). The following rules are provable:

1. Weakening for numerical bounds: [[ Φ �n G; n < m ]] =⇒ Φ �m G
2. Context weakening: [[ Φ � G; Φ ⊆ Φ′ ]] =⇒ Φ′ � G
3. (Atomic) cut: [[ Φ, A � G; Φ � 〈A〉 ]] =⇒ Φ � G

Proof.

1. The proof, by structural induction on sequents, consists of a one-line call
to an automatic tactic using the elimination rule for successor (from the
Isabelle HOL library) and the introduction rules for the sequent calculus.
This compared to the much longer proof of the same statement in Coq
reported in [6].



Multi-level Meta-reasoning with Higher-Order Abstract Syntax 385

2. By a similar fully automated induction on the structure of the sequent deriva-
tion.

3. Cut is a corollary of the following lemma:

[[ Φ′ �i G; Φ′ = set (Φ, A); Φ �j 〈A〉 ]] =⇒ Φ �i+j G

easily proven by induction on the structure of the derivation of Φ′�iG, using
library facts relating set and list memberships.

4.2 Encoding the Object Logic

We introduce a datatype atm to encode the atomic formulae of the OL, which
in this case study includes

datatype atm ::= exp : tp | exp ⇓ exp | (val env) � exp′ ↔ exp | val ⇔ exp

We can now give the clauses for the OL deductive systems; we start with
typing and evaluation:

Inductive ←− :: [ atm, oo ]⇒ bool
=⇒ (E1 @ E2) : T ←− 〈E1 : (T ′ arrow T )〉 and 〈E2 : T ′〉

[[ abstr E ]] =⇒ (lam x . E x) : (T1 arrow T2)←− allx. (x : T1) imp 〈(E x) : T2〉
[[ abstr E ]] =⇒ (fix x . E x) : T ←− allx. (x : T ) imp 〈(E x) : T 〉

[[ abstr E ]] =⇒ lam x . E x ⇓ lam x . E x←− tt

[[ abstr E′
1 ]] =⇒ E1 @ E1 ⇓ V ←−

〈E1 ⇓ lam x . E′
1 x〉 and 〈E2 ⇓ V2〉 and 〈(E′

1 V2) ⇓ V 〉
[[ abstr E ]] =⇒ fix x . E x ⇓ V ←− 〈E (fix x . E x) ⇓ V 〉

Note the presence of the abstraction annotations as Isabelle HOL premises in
rules mentioning binding construct. This in turn allows to simulate definitional
reflection via the built-in elimination rules of the prog inductive definition with-
out the use of additional axioms. For example inversion on the function typing
rule is:

[[ lam x . E x : τ ←− G;
∧

F, T1, T2. [[ abstr F ; G=all x. (x : T1) imp 〈F x : T2〉);
lambda E= lambda F ; τ =(T1→T2) ]]=⇒P ]]=⇒P

Note also how the inversion principle has an explicit equation lambda E =
lambda F (whereas definitional reflection employs unification) and those are solv-
able under the assumption that the body of a lambda term is well-behaved, i.e. an
abstraction.

Now we can address the meta-theory, starting, for example, with the subject
reduction theorem:

MC-Theorem 3 (OL Subject Reduction).
∀n. (·�n E ⇓ V ) =⇒ ∀T. (� E : T )→ (� V : T ).
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Proof. The proof is by complete induction on the height of the derivation of
evaluation, analogously to [6] (except with an appeal to Theorem 1 rather than
to the distinctness axioms).

As we remarked, the main reason to reference provability is the intrinsic incom-
patibility of induction with hypothetical (non-stratifiable) judgments. Since the
definition of evaluation makes no use of hypothetical judgments, it is perfectly
acceptable at the meta-level, that is, we can directly give an inductive definition
for it.

Inductive ⇓ :: [ exp, exp ]⇒ bool
[[ E1 ⇓ lam x . E′ x; abstr E′;

E2 ⇓ V2; (E′ V2) ⇓ V ]] =⇒ (E1 @ E2) ⇓ V
[[ abstr E ]] =⇒ lam x . E x ⇓ lam x . E x

[[ abstr E; (E (fix x . E)) ⇓ V ]] =⇒ fix x . E ⇓ V

Moreover, it is easy to show (formally) the two encodings equivalent:

MC-Theorem 4. E ⇓ V iff ·�n E ⇓ V .

Proof. Left-to-right holds by structural induction. The converse is by complete
induction.

This suggest we delegate to the OL level only those judgments, such as typing,
which would not be inductive at the meta-level. This has the benefit of limiting
the indirect-ness of using an explicit SL. Moreover, it has the further advantage
of replacing complete with structural induction, which is better behaved from
a proof-search point of view. Complete induction, in fact, places an additional
burden to the user by requiring him/her to provide the correct instantiation for
the height of the derivation in question. Thus subject reduction at the meta-level
has the form:

MC-Theorem 5 (Meta-level Subject Reduction).
E ⇓ V =⇒ ∀T. (� E : T )→ (� V : T ).

Proof. By structural induction on evaluation, using only inversion principles on
provability and OL typing.

5 Formal Verification of Compilation

Similarly, we implement evaluation to closures η � F ↪→W at the meta-level as
a straightforward (i.e. entirely first-order) inductive definition, whose rules we
omit. Compilation to dB expressions and values is instead represented at the OL
level.

=⇒ η � (F1 @′ F2)↔ (E1 @ E2)←−
〈η � F1 ↔ E1〉 and 〈η � F2 ↔ E2〉

[[ abstr E ]] =⇒ η � lam′ F ↔ (lam x . E x)←−
all w. all x. w ⇔ x imp 〈(η; w) � F ↔ (E x)〉
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[[ abstr E ]] =⇒ η � fix′ F ↔ (fix x . E x)←−
all f. allx. η � f ↔ x imp 〈(η + f) � F ↔ (E x)〉

=⇒ (η; W ) � 1↔ E ←− 〈W ⇔ E〉
=⇒ (η; W ) � F ↑↔ E ←− 〈η � F ↔ E〉

[[ abstr E ]] =⇒ {η, lam′ F} ⇔ lam x . E x←− 〈η � lam′ F ↔ lam x . E x〉
We can now tackle the verification of compiler correctness:

MC-Theorem 6 (Soundness of Compilation).
E ⇓ V =⇒ ∀n η F. (· �n η � F ↔ E)→ ∃W. η � F ↪→W ∧ (� W ⇔ V )

Proof. The informal proof proceeds by lexicographic induction on the pair con-
sisting of the derivation D of E ⇓ V and C of η � F ↔ E. We examine
one case, both formally and informally to demonstrate the use of hypothetical
judgments and its realization in the system. Let D end in ev app and assume
η � F ↔ e1 @ e2. Inversion on the latter yields three cases. Let’s consider only
the last one, where F = F1 @′ F2 such that η � F1 ↔ e1 and η � F2 ↔ e2. By
IH, η � F2 ↪→W2 and W2 ⇔ v2. Moreover, η � F1 ↪→ W1 and W1 ⇔ lam x . e′1.
By inversion, W1 = {η1, lam′ F ′

1} and η1 � lam′ F ′
1 ↔ lam x . e′1. By a further

inversion we have a proof of η1; w � F ′
1 ↔ e′1 under the parametric assump-

tion w ⇔ x. Now substitute W2 for w and v2 for x: since W2 ⇔ v2 holds, we
infer η1; W2 � F ′

1 ↔ [v2/x]e′1. We can now apply the IH once more yielding
η1; W2 � F ′

1 ↪→ W3 and W3 ⇔ v. The case is finished with an appeal to rule
feval app.

In the formal development we proceed by a nested induction, the outermost
on the structure of E ⇓ V and the innermost by complete induction on n,
representing the height of the SL’s proof of η � F ↔ E. Let
IH(E, V ) = ∀n η F. · �n 〈η � F ↔ E〉 → ∃W. η � F ↪→ W ∧ � 〈W ⇔ V 〉 and
G = ∃W. η � F1 @′ F2 ↪→ W ∧� 〈W ⇔ V 〉. Then the case for application from
the outermost induction is, omitting the innermost IH which is not used here:

[[ E1 ⇓ lam x . E′ x; IH(E1, lam x . E′
1 x); abstr E′; E2 ⇓ V2; IH(E2, V2);

(E′ V2) ⇓ V ; IH((E′ V2), V ); ·�n 〈η � F1 ↔ E1〉 and 〈η � F2 ↔ E2〉 ]] =⇒ G

Eliminating the SL conjunction “and” and applying twice the IH, we get:

[[ . . . ∃W. η � F1 ↪→W ∧� 〈W ⇔ lam x . E′ x〉; ∃W. η � F2 ↪→W ∧ . . . ]] =⇒ G

Now we perform inversion on W ⇔ lam x . E′ x and simplification:

[[ . . . � 〈η � lam′ F ′
1 ↔ lam x . E′

1 x〉 . . . ]] =⇒ G

More inversion on η1 � lam′ F ′
1 ↔ lam x . E′

1 x, plus Hybrid injectivity to solve
lambda E = lambda E′

1:

[[ . . . η � F1 ↪→ {η1, lam′ F ′
1}; η � F2 ↪→ W2; � 〈W2 ⇔ V2〉;

� allw. all x. (w ⇔ x imp 〈η1; w � F ′
1 ↔ (E′

1 x)〉) ]] =⇒ G
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We now invert on the (proof of the) parametric and hypothetical judgment and
then instantiate w with W2 and x with V2:

[[ . . . η � F1 ↪→ {η1, lam′ F ′
1}; η � F2 ↪→ W2; � 〈W2 ⇔ V2〉;

W2 ⇔ V2 � 〈η1; W2 � F ′
1 ↔ (E′

1 V2)〉 ]] =⇒ G

After a cut we can apply the IH to η1; W2 � F ′
1 ↔ (E′

1 V2) yielding η1; W2 �
F ′

1 ↪→W . Then the proof is concluded with the introduction rule for application.

The converse does not contribute any new ideas and we leave it to the on-line
documentation:

MC-Theorem 7 (Completeness of Compilation).
η � F ↪→W =⇒ ∀n E. (·�n η � F ↔ E)→ ∃V. E ⇓ V ∧� W ⇔ V

Proof. By structural induction on η � F ↪→W and inversion on ·�n η � F ↔ E.

5.1 Implementation of Subject Reduction for Closures

We now turn to the co-inductive part. Ideally, we would implement closures and
environment as a co-datatype; indeed, this is possible in Isabelle/ZF, but not at
the moment in Isabelle HOL. We then resort to a definitional approach where we
introduce a Hybrid constant { , }∞ :: [ (val env), exp′ ]⇒ val and we prove it to
be injective as usual. There are alternatives; for example we have implemented
on operational semantics with recursive closures, but we present here the above
to be faithful to [16]. On the other hand, as remarked in Subsection 2.2, since
we will not need the + environment constructor anymore, nothing prevents us
from encoding here dB expressions with a Isabelle HOL datatype:

datatype exp′ ::= 1 | exp′ ↑| lam′ exp′ | exp′ @′ exp′ | fix′ exp′

We only mention the new “circular” rule:

Inductive � ↪→ :: [ (val env), exp′, val ]⇒ bool
[[ cl = {(η; cl), lam′ F}∞ ]] =⇒ η � fix′ (lam′ F ) ↪→ cl

We declare a standard HOL datatype for types environments tenv and we encode
the judgment ∆ � F : τ with an inductive definitions of type [[ tenv , exp′, tp ]]⇒
bool , whose rules are obvious and again omitted. More interestingly, we introduce
typing of closures and type consistency of value and type environments as a
mutually co-inductive definition:

Coinductive : :: [ val , tp ]⇒ bool
:′ :: [ (val env), tenv ]⇒ bool

[[ ∆ � lam′ F : τ ; η :′ ∆ ]] =⇒ {η, lam′ F}∞ : τ

=⇒ · :′ ·
[[ W : τ ; η :′ ∆ ]] =⇒ (η; W ) :′ (∆; τ)
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MC-Theorem 8. η � F ↪→W =⇒ ∀T. η :′ ∆→ (∆ � F : τ → W : τ)

Proof. By structural induction on evaluation, where each case is proven with
an appeal to an automatic tactic, which uses appropriate elimination rules. The
only delicate case is the fix point, where we need to prove:

[[ cl = {(η; cl), lam′ F}∞; η :′ ∆; ∆ � fix′ (lam′ F ) : τ ]] =⇒ cl : τ

In Isabelle HOL (co)induction is realized set theoretically via the Knaster-
Tarski’s construction and the user provides the right set to be checked for density
w.r.t. the rule set. Since our definition is by mutual co-induction, the greatest
fix point is constructed as a disjoint sum. Thus, the right set turns out to be
{Inr(η; cl), Inl(∆; τ)}.

6 Related Work

We have so far concentrated on FOλ∆IN , but the other major contender in the
field is the Twelf project [20]. Meta-reasoning can be carried over in two comple-
mentary styles. In an interactive one [19], LF is used to specify a meta-theorem
as a relation between judgments, while a logic programming-like interpretation
provides the operational. Finally, external checks (termination, moded-ness, to-
tality) verify that the given relation is indeed a realizer for that theorem. The
second approach [21] is built on the idea of devising an explicit meta-meta-logic
for reasoning (inductively) about logical frameworks, in a fully automated way.
Mω is a constructive first-order logic, whose quantifiers range over possibly open
LF object over a signature. By the adequacy of the encoding, the proof of the
existence of the appropriate LF object(s) guarantees the proof of the correspond-
ing object-level property. It must be remarked that Twelf is not programmable
by tactics, nor does it support co-induction.

Other architectures are essentially one level. For lack of space, we refer to the
review in [1], but we just mention Honsell et al.’s framework [12], which embraces
an axiomatic approach to meta-reasoning with HOAS. It consists of higher-order
logic extended with a set of axioms parametric to a HOAS signature, including
the reification of key properties of names akin to freshness. A limited form of
recursion over HOAS syntax is also assumed. Similarly the FM approach [7]
aims to be a foundation of programming and reasoning with names in a one-
level architecture. It would be interesting to look at using a version of the “New”
quantifier in the specification logic, especially for those applications where the
behavior of the object-logic binder is not faithfully mirrored by a traditional
universal quantification at the SL-level, for example the π-calculus.

7 Conclusions and Future Work

We have presented a multi-level architecture to allow (co)inductive reasoning
about objects defined via HOAS in a well-known environment such as Isabelle
HOL. Similarly to [6] this has several benefits:
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– It is possible to replicate in an well-understood and interactive setting the
style of proof of FOλ∆IN , so all results are proven without “technical” lem-
mas foreign to the mathematics of the problem.

– Results about the specification logic, such as cut elimination, are proven once
and for all, if we are happy with that logic. Otherwise, different logics (say
linear) can be employed, without changing infrastructure. This would allow,
for example, the utilization of the most elegant encodings of the meta-theory
of functional programming with references proposed, for instance, in [14].

Differently to [6], our architecture is based not directly on a standard proof-
assistant, but on a package which builds a HOAS meta-language on top of such
a system. This allows us not to rely on any axiomatic assumptions, such as
freeness of HOAS constructors and extensionality properties at higher types,
which are now theorems. Another difference is the mixing of meta-level and OL
specifications, which we have shown makes proofs more easily mechanizable and
allows us to use co-induction which is still unaccounted for in FOλ∆IN . Finally,
by the simple reason that the Hybrid system sits on top of Isabelle HOL, we
benefit of the higher degree of automation of the latter.

As far as future work is concerned, we plan to further pursue our case study
by finally compiling our target language into a CAM-like abstract machine, as
in [10]. We shall also investigate co-inductive issues in compilation, starting with
verifying the equivalence between the standard operational semantics and the
one with non-well founded closures.

Note that in this case study we only needed to induct — either directly,
or on the height of derivations — over closed terms, although we extensively
reasoned in presence of hypothetical judgments. Inducting HOAS-style over open
terms is a major challenge [21]; in this setting generic judgments are particularly
problematic, but can be dealt with by switching to a more expressive SL, based
on a eigenvariable encoding [14]. While it is already simple enough to implement
such a logic, the new theory of n-ary abstractions which underlines the next
version of the Hybrid infrastructure will directly support this syntax, as well
as a form of Isabelle HOL-like datatypes over HOAS signatures. With that in
place, we will be able, for example, to revisit in a full HOAS style the material
in [17].

Source files for the Isabelle HOL code can be found at

www.mcs.le.ac.uk/~amomigliano/isabelle/2Levels/Compile/main.html
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Abstract. Higraphs, a kind of hierarchical graph, underlie a number of
sophisticated diagrammatic formalisms, including Statecharts. Naturally
arising from hierarchy in higraphs is an abstraction operation known
as zooming out, which is of profound importance to reasoning about
higraph-based systems. We motivate how, in general, the use of zoom-
ing in reasoning requires sophisticated extensions to the basic notion of
higraph and a careful definition of higraph dynamics (i.e. semantics),
which we contribute. Our main results characterise zooming by means
of a universal property and establish a precise relationship between the
dynamics of a higraph and that of its zoom-out.

1 Introduction

Recent years have witnessed a rapid, ongoing popularisation of diagrammatic no-
tations in the specification, modelling and programming of computing systems.
Most notable among them are Statecharts [5], a notation for modelling reactive
systems, and the Unified Modelling Language (UML), a family of diagrammatic
notations for object-based modelling. Being spatial rather than linear represen-
tations of computing systems, diagrams lend themselves to a variety of intuitive
structural manipulations, common among which are those implementing filtering
and abstraction operations to control the level of detail [10].

Often, such manipulations are employed to assist in the visualisation process
[10], as diagrams may grow impractically large even in economic and compact
notations. Of particular importance also are uses of filtering and abstraction in
the course of reasoning about the represented system. In that case, the user at-
tempts to simplify the reasoning task by considering a higher-level, more abstract
diagrammatic representation of the system in question, obtained by discarding
detail which is deemed irrelevant to the reasoning argument. Thus, a precise
relationship between the form (syntax) and meaning (semantics) of a diagram
resulting from filtering or abstraction and those of the original one is pre-requisite
to ensuring soundness of reasoning.
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Starting with higraphs, which are structures underlying a variety of sophisti-
cated diagrammatic formalisms in computing, we provide such a precise relation-
ship for a practically important filtering operation known as zooming out. Doing
so, we argue, requires sophisticated extensions to the basic notion of higraph
and a careful definition of zooming and of higraph dynamics (i.e. semantics),
all of which we contribute. So we give precise definitions of a meet higraphs, the
dynamics of meet-higraphs, and zooming-out of a meet-higraph. We further con-
tribute two main results. The first characterises one’s informal understanding of
zooming by means of the universal property of an adjunction. The other estab-
lishes how the dynamics of a higraph is reflected in the dynamics of its zoom-out,
as required for supporting the use of zooming in reasoning about higraph-based
systems.

The work in [4, 1], concerned with compositionality and modularity ques-
tions, also addresses some similar semantic issues. It does, however, require that
hierarchical graphs are extended to include, for each node, a set of “interface
points.” Here, we do not wish to rely on this kind of non-standard extension.
Instead we develop, explain and formalise our solution in terms only of the de-
vices, known as “stubs” or “loose edges”, which are already used in practice and
have been adopted in UML and other applications.

Thus, our work relates closely to Harel’s original formulation of higraphs [6]
and to the notions of “zooming out” and “loose higraph” which were briefly and
informally introduced therein. We have formalised these structures in [11, 2, 12].
After recalling our previous analyses and results from [12], our work here extends
our theory and develops new results. This is necessary, as we argue below, in
order to address important practical applications of higraphs which lie beyond
the scope of Harel’s original brief treatment. The latter focused zooming on
only a limited class of higraphs (those arising from Statecharts), but which are
clearly too restricted for other important applications, including the hierarchical
entity-relationship (ER) modelling of complex databases, also from [6].

The utility, nonetheless, of the framework of concepts and techniques which
we develop here extends beyond higraphs. The concept of hulls, for instance,
which is introduced and studied below, naturally pertains, more generally than
higraphs, to other graph-based notations which feature intersecting vertices.
There has been increasing computational interest in such notations, one recent
example being the Constraint diagrams [3] for use alongside UML.

In the following section we recall the most basic notions of higraph and
zooming, and we motivate the need for developing more subtle higraph structures
so as to support uses of zooming in reasoning. Meet higraphs, such suitably
sophisticated structures, are developed in Section 3. Hulls, a related but more
widely applicable concept, is independently developed in Section 4. In Section 5,
we define a zooming operation appropriate to meet-higraphs and prove the main
theorem asserting its intuitive universal property. A notion of dynamics for our
higraphs and the main theorem relating the dynamics of a meet higraph and
those of its zoom-out is the subject of Section 6. Finally, in the concluding
section we remark on how our work can benefit the development of software
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higraph in (a).
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(d) Simple zoom-out
of blob A in (a).

Fig. 1. Interpretation, completion and zooming on a higraph.

tools for higraph-based, as well as other diagrammatic notations. Owing to space
considerations, some proofs and lemmas are delegated to an Appendix.

2 Higraphs, Zooming and Reasoning

Higraphs are structures extending graphs by permitting spatial containment
among the nodes. Since their introduction by Harel [6] as a foundation for Stat-
echarts [5], higraphs have rapidly become prominent structures in computing.
Beyond Statecharts and UML, their diverse applications include notations for
the entity-relationship diagrams [6] of database theory and knowledge repre-
sentation, and for reasoning with temporal logics [8], as well as programming
languages, such Argos [9].

We recall from [11] the definition of an (ordinary) higraph:

Definition 1. A higraph is a quadruple (B, E; s, t : E → B), where B and E
are posets and s, t are monotone functions. ��

We refer to the elements of B as blobs and to those of E as edges, while
the functions provide for each e ∈ E its source s(e) and target t(e). The partial
order on B captures containment, and thus b ≤ b′ is interpreted as asserting the
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containment of b in b′, which trivially includes the case of b and b′ being the same
blob. The partial order on the edges is of lesser importance for the purposes of
the present paper. More broadly, however, it is a justified generalisation over
pictorial intuition and, as detailed in [11], also a necessary device in studying
completion (Fig. 1(c)) and “conflicts” among the edges. We write b < b′ to mean
(b ≤ b′ and b �= b′). Therefore, b �< b′ holds when b ≥ b′ or when b and b′ are
unrelated by the partial order. The spatial containment of blobs is commonly
referred to as depth.

Example 1. Fig. 1(a) may be seen as the pictorial representation of the higraph
with blobs {A, B, C, D, E, F} where B, C, D < A; edges {e1, e2, e3, e4} where
e2 < e1; s(e1) = E, t(e1) = A, s(e2) = E, t(e2) = C, and so on. ��

Note, however, that

A

B and B

A

are both pictorial represen-
tations of the same higraph. That is, the definition of higraph does not account
for non-trivial intersections [6]. (We say that two blobs b1 and b2 in a higraph
intersect trivially whenever there is a third blob b3 contained in both b1 and b2.)
Yet, the need for intersections often arises most naturally in the diagrammatic
modelling of computing structures, and particularly of complex and interrelated
datasets, as is evident in ER modelling with higraphs [6] and in constraint mod-
elling [3].

Also in computing, higraphs are employed as uncluttered representations of
(the graphs which underlie) complex state-transition systems. The basic idea
behind such efficient, higraph-based representations is to generalise the notion
of transition from individual states to whole collections of states. Each such
collection, concretely represented as a blob which in turn contains other blobs,
corresponds to a (conceptual or actual) sub-system.

Example 2. A higher-level edge such as the one from A to F in Fig. 1(a) is
understood as implying lower-level edges, in this case from each of the blobs
B, C and D contained in the sub-system represented by A, to the target blob
F. Thus, the higraph of Fig. 1(a) concisely represents the transition system in
Fig. 1(b). ��

In general, this relationship of the underlying transition system to its rep-
resentation as a higraph is understood in terms of completing a higraph with
the addition of all implied edges. This completion operation, which we charac-
terised mathematically in [11], is illustrated in Fig. 1(c) (in which added edges
are shown dashed).

We therefore seek a notion of dynamics (i.e. of state-transition behaviour) for
higraphs which implicitly contains the behaviour of the represented transition
system. Central to the dynamics, as well as to more “static” interpretations, is
a notion of a path appropriate for higraphs:

Definition 2. A path in a higraph is a finite sequence 〈e0, . . . , en−1〉 of edges
such that t(ei) ≤ s(ei+1) or s(ei+1) ≤ t(ei), i.e. the target t(ei) of ei is contained
in the source s(ei+1) of ei+1, or vice versa. ��
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One of the most fundamental operations on higraphs is that of zooming
out [6]. The idea is that one often wants to eliminate all structure contained
within a given (i.e. selected) blob in a higraph. More precisely, zooming results
in the selected blob becoming atomic (or minimal) by identifying with it all
the blobs it contains. Fig. 1(d) illustrates the result of zooming out of A in
the higraph of Fig. 1(a). Because abstraction of subsystems is such an essential
device in reasoning about complex systems, and zooming is such a natural way
of effecting this kind of abstraction on higraphs, the practical importance of
zooming in reasoning is profound.

In order, however, to soundly infer results about the dynamics of a higraph
from the dynamics of its zoom-out, one must know precisely which paths in
latter higraph also exist in former. In other words, it is imperative that any
reasonable operation of zooming-out does not introduce paths in a way which
may lead to false inferences. So, in Section 6, once the terms in its statement
have been precisely defined, we prove a generalisation of the following

Theorem: Whenever a higraph µ, in which blobs may intersect, zooms out
to a higraph µ′, then every (must-)path in µ′ is reflected (i.e. is the image of) a
(must-)path in µ.

Unfortunately, this requirement is failed by the simple, almost naive notion
of zooming-out which we have so far outlined:

Example 3. Observe that zooming has created the path 〈e2, e3〉 from E to itself
in Fig. 1(d) which does not exist in the original higraph of Fig. 1(a). ��

In response to this problem, we require a more subtle notion of higraph which
permits edges to be loosely attached to blobs. Zooming out of blob A in Fig. 1(a)
now results in the loose higraph of Fig. 2. Here, the understanding is that the

A

F

E

e2

e3

A

F

E

e1

e2

e3

e4

Fig. 2. Zoom-out of the higraph in Fig. 1(a) as a loose higraph.

suppressed target of e2, indicated as having been some blob originally contained
in A, may have not been the same as the suppressed source of e3. (We note in
passing that, should an edge had existed between, say, B and C in Fig.1(a), it
would have appeared as a loose edge from A to itself in Fig.2. For the purposes of
our semantic analysis, as well as mathematically natural reasons, we retain such
completely loose edges in our definitions. To remove them, as implementations
of zooming typically do, a further operation may easily be defined and which
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composes with our basic notion of zooming.) Thus, in contrast with ordinary
higraphs where only one notion of path exists, the introduction of loose edges
deliberately creates a distinction between two notions of path: must-paths (i.e.
certain paths), such as 〈e1, e4〉 in Fig. 2, and may-paths, such as 〈e2, e3〉. Observe
also that 〈e1, e3〉 is a must-path, as e1 implies edges to all blobs contained in
A, including the suppressed source of e3. In terms of the above distinction, we
consequently demand at least that the theorem above holds of loose higraphs
and must-paths.

To obtain this important result in general, a further extension to the notion
of (loose) higraph is still required. Problematic situations, which are not resolved
by the introduction of loose edges alone, still arise when blobs intersect by means
of having common sub-blobs.

Example 4. Fig. 3(a) illustrates a (loose) higraph, where blobs A and B intersect
by means of containing D. Zooming out of A in that loose higraph produces,

A

C D
B

FE
e’ e

G
e’’

(a) A (loose) higraph featuring blob in-
tersection.

E

G

F
BAe’

e’’

e

(b) Problematic zoom-out of
blob A in (a)

Fig. 3. The problem of intersecting blobs.

rather unexpectedly, the result of Fig. 3(b), in which a must-path 〈e, e′〉 has
been created that did not previously exist. ��

The problem in the preceding example is caused by the inclusion of A into
B in Fig. 3(b), which occurs as a side-effect of identifying D with A, owing to
the intuitive coherence requirement that zooming must also respect the original
containment of D in B. Thus, any reasonable notion of zooming here must not
identify D with A (or with B, in the case of zooming out of B). Intuitively, resolv-
ing the situation requires the identification of D with a new entity representing
the intersection of A with B in the picture of Fig. 4. Thus, we have argued that,
generally, zooming necessitates an extension to higraphs which substantiates
blob intersections.

3 Meet Higraphs

In response, the present paper develops the notion of a higraph with meets, and
its “loose” variant, together with an appropriate operation of zooming-out. To



398 John Power and Konstantinos Tourlas

A
B

FE
e’ e

G
e’’

Fig. 4. Intuitive zoom-out of Fig. 3(a).

explicitly account for a notion of intersection among blobs (which, in particular,
includes trivial intersections), we first endow the poset B in Definition 1 with
meet semi-lattice structure, thus resulting in the following:

Definition 3. A meet higraph consists of: a poset E; a finite, ∧-semi-lattice
B; and monotone functions s, t : E → B. ��

A

B

C

E F

D

e

e’

G

Fig. 5. Meet higraph in which blobs A and D intersect trivially.

Example 5. Fig. 5 represents a meet higraph with underlying ∧-semi-lattice
having elements {A, B, C, D, E, F, G, A ∧ B, B ∧ C, A ∧ B ∧ C, A ∧ D,⊥}, and
where G < A, E < A∧B∧C, A∧D < A, and so on; ⊥ is the least element (which
is, by convention, not pictured); A∧G = G, F ∧E = . . . = F ∧D∧E = . . . = ⊥
and so on; s(e) = A ∧ D and s(e′) = D. ��

To illustrate the subtle difference between Definitions 1 and 3, the following
example compares and contrasts the relation of the two notions of higraph wrt.
the usual pictorial representation and intuition:

Example 6. Consider the four-point ∧-semi-lattice shown as a Hasse diagram
in (a) below. Regarded as a meet higraph with no edges, it corresponds to the
picture shown in (b) below. By contrast, when regarded as an ordinary higraph
without edges it corresponds to the picture (c):
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Further, to capture the notion of selecting a blob (or, more generally, inter-
section region) in a meet higraph we introduce the following:

Definition 4. A pointed meet higraph is a meet higraph (B, E; s, t : E → B)
together with a distinguished element p of B, called the point. ��

We have informally argued in Sec. 2 that the effect of zooming on a pointed
meet higraph should be to identify each blob strictly contained in the point with
the intersection of certain blobs that contain it. In zooming out of A in Fig. 5,
for instance, one intuitively expects that G becomes identified with A, and E
with A ∧ B ∧ C. To make this idea precise, we introduce and study in the next
section the salient and topologically natural notion of hull.

4 Hulls

Definition 5. Let X be finite, ∧-semi-lattice and x0 ∈ X. For every x ≤ x0,
the hull of x relative to x0 is the meet of all elements not strictly less than x0

which are greater than or equal to x:

hullx0(x) def=
∧

{x′ | x′ �< x0 and x ≤ x′} ��

Example 7. Taking X to be the ∧-semi-lattice underlying the example of Fig. 5
and x0 to be the blob labelled ‘A’, one has hullA(G) = A, hullA(E) = A∧B∧C,
hullA(A) = A, hullA(A ∧ D) = A ∧ D and so on. ��

To establish some of the intuition behind Def. 5 and facilitate the under-
standing of subsequent technical proofs, we record in the following Lemma and
its corollary three basic properties of hulls (while deferring their proof to the
Appendix).

Lemma 1. For every finite ∧-semi-lattice X and x, x0 ∈ X such that x ≤ x0:

1. x ≤ hullx0(x) ≤ x0

2. hullx0(hullx0(x)) ≤ hullx0(x). ��

Corollary 1. For all x ≤ x0, hullx0(hullx0(x)) = hullx0(x). ��
The concept of hull is not only central to the more sophisticated notion of

zooming which is sought here. Being a topologically natural concept, it is a
particularly natural notion to associate not only with meet higraphs, but also
with many other notions of graph which feature intersections.

To formalise the connection between hulls and the sought notion of zooming
which emerged from the analysis in the previous section, we consider first the
simple case of a pointed meet higraph with no edges. Every such meet higraph is,
in essence, a pointed, finite, ∧-semi-lattice 〈B, p〉. Then, in this degenerate case
of no edges, the required operation of zooming out of p should have precisely the
effect of identifying each b ≤ p with hullp(b). (This may be seen by recalling the
transition from Fig. 3(a) to Fig. 4 while ignoring all edges in the two pictures.)
The following definition makes this construction explicit:
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Definition 6. Given a pointed, finite ∧-semi-lattice 〈X, x0〉, define a function
ζ〈X,x0〉 : 〈X, x0〉 → 〈X, x0〉 as follows:

ζ〈X,x0〉(x) def=
{

hullx0(x), if x ≤ x0

x, otherwise

Beyond being monotone (Lemma 3, Appendix), each function ζ〈X,x0〉 in-
herits, as a corollary of Lemma 1 above, properties which intuitively include
idempotency: ζ〈X,x0〉 ◦ ζ〈X,x0〉 = ζ〈X,x0〉.

Regarding 〈B, p〉 as a pointed meet higraph without edges we may now pre-
cisely, with the aid of the function ζ〈B,p〉, capture its “zoom-out” ζ(〈B, p〉), as
in the following:

Definition 7. For every pointed, finite ∧-semi-lattice 〈X, x0〉 define ζ(〈X, x0〉)
to be the pair 〈Xζ , x0〉, where Xζ is the sub-poset of X with elements all those
x ∈ X such that ζ〈X,x0〉(x) = x. ��
Example 8. For 〈X, x0〉 as in Example 7, Xζ = X \ {E, G}. ��

For this construction to be meaningful in our context one must establish that
Xζ is a sub-∧-semi-lattice of X and that x0 ∈ Xζ , thus making each ζ(〈X, x0〉)
a finite, pointed ∧-semi-lattice. Indeed, it is not hard to prove the following

Proposition 1. For every finite, pointed ∧-semi-lattice 〈X, x0〉, the poset Xζ of
Definition 7 is a sub-∧-semi-lattice of X. Moreover, x0 ∈ Xζ , and for all x ≤ x0

in Xζ , hullx0(x) = x. ��
The statement hullx0(x) = x in the preceding proposition asserts, in agree-

ment with one’s intuition about zooming, that the point of ζ(〈B, p〉) is minimal,
in the specific sense that all hulls relative to it are trivial. To make this notion
of minimality precise before discussing its intuitive appeal, we introduce the
following

Definition 8. The point x0 in a pointed, finite, ∧-semi-lattice 〈X, x0〉 is mini-
mal (with respect to hulls) if hullx0(x) = x for all x ≤ x0. ��

The reader is urged to observe the difference between this hull-specific no-
tion of minimality and the usual order-theoretic one (x ∈ X is order-theoretically
minimal in X whenever x′ ≤ x =⇒ x′ = x for all x′ ∈ X). In particular, min-
imality wrt. hulls does not not imply minimality in the order-theoretic sense.
Instead, the notion of minimality in Def. 8 alludes an intuitive notion of “pic-
torial minimality” expressed in terms of the spatial containment of contours
representing blobs in pictures of meet higraphs.

Example 9. Consider again the ∧-semi-lattice underlying the example of Fig. 5.
The point corresponding to the blob labelled ‘A’ in the same figure is not minimal
wrt. hulls, as hullA(E) = A∧B∧C. By contrast, the point labelled ‘D’ is minimal
wrt. hulls, as D ∧ A is the sole element less than D and hullD(D ∧ A) = D ∧ A.
Neither A nor D, however, are minimal in the usual order-theoretic sense. Yet,
the contour labelled D in the figure is “pictorially minimal” in the intuitive sense
of not wholly containing the contour of any other blob.
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Before proceeding to considering edges, we explicate (Theorem 1, below) the
universal property associated with Def. 7. It arises from the minimality (wrt.
hulls) property of the point in each ζ(〈X, x0〉), and will be much useful later.

Definition 9. Let SLfin,∧
� denote the category having objects all finite, pointed

∧-semi-lattices, and arrows f : → 〈X, x0〉〈Y, y0〉 all monotone functions f : →
XY which, in addition, preserve points and hulls: i.e., f(x0) = y0 and ∀ x. x ≤
x0 =⇒ f(hullx0(x)) = hully0(f(x)). Further, let SLfin,∧

�,min denote the full sub-
category of SLfin,∧

� consisting of all those objects 〈X, x0〉 in which the point x0

is minimal in the sense of Def. 8. We write J for the full and faithful functor
including SLfin,∧

�,min into SLfin,∧
� . ��

Noteworthy here for its central role in subsequent development, and for ex-
plaining how the elements of each 〈B, p〉 map to elements in its “zoom-out”
ζ(〈B, p〉), is the following family of morphisms:

Definition 10. For each finite, ∧-semi-lattice 〈X, x0〉 let η〈X,x0〉 : 〈X, x0〉 →
J(ζ(〈X, x0〉) be the morphism in SLfin,∧

� defined by x ∈ X �→ ζ〈X,x0〉(x). ��
The statement of the following Theorem is now the expression, in very precise

terms, of the intuitive understanding of ζ(〈X, x0〉) as obtained from 〈X, x0〉 by
making the point x0 minimal wrt. hulls, but without otherwise disturbing the
structure of 〈X, x0〉:
Theorem 1. The function ζ : Obj (SLfin,∧

� ) → Obj (SLfin,∧
�,min) of Def. 7 extends

to a functor ζ : SLfin,∧
� → SLfin,∧

�,min which is left adjoint to J . The unit η of the
adjunction has components the morphism of Def. 10.

Proof. Consider any arrow f : 〈X, x0〉 → J(〈Y, y0〉) in SLfin,∧
� and any x ∈

X such that x ≤ x0. Since all hulls in 〈Y, y0〉 are trivial (wrt. y0), it follows
from f(x) ≤ f(x0) = y0 that hully0(f(x)) = f(x). Preservation of hulls by
f now yields: f(hullx0(x)) = hully0(f(x)) = f(x). Thus, we have shown that
∀ x. x ≤ x0 =⇒ f(hullx0(x)) = f(x). From this it follows easily that there exists
morphism f � : ζ(〈X, x0〉) → 〈Y, y0〉 in SLfin,∧

�,min such that f = J(f �) ◦ η〈X,x0〉.
Since each η〈X,x0〉 is epi, this factorisation is unique. ��

5 Loose Meet Higraphs and Zooming-Out

Having introduced hulls and the mechanics of zooming-out in the restricted case
of meet higraphs with no edges, we proceed to treat the general case. While,
as we argued in Sec. 2, the addition of “loose edges” to ordinary higraphs is
in itself insufficient, loose edges are still a necessary device in developing a full
solution to the problem of reasoning with the aid of zooming-out abstraction. We
therefore begin by allowing edges in our meet higraphs to be loosely attached,
thus resulting in a corresponding notion of loose meet higraph.

Consider again the loose higraph of Fig. 2. We recall from [2, 12] that every
such loose higraph with blobs B can be formally cast as an ordinary higraph
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having the same edges but containing two distinct copies 〈0, b〉 and 〈1, b〉 of each
b ∈ B, tagged with 0’s and 1’s. In the pictorial representation of loose higraphs
the convention is that blobs tagged with 0 are not shown at all and that, for
instance, an edge with target of the form 〈0, b〉, such as e2 in Fig. 2 with target
〈0, A〉, has its endpoint lying inside the contour picturing b. Formally,

Definition 11. Given any poset B define poset B� as having underlying set
{0, 1} × B, and partial order generated by the following two rules:

– 〈0, b〉 < 〈1, b〉 for all b ∈ B; and
– 〈1, b〉 ≤ 〈1, b′〉 whenever b ≤B b′ in B.

Further, define the “projection” πB : B� → B as mapping both 〈0, b〉 and 〈1, b〉
to b, for each b ∈ B. The function (−)� extends to an endofunctor on Poset, by
taking (f : A → B)� to be the monotone map sending 〈i, a〉 to 〈i, f(a)〉. ��

We shall use b, b′, b1, . . . to range over the poset B and v, v′, v1, . . . to range
over B�. Using this auxiliary poset structure we can now make precise the defi-
nition of a meet higraph with loosely attached edges:

Definition 12. A meet higraph with loosely attached edges (or loose meet
higraph for short) is a quadruple (B, E; s, t : E → B�) where: E is a poset; B is
a finite, ∧-semi-lattice; and s, t : E → B� are functions making both πB ◦ s and
πB ◦ t monotone. A pointed, loose meet higraph µ� = 〈µ, p〉 consists of a loose
meet higraph µ = (B, E; s, t : E → B�) together with a distinguished element
p ∈ B called the point. ��

Example 10. In the loose meet higraph of Fig. 4, one has s(e′) = 〈0, A〉, s(e′′) =
〈0, A ∧ B〉, t(e) = 〈1, B〉, and so on. ��

We now seek a notion of morphism for pointed loose meet higraphs which
smoothly extends the morphisms of Def. 10 to the new setting. In addition to
components fE , fB which map the elements (edges and blobs) that are visible
in pictures, such a morphism f must also have a component fB� which also
maps the invisible elements. While fB� cannot, in general, be monotone (as
〈0, b〉 �≤ 〈0, b′〉 even when b ≤ b′), it must at least be consistent with fB and
well-behaved with respect to hulls. Making this precise, we have:

Definition 13. A morphism f : 〈µ0, p0〉 → 〈µ1, p1〉 of pointed loose meet hi-
graphs, where µ0 = (B0, E0; s0, t0 : E0 → B0

�) and µ1 = (B1, E1; s1, t1 : E1 →
B1

�), consists of: a monotone function fE : E0 → E1; a monotone and hull-
preserving function fB : B0 → B1; and a function fB� : B0

� → B1
�. These data

are subject to the following conditions:

– sources and targets of edges are preserved: e.g., s1 ◦ fE = fB� ◦ s0;
– fB preserves the point and fB� is consistent with fB: fB ◦ πB0 = πB1 ◦ fB�;
– fB� reflects hulls, in the sense that fB�(v) = 〈1, hullp1(fB(b))〉 implies v =

〈1, hullp0(b)〉 for all b ≤ p0 in B0 and v ∈ B0
�. ��
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Morphisms of pointed, loose higraphs compose component-wise and have ob-
vious identities. Thus one has a category LMH� of pointed loose meet higraphs.

In the last section we described how zooming out of a pointed meet higraph
without edges makes the point in 〈B, p〉 minimal wrt. hulls in ζ(〈B, p〉), subject
to the universal property of Thm. 1. A contrasting look at figures 3(a) and
4 confirms one’s intuition that a similar universal property must hold in the
general case of zooming out of an arbitrary loose meet higraph µ�. This is what
we prove in the remainder of this section, starting with defining how the sources
and targets of edges in µ� are appropriately fixed in the zoom-out Z(µ�):

Definition 14. Let µ� = 〈µ, p〉 be a pointed loose meet higraph with µ being
(B, E; s, t : E → B�). Formally, Z(µ�) is the pointed loose meet higraph given by
(Bζ , E ; ηB� ◦ s , ηB� ◦ t : E → Bζ

�) and point p ∈ Bζ , where ηB� : B� → Bζ
�

is the function sending each 〈i, b〉 ∈ B� such that b �∈ Bζ to 〈0, η〈B,p〉(b)〉; and to
〈i, η〈B,p〉(b)〉 otherwise. (Recall that η〈B,p〉, regarded here as a monotone function
from B to Bζ , is defined in Def 10 and that Bζ is the ∧-semi-lattice underlying
ζ(〈B, p〉) in Def 7.) ��

Example 11. The preceding definition formalises how the source of an edge such
as, say, e′′ in Fig. 3(a) is fixed to 〈0, A ∧ B〉 in Fig. 4, after its original source
〈1, D〉 becomes identified with 〈0, hullA(D)〉 = 〈0, A ∧ B〉 as a result of zooming
out of blob A. ��

With LMH�,min we shall denote the (full) subcategory of LMH� consisting
of all pointed, loose meet higraphs in which the point is minimal in the sense
of Def. 8. Thus the function Z in Def. 14, being a function from the objects of
LMH� to those of LMH�,min , formalises the intuitive understanding of zooming
out as reducing the point of µ� to a minimal (wrt. hulls) point in Z(µ�). More-
over, it does so without otherwise disturbing the structure of µ�. Before proving
this universal property of Z in Thm. 2 below, we need an intuitive mapping (i.e.
morphism) from each µ� to its zoom-out:

Definition 15. Let I be the (fully faithful) inclusion functor LMH�,min →
LMH�. For each object µ� = 〈µ, p〉 of LMH�, where µ = (B, E; s, t : E → B�),
define a morphism ηµ� : µ� → I(Z(µ�)) with the following components: (ηµ�)E =
idE : E → E ; (ηµ�)B = η〈B,p〉 (where η〈B,p〉 is the morphism of Def 10 regarded
here as a monotone, hull preserving function from B to Bζ) ; and (ηµ�)B� is the
function ηB� in Def. 14. ��

Theorem 2. The function Z : Obj (LMH�) → Obj (LMH�,min) extends to a
functor which is left adjoint to I, with unit being the morphisms ηµ� of Def. 15.

Proof. (Sketch) Given any morphism f : µ� → I(µ′
�), where µ� and µ′

� are ob-
jects of LMH� and LMH�,min respectively, define a morphism f � : Z(µ�) → µ′

�

in LMH�,min as having the following components: f �
E maps each e ∈ E to fE(e);

f �
B is the induced by the adjunction in Thm. 1, unique morphism f �

〈B,p〉 : B → B′
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such that f �
B ◦ (ηµ�)B = fB; and f �

B� = fB� ◦ ι〈B,p〉 where ι〈B,p〉 is the inclusion
of ζ(〈B, p〉) = 〈Bζ , p〉 into 〈B, p〉.

In addition to f �
E ◦ (ηµ�)E = fE and f �

B ◦ (ηµ�)B = fB, which hold straight-
forwardly, one also has (Lemma 5, Appendix) that f �

B� ◦ (ηµ�)B� = fB� . Thus,
f = I(f �)◦ηµ� . As each component of ηµ� is epi, f � is moreover the unique mor-
phism in LMH�,min with this property, and the proof concludes with an appeal
to Theorem IV.2(ii) of [7]. ��

The preceding result directly parallels the corresponding theorem in [12] for
(non-meet) loose higraphs. What, however, the new notion of zooming on loose
meet higraphs makes possible, over and above previous work in [12], is the ability
to fully relate the semantics before and after a zoom-out, as we show next.

6 Dynamics of Loose Meet Higraphs

In this section we make precise the dynamics, i.e. transition semantics, of loose
meet higraphs by introducing a notion of run akin to similar notions in use with
ordinary (“flat”) transition systems. In an ordinary higraph, or a meet higraph,
a run is essentially a sequence of edges (transitions) together with the blobs
(or states, in the popular jargon of most applications) which are traversed by
performing the transitions:

Definition 16. A run through a meet higraph (B, E; s, t : E → B) is a finite
sequence of the form b0

e1−→ b1
e2−→ . . .

en−→ bn where, for all 1 ≤ i ≤ n, bi−1 ≤B

s(ei) and bi ≤B t(ei). ��

Example 12. In Fig. 1(a) (regarded trivially as a meet higraph), E
e1−→ A

e4−→ F

is clearly a run, as is E
e1−→ D

e3−→ E because s(e3) = D < A = t(e1). Similarly,
E

e2−→ C
e4−→ F is also a run because t(e2) = C < A = s(e4). ��

In ordinary transition systems, the sequence of states traversed is implicit
in the notion of path (i.e. connected sequence of transitions). In higraphs and
meet higraphs, where higher-level edges are taken to imply lower-level ones, as
is implicit in the joining condition bi−1 ≤B s(ei) and bi ≤B t(ei) of Def. 16
above, the notion of path no longer provides adequate state information, hence
the need for a notion of “run”. Suggestive of dynamics though its name might
be, we wish to stress that the mathematical structure of runs also pertains, by
subsuming the notion of path, to more static interpretations of higraphs.

Recall (Section 2) how the introduction of loosely attached edges incurs a
distinction between must- and may-paths. Intuitively, the idea is that a may-path
may perish, in the sense of becoming disconnected, when one makes explicit the
suppressed end-points of every loose edge in the path. In Fig. 2, for instance,
one may introduce two new, distinct blobs C and D contained in A, so as to
make t(e2) = 〈1, C〉 and s(e3) = 〈1, D〉, thereby making 〈e2, e3〉 a non-path. By
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contrast, a must-path must persist, no matter how one attaches its loose edges
to newly introduced blobs.

A similar distinction between must-runs and may-runs through a loose meet
higraph is therefore necessary. Here we concentrate on must-runs only:

Definition 17. A must-run through a pointed, loose meet higraph µ�, where µ
is (B, E; s, t : E → B�), is a sequence of the form 〈i0, b0〉 e1−→ 〈i1, b1〉 e2−→ . . .

en−→
〈in, bn〉, where 〈ij , bj〉 ∈ B� and ej ∈ E, subject to the following conditions:

1. for all 1 ≤ j ≤ n, 〈ij , bj〉 ≤ t(ej) and 〈ij−1, bj−1〉 ≤ s(ej); and
2. π0(t(ej)) = 1 or π0(s(ej+1)) = 1 for all 1 ≤ j < n, where π0 is the projection

mapping each 〈i, b〉 ∈ B� to i. ��

Example 13. Consider Fig. 2, this time as representing a (pointed) loose meet
higraph. While 〈1, E〉 e1−→ 〈1, A〉 e4−→ 〈1, F 〉 is a run, the sequence 〈1, E〉 e1−→
〈1, A〉 e3−→ 〈1, E〉 isn’t because it violates the first condition in Def. 17. However
〈1, E〉 e1−→ 〈0, A〉 e3−→ 〈1, E〉 is a run, as is 〈1, E〉 e1−→ 〈0, A〉 e4−→ 〈1, F 〉. But
〈1, E〉 e2−→ 〈0, A〉 e3−→ 〈1, E〉 is not, as it violates the second condition. ��

The following theorem now establishes precisely how each must-run through
Z(µ�) is the image of a corresponding must-run through µ�:

Theorem 3. Every must-run through I(Z(µ�)), where µ is (B, E; s, t : E →
B�), is of the form ηµ�(v0)

e1−→ ηµ�(v1)
e2−→ . . .

en−→ ηµ�(vn), for some run
v0

e1−→ v1
e2−→ . . .

en−→ vn through µ�, where ηµ� is the component at µ� of the
unit of the adjunction of Theorem 2.

Proof. (Sketch) Let v̂0
e1−→ v̂1

e2−→ . . .
en−→ v̂n, where v̂j ∈ Bζ

�, be an arbitrary
run through Z(µ�). Take v0 = 〈i0, πB(s(e1))〉. Calculation establishes v0 ≤ s(e1)
and ηµ�(v0) = v̂0. Similarly take vn = 〈in, πB(t(en))〉. For 1 ≤ j < n, each vj is
obtained by an application of Lemma 6 in the Appendix. ��

7 Conclusions

Of particular importance to practitioners is the kind of semi-formal, tool-assisted
reasoning which consists of the progressive simplification of a diagram, by repeat-
edly using abstraction, until either a counter-example is reached or the property
can easily be proven. The potential for error in this style of reasoning is great,
and so supporting tools must intervene to prohibit any unsound steps or in-
ferences. To do so, we have argued using higraphs as concrete examples, tools
must often maintain internal representations (such as meet higraphs) which are
more sophisticated than the user’s notation. Also, such tools must know how the
semantics of a zoom-out relates to the semantics of the original diagram. Here
we have developed such a semantics and precise relationship based on, but not
limited to, the common interpretation of higraphs as transition systems. More
generally, we have argued, our work also applies to other notations, particularly
those which feature intersections among vertices.



406 John Power and Konstantinos Tourlas

References

[1] R. Alur and R. Grosu. Modular refinement of hierarchic reactive machines. In
Symposium on Principles of Programming Languages, pages 390–402, 2000.

[2] Stuart Anderson, John Power, and Konstantinos Tourlas. Reasoning in higraphs
with loose edges. In Proceedings of the 2001 IEEE Symposia on Human-Centric
Computing Languages and Environments, pages 23–29. IEEE Computer Society
Press, September 2001.

[3] J. Gil, J. Howse, and S. Kent. Towards a formalisation of constraint diagrams. In
Proceedings of the 2001 IEEE Symposia on Human-Centric Computing Languages
and Environments, pages 72–79. IEEE Computer Society Press, September 2001.
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Appendix: Technical Lemmas and Proofs

Meet Higraphs and Hulls

The following are simple properties arising from the definitions of hull (Def. 5)
and of the functions ζ〈X,x0〉 (Def. 6):
Lemma 1. For every finite ∧-semi-lattice X and x, x0 ∈ X such that x ≤ x0,
the following hold:

1. x ≤ hullx0(x) ≤ x0

2. hullx0(hullx0(x)) ≤ hullx0(x).
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Proof. Fix arbitrary x ≤ x0.

– To show (1), observe that x ≤ ∧{x′ | x′ �< x0 and x ≤ x′} because
x is a lower bound of that set. Moreover, one clearly has x0 ∈
{x′ | x′ �< x0 and x ≤ x′}, and thus hullx0(x) ≤ x0.

– For showing (2) observe that, for all x′ such that x′ �< x0 and
x ≤ x′, one has hullx0(x) ≤ x′ (by the very definition of
hullx0(x) as a meet). Hence, the following inclusion of sets holds:
{x′ | x′ �< x0 and x ≤ x′} ⊆ {x′ | x′ �< x0 and hullx0(x) ≤ x′}, from which
one obtains hullx0(hullx0(x)) ≤ hullx0(x).

Lemma 2. Given any elements x1, x2, x0 in a finite ∧-semi-lattice such that
x1 ≤ x2 ≤ x0, one has hullx0(x1) ≤ hullx0(x2).

Lemma 3. Each function ζ〈X,x0〉 is monotone.

Proof. Arbitrarily fix x1, x2 ∈ X such that x1 ≤ x2. As one always has x2 ≤
ζ〈X,x0〉(x2) (by Lemma 1(1) and Definition 6), we show that ζ〈X,x0〉(x1) ≤ x2 by
case analysis:

1. x1, x2 ≤ x0. Monotonicity follows from Lemma 2 above.
2. (x1 ≤ x0 and x2 �≤ x0). In this case hullx0(x1) ≤ x2 because x2 is an

element of the set {x′ | x′ �< x0 and x1 ≤ x′}. It follows from Definition 6
that ζ〈X,x0〉(x1) = hullx0(x1) ≤ x2.

3. x1 �≤ x0 and x2 �≤ x0. In this case, trivially, ζ〈X,x0〉(x1) = x1 ≤ x2.

Lemmas Used in the Proof of Theorem 2

Lemma 4. Let f : 〈µ0, p0〉 → 〈µ1, p1〉 be a morphism in LMH�, where 〈µ1, p1〉
is minimally pointed wrt. hulls. Then, for all b ≤ p0 the following two hold:

1. fB�(〈0, b〉) = 〈0, fB(b)〉; and
2. b �∈ Bζ =⇒ fB�(〈1, b〉) = 〈0, fB(b)〉.

Proof. From b ≤ p0, monotonicity of fB and preservation of points by fB it
follows that fB(b) ≤ p1, whereby, from the minimality (wrt. hulls) of p1, one has

fB(b) = hullp1(fB(b)) . (1)

To show (1) assume fB�(〈0, b〉) �= 〈0, fB(b)〉 and derive a contradiction. The only
possibility is fB�(〈0, b〉) = 〈1, fB(b)〉 whereby, from equation (1) and condition
(3) of Def. 13, it follows that 〈0, b〉 = 〈1, hullp0(b)〉: a contradiction, as 0 �= 1.

To show the contrapositive of (2) assume fB�(〈1, b〉) �= 〈0, fB(b)〉. The only
possibility is fB�(〈1, b〉) = 〈1, fB(b)〉 whereby, from equation (1) and condition
(3) of Def. 13, it follows that 〈1, b〉 = 〈1, hullp0(b)〉, eqivalently b = hullp0(b),
equivalently b ∈ Bζ by Def 7.
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Lemma 5. Let f �
B� , (ηµ�)B� and fB� be as in the sketched proof of Thm 2.

Then f �
B� ◦ (ηµ�)B� = fB� .

Proof. For notational simplicity, we abbreviate ηµ� to just η in the course of this
proof. Consider now arbitrary 〈i, b〉 ∈ B�.

– In the case of b ∈ Bζ , the equation (f �
B� ◦ ηB�)(〈i, b〉) = fB�(〈i, b〉) is estab-

lished by straightforward calculation from the definitions of f, η, ι and f �.
– Assume now that b �∈ Bζ . Then, by the definition of η (recall also Def. 6), it

must be that b ≤ p, where p the point of µ� in Thm. 2. One now has (f �
B� ◦

ηB�)(〈i, b〉) = f �
B�(ηB�(〈i, b〉)) = f �(〈0, ηB(b)〉) by definition of η. Further, by

two applications of Lemma 4 above (to f � and f respectively), it follows that
fB�(〈0, b〉) = 〈0, fB(b)〉 = 〈0, f �

B(ηB(b))〉 = f �
B�(〈0, ηB(b)〉) and thus that

(f �
B� ◦ ηB�)(〈i, b〉) = fB�(〈0, b〉) . (2)

In the case of i = 0, equation (2) immediately yields the desired result. When
i = 1, on the other hand, b �∈ Bζ and Lemma 4(2) above yield fB�(〈1, b〉) =
〈0, fB(b)〉 = (f �

B� ◦ ηB�)(〈1, b〉) because of equation (2) above.

Lemmas Used in the Proof of Theorem 3

Lemma 6. Let µ� be (B, E; s, t : E → B�) with point p; e1, e2 ∈ E and v̂ ∈ Bζ
�.

If e1−→ v̂
e2−→ is part of a must-run through Z(µ�) (i.e. v̂, the target t′(e1) of e1

in Z(µ�), and the source s′(e2) of e2 in Z(µ�) satisfy the conditions in Def. 17),
then there exists v ∈ B� such that ηµ�(v) = v̂ and e1−→ v

e2−→ is part of a must-run
through µ�.

Proof. Having arbitrarily fixed µ�, we abbreviate as just η the morphism ηµ� of
Def. 15. We also write, for brevity, tB and sB for the composites πB ◦t and πB ◦s
respectively. Recalling from the definition of Z(µ�) (Def. 14) that s′ = ηB� ◦ s
and t′ = ηB� ◦ t, we proceed by case analysis:

1. Case π0(t′(e1)) = 1. Then, by the definitions of t′ and ηB� , one must have
t(e1) = t′(e1). If also π0(s′(e2)) = 1 then, similarly, s(e2) = s′(e2) and one
can simply take v = v̂. If, on the other hand, one assumes π0(s′(e2)) =
0 then, from condition v̂ ≤ s′(e2) and Def. 11, it follows that one must
also have v̂ = s′(e2). Now, from condition v̂ ≤ t′(e1), it follows that one
must have s′(e2) ≤ t′(e1) which, in turn, implies ηB(sB(e2)) ≤ ηB(tB(e2)).
Taking v = 〈0, sB(e2)〉 one therefore immediately has v ≤ s(e2), as required.
Further, v ≤ 〈1, sB(e2)〉 ≤ 〈1, ηB(sB(e2))〉 ≤ 〈1, ηB(tB(e1))〉 = t′(e1) =
t(e1) because of the definition of ηB (Def 10), and Def. 6. Finally, ηB�(v) =
ηB�(〈0, sB(e2)〉) = 〈0, ηB(sB(e2))〉 = s′(e2) = v̂.

2. Case π0(t′(e1)) = 0. It follows from Def. 17 that one must have π0(s′(e2)) =
1. In that case one takes v = 〈0, tB(e1)〉 and the proof proceeds in a manner
similar to that of the previous case above.
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Abstract. G-relative pushouts (GRPOs) have recently been proposed by the au-
thors as a new foundation for Leifer and Milner’s approach to deriving labelled
bisimulation congruences from reduction systems. This paper develops the theory
of GRPOs further, arguing that they provide a simple and powerful basis towards
a comprehensive solution. As an example, we construct GRPOs in a category of
‘bunches and wirings.’ We then examine the approach based on Milner’s precat-
egories and Leifer’s functorial reactive systems, and show that it can be recast in
a much simpler way into the 2-categorical theory of GRPOs.

Introduction

It is increasingly common for foundational calculi to be presented as reduction systems.
Starting from their common ancestor, the λ calculus, most recent calculi consist of a
reduction system together with a contextual equivalence (built out of basic observations,
viz. barbs). The strength of such an approach resides in its intuitiveness. In particular,
we need not invent labels to describe the interactions between systems and their possible
environments, a procedure that has a degree of arbitrariness (cf. early and late semantics
of the π calculus) and may prove quite complex (cf. [5, 4, 3, 1]).

By contrast, reduction semantics suffer at times by their lack of compositionality,
and have complex semantic theories because of their contextual equivalences. Labelled
bisimulation congruences based on labelled transition systems (LTS) may in such cases
provide fruitful proof techniques; in particular, bisimulations provide the power and
manageability of coinduction, while the closure properties of congruences provide for
compositional reasoning.

To associate an LTS with a reduction system involves synthesising a compositional
system of labels, so that silent moves (or τ-actions) reflect the original reductions, labels
describe potential external interactions, and all together they yield a LTS bisimulation
which is a congruence included in the original contextual reduction equivalence. Prov-
ing bisimulation is then enough to prove reduction equivalence.

Sewell [19] and Leifer and Milner [13, 11] set out to develop a theory to perform
such derivations using general criteria; a meta-theory of deriving bisimulation congru-
ences. The basic idea behind their construction is to use contexts as labels. To exemplify
the idea, in a CCS-like calculus one would for instance derive a transition
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a.P
−|ā.Q

� P |Q

because term a.P in context− | ā.Q reacts to become P |Q; in other words, the context
is a trigger for the reduction.

The first hot spot of the theory is the selection of the right triggers to use as labels.
The intuition is to take only the “smallest” contexts which allow a given reaction to
occur. As well as reducing the size of the LTS, this often makes the resulting bisimu-
lation equivalence finer. Sewell’s method is based on dissection lemmas which provide
a deep analysis of a term’s structure. A generalised, more scalable approach was later
developed in [13], where the notion of “smallest” is formalised in categorical terms as
a relative-pushout (RPOs). Both theories, however, do not seem to scale up to calculi
with non trivial structural congruences. Already in the case of the monoidal rules that
govern parallel composition things become rather involved.

The fundamental difficulty brought about by a structural congruence≡ is that work-
ing up to ≡ gives up too much information about terms for the RPO approach to work
as expected. RPOs do not usually exist in such cases, because the fundamental indica-
tion of exactly which occurrences of a term constructor belong to the redex becomes
blurred. A very simple, yet significant example of this is the category Bun of bunch
contexts [13], and the same problems arise in structures such as action graphs [14] and
bigraphs [15].

In [17] we therefore proposed a framework in which term structure is not explicitly
quotiented, but the commutation of diagrams (i.e. equality of terms) is taken up to ≡.
Precisely, to give a commuting diagram rp ≡ sq one exhibits a proof α of structural
congruence, which we represent as a 2-cell (constructed from the rules generating ≡
and closed under all contexts).

k
p

��

q
��

l
r

��
m

ααα

s
�� n

Since such proofs are naturally isomorphisms, we were led to consider G-categories,
i.e., 2-categories where all 2-cells are iso, and initiated the study of G-relative pushouts
(GRPOs), as a suitable generalisation of RPOs from categories to G-categories.

The purpose of this paper is to continue the development of the theory of GRPOs.
We aim to show that, while replacing RPOs at little further complication (cf. §1 and §2),
GRPOs significantly advance the field by providing a convenient solution to simple, yet
important problems (cf. §3 and §4). The theory of GRPOs promises indeed to be a
natural foundation for a meta-theory of ‘deriving bisimulation congruences.’

This paper presents two main technical results in support of our claims. Firstly, we
prove that the case of the already mentioned category Bun of bunch contexts, problem-
atic for RPOs, can be treated in a natural way using GRPOs. Secondly, we show that the
notions of precategory and functorial reactive system can be dispensed with in favour
of a simpler GRPO-based approach.

The notion of precategory is proposed in [11, 12] to handle the examples of Leifer
in [11], Milner in [15] and, most recently, of Jensen and Milner in [7]. It consists of a
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category appropriately decorated by so-called “support sets” which identifies syntactic
elements so as to keep track of them under arrow composition. Alas, such supported
structures are no longer categories – arrow composition is partial – which makes the
theory laborious, and bring us away from the well-known world of categories and their
theory. The intensional information recorded in precategories, however, allows one to
generate a category “above” where RPOs exist, as opposed to the category of interest
“below”, say C, where they do not. The category “above” is related to C via a well-
behaved functor, used to map RPOs diagrams from the category “above” to C, where
constructing them would be impossible. These structures take the name of functorial re-
active systems, and give rise to a theory to generate a labelled bisimulation congruences
developed in [11].

The paper presents a technique for mapping precategories to G-categories so that
the LTS generated using GRPOs is the same as the LTS generated using the above men-
tioned approach. The translation derives from the precategory’s support information a
notion of homomorphism, specific to the particular structure in hand, which constitutes
the 2-cells of the derived G-category. We claim that this yields an approach mathemat-
ically more elegant and considerably simpler than precategories; besides generalising
RPOs directly, GRPOs seem to also remove the need for further notions.

Structure of the paper. In §1 we review definitions and results presented in [17]; §2
shows that, analogously to the 1-dimensional case, trace and failures equivalence are
congruences provided that enough GRPOs exist. In §3, we show that the category of
bunch contexts is naturally a 2-category where GRPOs exist; §4 shows how precate-
gories are subsumed by our notion of GRPOs. Most proofs in this extended abstract are
either omitted or sketched. For these, the interested reader should consult [18].

1 Reactive Systems and GRPOs

Lawvere theories [10] provide a canonical way to recast term algebras as categories.
For Σ a signature, the (free) Lawvere theory on Σ, say CΣ, has the natural numbers for
objects and a morphism t : m→ n, for t a n-tuple of m-holed terms. Composition is
substitution of terms into holes.

Generalising from term rewriting systems on CΣ, Leifer and Milner formulated a
definition of reactive system [13], and defined a technique to extract labelled bisimula-
tion congruences from them. In order to accommodate calculi with non trivial structural
congruences, as explained in the Introduction, we refine their approach as follows.

Definition 1.1. A G-category is a 2-category where all 2-cells are isomorphisms.

A G-category is a thus a category enriched over G, the category of groupoids.

Definition 1.2. A G-reactive system C consists of a G-category C; a subcategory D

of reactive contexts, required to be closed under 2-cells and composition-reflecting;
a distinguished object I ∈ C; a set of pairs R ⊆ �C∈C C(I,C)×C(I,C), called the
reaction rules.
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The reactive contexts are those contexts inside which evaluation may occur. By
composition-reflecting we mean that dd′ ∈ D implies d and d′ ∈ D, while the closure
property means that given d ∈ D and ρ : d ⇒ d′ in C implies d′ ∈ D. The reaction
relation � is defined by taking

a � dr if there exists 〈l,r〉 ∈ R , d ∈ D and α : dl⇒ a in C

As illustrated by the diagram below, this represents the fact that, up to structural con-
gruence, a is the left-hand side l of a reduction rule in a reaction context d.

I
l

��

a

�����������

C
α

d
�� C′

The notion of GRPO formalises the idea of a context being the “smallest” that en-
ables a reaction in a G-reactive system, and is a conservative 2-categorical extension of
Leifer and Milner RPOs [13] (cf. [17] for a precise comparison).

For readers acquainted with 2-dimensional category theory (cf. [9] for a thorough
introduction), GRPOs are defined in Definition 1.3. This is followed by an elementary
presentation in Proposition 1.4 taken from [17]. We use • for vertical composition.

Definition 1.3 (GRPOs). Let ρ : ca⇒ db : W → Z be a 2-cell (see diagram below) in
a G-category C. A G-relative pushout (GRPO) for ρ is a bipushout (cf. [8]) of the pair
or arrows (a,1) : ca→ c and (b,ρ) : ca→ d in the pseudo-slice category C/Z.

Z

X ρ

c ������
Y

d������

W
b

������a

������
(1)

Proposition 1.4. Let C be a G-category. A candidate GRPO for ρ : ca ⇒ db as in
diagram (1) is a tuple 〈R,e, f ,g,β,γ,δ〉 such that δb •gβ •γa = ρ – cf. diagram (i).

Z

X

γ

e ��

β

c
��������
R

δg
��

Yf��

d
		������

W
b

��������a

		������

(i)

R′

X

ϕ

e
��

e′
���������
R

ψh

��

(ii)

Y
f

��

f ′
		�������

Z

R′
τg′

��

R

g
		�������

h
��

(iii)

A GRPO for ρ is a candidate which satisfies a universal property. Namely, for any other
candidate 〈R′,e′, f ′,g′,β′,γ′,δ′〉 there exists a quadruple 〈h,ϕ,ψ,τ〉 where h : R→ R′,
ϕ : e′ ⇒ he and ψ : h f ⇒ f ′ – cf. diagram (ii) – and τ : g′h⇒ g – diagram (iii) – which
makes the two candidates compatible in the obvious way, i.e.

τe•g′ϕ•γ′ = γ δ′ •g′ψ•τ−1 f = δ ψb •hβ •ϕa = β′.
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Such a quadruple, which we shall refer to as mediating morphism, must be essentially
unique. Namely, for any other mediating morphism 〈h′,ϕ′,ψ′,τ′〉 there must exist a
unique two cell ξ : h→ h′ which makes the two mediating morphisms compatible, i.e.

ξe•ϕ = ϕ′ ψ•ξ−1 f = ψ′ τ′ •g′ξ = τ.

Observe that whereas RPOs are defined up to isomorphism, GRPOs are defined up
to equivalence (since they are bicolimits).

The definition below plays an important role in the following development.

Definition 1.5 (GIPO). Diagram (1) of Definition 1.3 is said to be a G-idem-pushout
(GIPO) if 〈Z,c,d, idZ,ρ,1c,1d〉 is its GRPO.

We recall in §A the essential properties of GRPOs and GIPOs from [17].

Definition 1.6 (LTS). For C a G-reactive system whose underlying category C is a
G-category, define GTS(C) as follows:

– the states GTS(C) are iso-classes of arrows [a] : I→ X in C;

– there is a transition [a] [ f ] � [a′] if there exists a 2-cell ρ, a rule 〈l,r〉 ∈ R , and
d ∈ D with a′ ∼= dr and such that the diagram below is a GIPO.

Z

X

f 

			
ρ Y

d��




I
a

��




l



				

(2)

Henceforward we shall abuse notation and leave out the square brackets when writing

transitions; ie. we shall write simply a f � a′ instead of [a] [ f ] � [a′].

Categories can be seen as a discrete G-categories (the only 2-cells are identities).
Using this observation, each G-concepts introduced above reduces to the corresponding
1-categorical concept. For instance, a GRPO in a category is simply a RPO.

2 Congruence Results for GRPOs

The fundamental property that endows the LTS derived from a reduction system with a
bisimulation which is a congruence is the following notion.

Definition 2.1 (Redex GRPOs). A G-reactive system C is said to have redex GRPOs
if every square (2) in its underlying G-category C with l the left-hand side of a reaction
rule 〈l,r〉 ∈ R , and d ∈D has a GRPO.

In particular, the main theorem of [17] is as follows.

Theorem 2.2 (cf. [17]). Let C be a reactive system whose underlying G-category C has
redex GRPOs. The largest bisimulation∼ on GTS(C) is a congruence.

The next three subsections complement this result by proving the expected corre-
sponding theorems for trace and failure semantics, and by lifting them to the case of
weak equivalences. Theorems and proofs in this section follow closely [11], as they are
meant to show that GRPOs are as viable a tool as RPOs are.
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2.1 Traces Preorder

Trace semantics [16] is a simple notion of equivalence which equates processes if they
can engage in the same sequences of actions. Even though it lacks the fine discriminat-
ing power of branching time equivalences, viz. bisimulations, it is nevertheless interest-
ing because many safety properties can be expressed as conditions on sets of traces.

We say that a sequence f1 · · · fn of labels of GTS(C) is a trace of a if

a f1 � · · · fn � an+1

for some a1, . . . ,an. The trace preorder �tr is then defined as a �tr b if all traces of a are
also traces of b.

Theorem 2.3 (Trace Congruence). �tr is a congruence.

Proof. Assume a �tr b. We prove that ca �tr cb for all contexts c ∈ C. Suppose that

ca = ā1
f1 � ā2 · · · ān

fn � ān+1.

We first prove that there exist a sequence, for i = 1, . . . ,n,

·
αi

ai ��

li
��

·
βigi

��

ci �� ·
fi

��·
di

�� ·
d′i

�� ·

where a1 = a, c1 = c, ci+1 = d′i , āi = ciai, and each square is a GIPO.1 The ith induc-

tion step proceeds as follows. Since āi
fi � āi+1, there exists γi : ficiai⇒ d̄ili, for some

〈li,ri〉 ∈ R and d̄i ∈ D, with āi+1 = d̄iri. Since C has redex GIPOs (cf. Definition 2.1),
this can be split in two GIPOs: αi : giai⇒ dili and βi : fici⇒ d′igi (cf. diagram above).
Take ai+1 = diri, and the induction hypothesis is maintained. In particular, we obtained
a trace

a = a1
g1 � a2 · · ·an

gn � an+1

that, in force of the hypothesis a �tr b must be matched by a corresponding trace of b.
This means that, for i = 1, ..,n, there exist GIPOs α′i : gibi⇒ eil′i , for some 〈l′i ,r′i〉 ∈ R
and ei ∈D, once we take bi+1 to be eir′i . We can then paste each of such GIPOs together
with βi : fici ⇒ d′igi obtained above and, using Lemma A.3, conclude that there exist
GIPOs ficibi⇒ d′ieil′i , as in the diagram below.

·
α′i

bi ��

l′i
��

·
βigi

��

ci �� ·
fi

��· e1
�� ·

d′i
�� ·

which means cibi
fi � d′ieir′i.

1 Since the fact is not likely to cause confusion, we make no notational distinction between the
arrows of C (e.g. in GRPOs diagrams) and the states and labels of GTS(C), where the latter
are iso-classes of the former.
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As cb = c1b1, in order to construct a trace cb = b̄1
f1 � · · · fn � b̄n+1 and complete

the proof, we only need to verify that for i = 1, . . . ,n, we have that d′ieir′i = ci+1bi+1.
This follows at once, as ci+1 = d′i and bi+1 = eir′i.

2.2 Failures Preorder

Failure semantics [6] enhances trace semantics with limited branch-inspecting power.
More precisely, failure sets allow the testing of when processes renounce the capability
of engaging in certain actions.

Formally, for a a state of GTS(C), a failure of a is a pair ( f1 · · · fn,X), where f1 · · · fn

and X are respectively a sequence and a set of labels, such that:

– f1 · · · fn is a trace of a, a f1 � · · · fn � an+1;
– an+1, the final state of the trace, is stable, i.e. an+1 � � ;
– an+1 refuses X , i.e. an+1 �x � for all x ∈ X .

The failure preorder �f is defined as a �f b if all failures of a are also failures of b. The
proof of the following result can be found in [18].

Theorem 2.4 (Failures Congruence). �f is a congruence.

2.3 Weak Equivalences

Theorems 2.2, 2.3, and 2.4 can be extended to weak equivalences, as outlined below.

For f a label of GTS(C) define a weak transition a
f
� b to be a mixed sequence

of transitions and reductions a �∗ f � �∗ b. Observe that this definition essen-
tially identifies silent transitions in the LTS with reductions. As a consequence, care has

to be taken to avoid interference with transitions equi� synthesised from GRPOs and la-
belled by an equivalence. These transitions have essentially the same meaning as silent
transitions (i.e. no context involved in the reduction), and must therefore be omitted in
weak observations. This lead to consider the following definitions.

Definition 2.5 (Weak Traces and Failures). A sequence f1 · · · fn of non-equivalence
labels of GTS(C) is a weak trace of a if

a
f1� a1 · · ·an−1

fn� an

for some a1, . . . ,an. The weak trace preorder is then defined accordingly.
A weak failure of a is a pair ( f1 · · · fn,X), where f1 · · · fn and X are respectively a

sequence and a set of non-equivalence labels, such that f1 · · · fn is a weak trace of a
reaching a final state which is stable and refuses X . The weak trace preorder is defined
accordingly.

Definition 2.6 (Weak Bisimulation). A symmetric relation S on GTS(C) is a weak
bisimulation if for all a S b

a f � a′ f not an equivalence, implies b
f
� b′ with a′ S b′

a � a′ implies b �∗ b′ with a′ S b′
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Using the definitions above Theorems 2.2, 2.3, and 2.4 can be lifted, respectively,
to weak traces, failures and bisimulation.

It is worth remarking that the congruence results, however, only hold for contexts
c ∈D, as it is well known that non reactive contexts (i.e. those c where ca � cb does
not follow from a � b, as e.g. the CSS context c = c0 +−) do not preserve weak
equivalences. Alternative definitions of weak bisimulations are investigated in [11], and
they are applicable mutatis mutandis to GRPOs.

3 Bunches and Wires

The category of “bunches and wires” was introduced in [13] as a skeletal algebra of
shared wirings, abstracting over the notion of names in, e.g., the π calculus. Although
elementary, its structure is complex enough to lack RPOs.

A bunch context of type m0→ m1 consists of an ordered set of m1 trees of depth 1
containing exactly m0 holes. Leaves are labelled from an alphabet K .

Definition 3.1. The category of bunch contexts Bun0 has

– objects the finite ordinals, denoted m0,m1, . . .
– arrows are bunch contexts c = (X ,char, root) : m0→m1, where X is a finite carrier,

root: m0 + X → m1 is a surjective function linking leaves (X) and holes (m0) to
their roots (m1), and char: X →K is a leaf labelling function.

Composing c0 : m0 → m1 and c1 : m1 → m2 means filling the m1 holes of c1 with the
m1 trees of c0. Formally, c1c0 is (X , root,char) where

X = X0 + X1, root = root1(root0 + idX1), char = [char0,char1],

where + and [ , ] are, resp., coproduct and copairing. Identities are ( /0, !, id) : m0→m0.
A homomorphism of bunch contexts ρ : c⇒ c′ : m0→ m1 is a function ρ : X → X ′

which respects root and char, i.e. root′ρ = root and char′ρ = char. An isomorphism is a
bijective homomorphism. Isomorphic bunch contexts are equated, making composition
associative and Bun0 a category.

A bunch context c : m0→ m1 can be depicted as a string of m1 nonempty multisets
on K +m0, with the proviso that elements m0 must appear exactly once in the string. In
the examples, we represent elements of m0 as numbered holes −i.

As we mentioned before, RPOs do not exist in Bun0. Indeed, consider (i) below
together with the two candidates (ii) and (iii). It is easy to show that these have no
common “lower bound” candidate.

1

1

{K,−1}
�����������

1

{K,−1}


���������

0

{K}

�����������
{K}



���������

(i)

1

1

{K,−1}
����������� {−1} �� 1

{K,−1}

��

1
{−1}��

{K,−1}


���������

0

{K}

�����������
{K}



���������

(ii)

1

1

{K,−1}
�����������{−1}{K}�� 2

{−1,−2}

��

1
{K}{−1}��

{K,−1}


���������

0

{K}

�����������
{K}



���������

(iii)
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The point here is that by taking the arrows of Bun0 up to isomorphism we lose infor-
mation about how bunch contexts equal each other. Diagram (i), for instance, can be
commutative in two different ways: the K in the bottom left part may corresponds ei-
ther to the one in the bottom right or to the one in the top right, according to whether we
read {K,−1} or {−1,K} for the top rightmost arrow. In order to track this information
we endow Bun0 with its natural 2-categorical structure.

Definition 3.2. The 2-category of bunch contexts Bun has:

– objects the finite ordinals, denoted m0,m1, . . . ; we use Ord to denote the category
of finite ordinals, and⊕ for ordinal addition.

– arrows c = (x,char, root) : m0→ m1 consist of a finite ordinal x, a surjective func-
tion root: m0⊕ x→m1 and a labelling function char: x→ K .

– 2-cells ρ are isomorphisms between bunches’ carriers.

Composition of arrows and 2-cells is defined in the obvious way. Notice that since ⊕ is
associative, composition in Bun is associative. Therefore Bun is a G-category.

Replacing the carrier set X with a finite ordinal x allows us to avoid the unnecessary
burden of working in a bicategory, which would arise because sum on sets is only
associative up to isomorphism. Observe that this simplification is harmless since the set
theoretical identity of the elements of the carrier is irrelevant. We remark, however, that
GRPOs are naturally a bicategorical notion and would pose no particular challenge in
bicategories.

Theorem 3.3. Bun has GRPOs.

Proof. Here we give a basic account of the construction of a GRPO, but omit the proof
of universality. In the following, we use only the fact that Bun is an extensive(cf. [2])
category with pushouts.

Suppose that we have
m3

m1 ρ

c ��




m2

d������

m0
l

��



a

������

In the following diagram all the rectangles are pullbacks in Ord and all the outside
arrows are coproduct injections.

xc1

c1 ��

l1 �� xl

��

xa1
l2��

a1��
xc �� xa⊕ xc

ρ
�� xl⊕ xd xc⊕ xa

ρ
�� xa��

xc2

c2
��

d1

�� xd

��

xa2
d2

��

a2
��

Using the morphisms from the diagram above as building blocks, we can construct
bijections γ : xc→ xc1 ⊕ xc2 , δ : xa2⊕ xc2 → xd and β : xa⊕ xc1 → xl⊕ xa2 such that

xl⊕ δ.β⊕ xc2.xa⊕ γ = ρ. (3)
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Let rootc1 and roota2 be the morphisms making (i) below

m0⊕ xa⊕ xc1

roota⊕xc1

��

m0⊕β
�� m0⊕ xl⊕ xa2

�

rootl⊕xa2�� m2⊕ xa2

roota2

��
m1⊕ xc1 rootc1

�� m4

(i)

m3

m1

γ

c1 ��

β

c
���������
m4

δc2

��

m2a2��

d
		�������

m0

l

���������a

		�������

(ii)

into a pushout diagram. We can define charc1 , chara2 and charc2 in the obvious way.
Now consider the diagram below:

m0⊕ xa⊕ xc1

roota⊕xc1

��

m0⊕xa⊕i
��������������

m0⊕β
�� m0⊕ xl⊕ xa2

(†)
m0⊕xl⊕i

��������������

rootl⊕xa2 �� m2⊕ xa2

m2⊕i

��

m0⊕ xa⊕ xc

(‡)roota⊕xc

��

m0⊕ρ
�� m0⊕ xl⊕ xdrootl⊕xd

�� m2⊕ xd

rootd
��

m1⊕ xc1 m1⊕i
�� m1⊕ xc rootc

�� m3.

Region (†) can be verified to be commutative using (3) while region (‡) commutes
since ρ is a homomorphism. Using the pushout property, we get a unique function
h : m4 → m3. Thus we define rootc2 : m4⊕ xc2 → m3 as [h, rootc i]. It is easy to verify
that this function is surjective.

Example 3.4. Let γ : 2→ 2 be the function taking 1 �→ 2 and 2 �→ 1. We give below on
the right the GRPOs for the squares on the left.

1

1 γ

{K,−1}
������������

1

{K,−1}
������������

0
{K}

������������
{K}

������������

1

1

{K,−1}
������������ {−1}{K}
�� 2

{−1,−2}
��

1
{K}{−1}
��

{K,−1}
������������

0

γ
{K}

������������
{K}

������������

1

1

{K,−1}
������������

1

{K,−1}
������������

0
{K}

������������
{K}

������������

1

1

{K,−1}
������������ {−1} �� 1

{K,−1}
��

1
{−1}��

{K,−1}
������������

0
{K}

������������
{K}

������������
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4 2-Categories Vs Precategories

Other categories which, besides Bun0, lack RPOs include the closed shallow action
contexts [11, 12] and bigraph contexts [15, 7]. The solution adopted by Leifer [12] and
later by Milner [15] is to introduce a notion of a well-supported precategory, where
the algebraic structures at hand are decorated by finite “support sets.” The result is no
longer a category – since composition of arrows is defined only if their supports are
disjoint – but from any such precategory one can generate two categories which jointly
allow the derivation of a bisimulation congruence via a functorial reactive system. These
categories are the so-called track category, where support information is built into the
objects, and the support quotient category, where arrows are quotiented by the support
structure. The track category has enough RPOs and is mapped to the support quotient
category via a well-behaved functor, so as to transport RPOs adequately.

In this section we present a translation from precategories to G-categories. The main
result shows that the LTS derived using precategories and functorial reactive systems is
identical to the LTS derived using GRPOs. We begin with a brief recapitulation of the
definitions from [12].

Definition 4.1. A precategory A consists of the same data as a category. The composi-
tion operator ◦ is, however, a partial function which satisfies

1. for any arrow f : A→ B, idB ◦ f and f ◦ idA are defined and idB ◦ f = f = f ◦ idA;
2. for any f : A→ B, g : B→C, h : C→D, (h◦g)◦ f is defined iff h◦(g◦ f ) is defined

and then (h ◦ g)◦ f = h ◦ (g ◦ f ).

Definition 4.2. Let Set f be the category of finite sets. A well supported precategory
is a pair 〈A, |− |〉, where A is a precategory and | − | : ArrA→ Set f is the so-called
support function, satisfying:

1. g ◦ f is defined iff |g| ∩ | f |= /0, and if g ◦ f is defined then |g ◦ f |= |g| ∪ | f |;
2. | idA |= /0.

For any f : A→B and any injective function ρ in Set f the domain of which contains
| f | there exists an arrow ρ · f : A→ B called the support translation of f by ρ. The
following axioms are to be satisfied.

1. ρ · idA = idA; 4. ρ · (g ◦ f ) = ρ ·g ◦ρ · f ;
2. id| f | · f = f ; 5. (ρ1 ◦ρ0) · f = ρ1 · (ρ0 · f );
3. ρ0| f |= ρ1| f | implies ρ0 · f = ρ1 · f ; 6. |ρ · f |= ρ| f |.

We illustrate these definitions giving a precategorical definition of bunches and
wiring (viz. §3).

Example 4.3 (Bunches). The precategory of bunch contexts A-Bun has objects and ar-
rows as in Bun0. However, differently from Bun0, they are not taken up to isomorphism
here. The support of c = (X ,char, root) is X . Composition c1c0 = (X ,char, root) : m0→
m2 of c0 : m0 → m1 and c1 : m1 → m2 is defined if X0 ∩ X1 = /0 and, if so, we have
X = X0 ∪ X1. Functions char and root are defined in the obvious way. The identity
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arrows are the same as in Bun0. Given an injective function ρ : X → Y , the support
translation ρ · c is (ρX ,char ρ−1, root(idm0 +ρ−1)). It is easy to verify that this satisfies
the axioms of precategories.

The definitions below recall the construction of the track and the support quotient
categories from a well-supported precategory.

Definition 4.4. The track of A is a category Ĉ with

– objects: pairs 〈A,M〉 where A ∈A and M ∈ Set f ;

– arrows: 〈A,M〉 f−→ 〈B,N〉 where f : A→ B is in A, M ⊆ N and | f |= N\M.

Composition of arrows is as in A. Observe that the definition of | f | ensures that com-
position is total. We leave it to the reader to check that this defines a category (cf. [12]).

Definition 4.5. The support quotient of A is a category C with

– objects: as in A;
– arrows: equivalence classes of arrows of A, where f and g are equated if there exist

a bijective ρ such that ρ · f = g.

The support quotient is the category of interest, and it is the underlying category of
the reactive system under scrutiny.

Example 4.6 (Bunches). The support quotient of A-Bun is Bun0.

There is an obvious functor F : Ĉ→ C, the support-quotienting functor. Hencefor-
ward we suppose that the precategory A has a distinguished object I. In the following
we use the typewriter font for objects and arrows of Ĉ. We make the notational conven-
tion that any A and f in Ĉ are such that F(A) = A and F(f) = f .

Definition 4.7 (The LTS). The LTS FLTSc(C) has

– States: arrows a : 0→ n in C;
– Transitions: a c � dr if and only if there exist a,l,c,d in Ĉ with 〈F(l),r〉 ∈ R ,

F(d) ∈ D, and such that

Z

X

c �����
Y

d

���

I
a



���
l

�����

is an IPO.

It is proved in [12] that the support-quotienting functor F satisfies the properties
required for the theory of functorial reactive systems [11, 12]. Thus, for instance, if the
category Ĉ has enough RPOs, then the bisimulation on FLTSc(C) is a congruence.

All the theory presented so far can be elegantly assimilated into the theory of
GRPOs. In [12], Leifer predicted instead of precategories, one could consider a bicate-
gorical notion of RPO in a bicategory of supports. This is indeed the case, with GRPOs
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being the bicategorical notion of RPO. However, working with ordinals for support sets
we can avoid the extra complications bicategories as in the case of Bun. It is worth
noticing, however, that a bicategory of supports as above and the G-category define
below would be biequivalent (cf. [20]).

In the following, we make use of a chosen isomorphism tx : x→ ord(x), where for
any finite set x, ord(x) denotes the finite ordinal of the same cardinality. There is an
equivalence of categories F : Set f →Ord which sends x to ord(x) and, on morphisms,
f : x→ y to ty f t−1

x : ord(x)→ ord(y).

Definition 4.8 (G-category of Supports). Given a well-supported precategory A, the
G-category of supports B has

– objects: as in A;
– arrows: f : A→ B where f : A→ B is an arrow of A and | f | is an ordinal;
– 2-cells: ρ : f ⇒ g, where ρ is a “structure preserving” support bijection, that is

ρ · f = g in A.

Composition is defined as follows. Given f : A→ B and g : B→C,

g ◦B f = i2 ·g ◦A i1 · f

where | f | i1−→ | f |⊕ |g| i2←− |g| is the chosen coproduct diagram in Ord.

The following theorem guarantees that the LTS generated is the same as the one
generated with the more involved theory of functorial reactive systems.

Theorem 4.9. FLTSc(A) = GTS(B).

Proof. It is enough to present translations between GIPOs in B and IPOs in Ĉ which
preserve the resulting label in the derived LTS. We present the translations, but omit the
straightforward proofs. Suppose that (i) below

Z

X

c


						

ρ Y

d
��







I
a

��






 l



							

(i)

〈Z, |a|⊕ |c|〉

〈X , i1|a|〉

i2·c
����������� 〈

Y,ρ−1i1|l|
〉

(ρ−1i2)·d������������

〈I, /0〉
i1·a

������������ (ρ−1i1)·l

������������

(ii)

is a GIPO in B. Then we claim that (ii) is an IPO in C. Note that (ii) is commutative
since ρ is a structure-preserving support bijection. Going the other way, suppose that (i)
below
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〈Z,N〉

〈X ,L〉

c
���������

〈Y,M〉

d
���������

〈I,K〉
l

���������a

���������

(i)

Z

X ρ

tc·c


						

Y

td ·d
��







I
ta·a

��






 tl ·l



							

(ii)

is an IPO in C. Then (ii) is a GIPO in B where ρ is

|ta ·a|⊕ |tc · c| t
−1
a ⊕t−1

c−→ |a| ∪ |c|= |l| ∪ |d| tl∪td−→ |tl · l|⊕ |td ·d|.

Example 4.10 (Bunches). The 2-category of supports of the precategory A-Bun is
Bun. Note that a “structure preserving” support bijection is a bunch homomorphism.
Indeed, ρ : (X ,char, root)→ (X ′,char′, root′) if X ′ = ρX , char′ = char ρ−1 and root′ =
root(id⊕ρ−1) which is the same as saying char = char′ ρ and root = root′(id⊕ρ).

5 Conclusion

We have extended our theory of GRPOs initiated in previous work in order to strengthen
existing techniques for deriving operational congruences for reduction systems in the
presence of non trivial structural congruences. In particular, this paper has shown that
previous theories can be recast using G-reactive systems and GRPOs at no substantial
additional complexity. Also, we proved that the theory is powerful enough to handle the
examples considered so far in the literature. Therefore, we believe that it constitutes a
natural starting point for future investigations towards a fully comprehensive theory.

It follows from Theorem 4.9 that G-categories are at least as expressive as well-
supported precategories. A natural consideration is whether a reverse translation may
exist. We believe that this is not the case, as general G-categories appear to carry more
information than precategories.
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A Basic Properties of GRPOs

The next two lemmas explain the relationships between GRPOs and GIPOs.

Lemma A.1 (GIPOs from GRPOs). If 〈Z,c,d,u,α,η,µ〉 is a GRPO for (i) below, as
illustrated in (ii), then (iii) is a GIPO.

Z′

X α′

c′ ������
Y

d′������

W
a

������
b

������

(i)

Z′

X

c′ ������
c �� Z

η µ
u
��

Yd��

d′������

W
α

a

������
b

������

(ii)

Z

X α

c ������
Y

d������

W
a

������
b

������

(iii)
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Lemma A.2 (GRPOs from GIPOs). If square (iii) above is a GIPO, (i) has a GRPO,
and 〈Z,c,d,u,α,η,µ〉 is a candidate for it as shown in (ii), then 〈Z,c,d,u,α,η,µ〉 is a
GRPO for (i).

The following lemmas from [17] state the basic properties of GRPOs.

Lemma A.3. Suppose that diagram (ii) below has a GRPO.

U
a ��

b

��

V

d

��

e �� W

g

��

X

α

c
�� Y

β

f
�� Z

(i)

U
a ��

b

��

V

ge

��

X
f c

��

βa• f α

Z

(ii)

1. If both squares in (i) are GIPOs then the rectangle of (i) is a GIPO
2. If the left square and the rectangle of (i) are GIPOs then so is the right square.

Lemma A.4. Suppose that diagram (i) below is a GIPO.

Z

X α

c ������
Y

d������

W
a

������
b

������

(i)

Z

X α

c ������
Y

d������

W

a������
a′

��

ε b

������

(ii)

Z

X α

c ������
Y

d

������

d′��

ε������

W
a

������
b

������

(iii)

Then the regions obtained by pasting the 2-cells in (ii) and (iii) are GIPOs.
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Abstract. In this paper we study induction in the context of the first-
order µ-calculus with explicit approximations. We present and compare
two Gentzen-style proof systems each using a different type of induction.
The first is based on finite proof trees and uses a local well-founded in-
duction rule, while the second is based on (finitely represented) ω-regular
proof trees and uses a global induction discharge condition to ensure ex-
ternally that all inductive reasoning is well-founded. We give effective
procedures for the translation of proofs between the two systems, thus
establishing their equivalence.

1 Introduction

Induction is the fundamental finitary method available in mathematics and com-
puter science to generate and reason about finite and infinite objects. Three main
proof-theoretic approaches to explicit induction1 can be identified:

1. well-founded induction,
2. Scott/Park fixed point induction (cf. [7]), and
3. cyclic proofs, based on the idea of reducing induction to a global well-

foundedness check on a locally sound inference graph.

As general approaches to inductive reasoning the former two are clearly the dom-
inant ones. However, the value of cyclic reasoning in the decidable case has been
demonstrated quite unequivocally by now. Examples are the well-established
equivalence between monadic second-order logic, temporal logics (including var-
ious µ-calculi) and automata on infinite objects [14] as well as the usefulness of
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automata for obtaining decidability results and efficient algorithms [15]. Similar
claims can be made concerning the usefulness of tableau-based techniques for
obtaining completeness results in modal and temporal logic [6]. In the context of
theorem proving and (undecidable) proof search, however, cyclic reasoning has
received little attention. In our opinion, this situation deserves to be remedied.
Our claim is that it facilitates proof search, mainly due to its ability to delay de-
cisions concerning induction strategy as far as possible. Although it is too early
for any real conclusions on the validity of this claim, the experiences with cyclic
proofs for the µ-calculus using the EVT theorem prover [1, 5] are encouraging.

In this paper, we address the fundamental question of the relative deduc-
tive power of cyclic proofs versus well-founded induction, the latter being the
yardstick by which other formalisations must be compared. Our investigation is
based on Park’s first-order µ-calculus [8], which provides a minimal setting to
study formalised induction. In this context, cyclic reasoning underpins work on
model checking [13], completeness of the modal µ-calculus [16], and, more re-
cently, Gentzen-type proof systems for compositional verification [4, 11, 10]. We
establish effective translations between two Gentzen-style proof systems: one,
Sloc, for well-founded (local) induction, and the other, Sglob, based on (finitely
represented) ω-regular proof trees using an external global induction discharge
condition ensuring the well-foundedness. We work in an extension of the ba-
sic µ-calculus with explicit approximations [4] and ordinal quantification [10]
(Sect. 2). Inductive reasoning in both proof systems rests on this extension. In
system Sloc (Sect. 3), it is supported by a single local induction rule, an in-
stantiation of the the well-known rule of well-founded induction to ordinals. In
system Sglob (Sect. 4), the global induction discharge condition organises the
basic cycles, called repeats, into a partial induction order, assigns a progressing
induction variable to each repeat and requires each repeat to preserve (i.e. not
increase) the variables of repeats above it in the induction order. This condition
ensures that the induction associated with each strongly connected subgraph is
well-founded. For the translation from Sloc to Sglob (Sect. 5) it is sufficient to
show that the local induction rule of Sloc is derivable in Sglob. The translation
in the other direction (Sect. 6) is more involved and generally proceeds in two
stages. We first present a direct translation for Sglob-proofs, where the inductive
structure represented in the induction order matches the proof tree structure.
Then, we discuss an exponential time algorithm, which unfolds arbitrary cyclic
proofs until they are in the form required by the direct translation.

We think that, by clearly exhibiting the underlying structures and their re-
lationships, our present formal treatment sheds some new light on the various
approaches to inductive reasoning. An important benefit from using explicit
approximations is that it largely decouples our constructions from the actual
language (here, the µ-calculus), thus strongly suggesting that they can support
lazy-style global induction in other contexts such as type theories with inductive
definitions [9]. Barthe et al. [2], for instance, points in this direction by proposing
a type system ensuring termination of recursive functions based on approxima-
tions of inductive types. Finally, an interesting practical implication of our result
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is that (assuming size blow-ups can be prevented) it permits standard theorem
provers to be gracefully interfaced with the µ-calculus based EVT prover.

Set-theoretic preliminaries Let G = (A,R ⊆ A × A) be a graph. We say that
G is a forest if (a, b) ∈ R and (a, c) ∈ R imply b = c. A tree is a forest with a
unique root node r ∈ A such that there is no a ∈ A with (a, r) ∈ R. We call G
forest-like if (a, b) ∈ R and (a, c) ∈ R imply b = c or (b, c) ∈ R ∪R−1. A subset
C ⊆ A is strongly R-connected if for any two x, y ∈ C we have that (x, y) ∈ R∗.
C is weakly R-connected if R ∪R−1 is strongly R-connected. We sometimes call
C ⊆ A a subgraph of G and mean the subgraph (C,R ∩ C × C) induced by C.
A strongly connected subgraph (SCS) C ⊆ A is non-trivial if R ∩ C × C �= ∅.

2 µ-Calculus with Explicit Approximations

Let 2 = {0, 1} be the two-point lattice and let Pred(S) = 2S be the lattice of
predicates over S ordered pointwise. For a monotone map f : Pred(S) → Pred(S)
we define the ordinal approximation µαf and the fixed point µf by

µ0f = λx.0 µγf =
∨

α<γ µ
αf for limit ordinals γ

µα+1f = f(µαf) µf =
∨

a µ
αf

Proposition 1. Let f : Pred(S) → Pred(S) be a monotone map. Then

1. µf is the least fixed point of f (Knaster-Tarski), and
2. µαf =

∨
β<α f(µβf).

We assume countably infinite sets of individual variables x, y, z . . . ∈ VI , of pred-
icate variables X,Y, Z, . . . ∈ VP of each arity n ≥ 0, and of ordinal variables
ι, κ, λ, . . . ∈ VO. Let t range over the terms of some signature Σ.

Definition 1. (Syntax) The syntax of µ-calculus formulas φ and predicates Φ
over Σ is inductively defined by

φ ::= t = t′ | κ′<κ | ¬φ | φ1 ∧ φ2 | ∃x.φ | ∃κ.φ | Φ(t)
Φ ::= X | µX(x).φ | µκX(x).φ

with the restriction that the arities of Φ and t match in Φ(t) and the formation
of both µX(x).φ and µκX(x).φ is subject to the conditions that (i) the arities of
X and x match, and (ii) all occurrences of X in φ appear under an even number
of negations (formal monotonicity).

Zero-ary predicates are identified with formulas. We call formulas of the form
κ′ < κ ordinal constraints. The sets of free and bound variables of formulas
and predicates are defined as expected, in particular, fv(µX(x).φ) = fv(φ) −
{X,x} and fv(µXκ(x).φ) = (fv(φ) − {X,x}) ∪ {κ}. We will identify formulas
that are equal up to renaming of bound variables. Dual connectives are defined
in the usual way, with νX(x).φ = ¬µX(x).¬φ[¬X/X ] and the approximated
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fixed point similarly. We also use bounded ordinal quantifiers defined by the
abbreviations ∃ι<κ.φ = ∃ι. ι<κ ∧ φ and ∃ι≤κ.φ = (∃ι<κ.φ) ∨ φ[κ/ι].

Given a Σ-model M = (A, ρ) (A is the structure and ρ the interpretation)
the semantics interprets a µ-calculus formula φ as an element ‖φ‖M ∈ 2 and
an n-ary predicate Φ as an element ‖Φ‖M ∈ Pred(|A|n). We often drop M and
write ‖φ‖ρ and ‖Φ‖ρ if the structure A is clear from the context.

Definition 2. (Semantics) Given a signature Σ and a Σ-model (A, ρ) define
the semantics of µ-calculus formulas φ and predicates Φ over Σ inductively by

‖t = t′‖ρ = if ‖t‖ρ = ‖t′‖ρ then 1 else 0 ‖∃κ.φ‖ρ =
∨

β‖φ‖ρ[β/κ]

‖κ′<κ‖ρ = if ρ(κ′) < ρ(κ) then 1 else 0 ‖Φ(t)‖ρ = ‖Φ‖ρ(‖t‖ρ)
‖¬φ‖ρ = 1 − ‖φ‖ρ ‖X‖ρ = ρ(X)
‖φ1 ∧ φ2‖ρ = min{‖φ1‖ρ, ‖φ2‖ρ} ‖µX(x).φ‖ρ = µΨ
‖∃x.φ‖ρ =

∨
a∈|A|‖φ‖ρ[a/x] ‖µκX(x).φ‖ρ = µρ(κ)Ψ

where ‖t‖ρ is defined as usual and Ψ = λP.λa.‖φ‖ρ[P/X,a/x] in the clauses for
fixed point and approximation predicates.

Given a model M = (A, ρ), we extend the valuation ρ a posteriori to terms
t and formulas φ by defining ρ(t) = ‖t‖ρ and ρ(φ) = ‖φ‖ρ. This allows us to
compose substitutions θ with environments ρ as in ρ ◦ θ. We say that a model
M = (A, ρ) satisfies a formula φ, written M |= φ, if ‖φ‖ρ = 1. A formula φ is
valid if M |= φ for all models M.

3 Local Induction: The System S���

In this section we introduce the Gentzen-type proof system Sloc for local well-
founded induction. It shares most definitions and proof rules with the system
Sglob for global induction presented in the next section.

Sequents The sequents of both proof systems are of the form Γ �O ∆, where
Γ and ∆ are finite multisets of formulas and O is a finite set of ordinal variables.
A sequent is well-formed if all ordinal variables occurring free in Γ or ∆ are
elements of O. We tacitly restrict our attention to well-formed sequents. The
set of free variables of a sequent is defined by fv(Γ �O ∆) = fv(Γ ∪ ∆) ∪ O.
Substitutions are extended to multisets of formulas by defining Γ [θ] = {φ[θ] |
φ ∈ Γ}. In sequents we often write O, κ for O ∪ {κ}.

Given a Σ-model M = (A, ρ) we say that M satisfies a sequent Γ �O ∆ if
M |= φ for all φ ∈ Γ implies that M |= ψ for some ψ ∈ ∆. A model M falsifies
a sequent Γ �O ∆ if M does not satisfy Γ �O ∆. The sequent Γ �O ∆ is valid
if it is satisfied in all models.
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Structural Rules

(Id)
Γ, φ �O φ, ∆

· (Weak)
Γ �O ∆

Γ ′ �O′ ∆′

Γ ′⊆Γ

∆′⊆∆

O′⊆O

(Cut)
Γ �O ∆

Γ, φ �O ∆ Γ �O φ, ∆
(Subst)

Γ [θ] �O[θ] ∆[θ]

Γ �O ∆

Logical and Equality Rules

(¬-L)
Γ,¬φ �O ∆

Γ �O φ, ∆
(¬-R)

Γ �O ¬φ, ∆

Γ, φ �O ∆

(∧-L)
Γ, φ1 ∧ φ2 �O ∆

Γ, φ1, φ2 �O ∆
(∧-R)

Γ �O φ1 ∧ φ2, ∆

Γ �O φ1, ∆ Γ �O φ2, ∆

(∃-L)
Γ,∃x.φ �O ∆

Γ, φ �O ∆
x �∈ fv(Γ, ∆) (∃-R)

Γ �O ∃x.φ, ∆

Γ �O φ[t/x], ∆

(=-L)
Γ [t2/x], t1 = t2 �O ∆[t2/x]

Γ [t1/x] �O ∆[t1/x]
(=-R)

Γ �O t = t, ∆

·

Fixed Point Rules

(µ1-L)
Γ, (µX(x).φ)(t) �O ∆

Γ,∃κ.(µκX(x).φ)(t) �O ∆
(µ0-R)

Γ �O (µX(x).φ)(t), ∆

Γ �O φ[µX(x).φ/X, t/x], ∆

(µκ-L)
Γ, (µκX(x).φ)(t) �O ∆

Γ,∃κ′ <κ.φ[µκ′X(x).φ/X, t/x] �O ∆

(µκ-R)
Γ �O (µκX(x).φ)(t), ∆

Γ �O ∃κ′ <κ.φ[µκ′X(x).φ/X, t/x], ∆

Ordinal Rules

(∃κ-L)
Γ,∃κ.φ �O ∆

Γ, φ �O,κ ∆
κ �∈ O (∃κ-R)

Γ �O ∃κ.φ, ∆

Γ �O φ[ι/κ], ∆
ι ∈ O

(<-L)
Γ, κ<κ �O ∆

· (<-R)
Γ �O κ′ <κ,∆

Γ �O κ′ <κ′′, ∆ Γ �O κ′′ <κ, ∆

Table 1. The proof rules shared by Sloc and Sglob
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(Ind-L)
Γ,∃κ.φ �O ∆

Γ, φ �O,κ ∃κ′ <κ.φ[κ′/κ], ∆
κ �∈ O

(Ind-R)
Γ �O ∀κ.φ, ∆

Γ,∀κ′ <κ.φ[κ′/κ] �O,κ φ,∆
κ �∈ O

Table 2. The local induction rules of Sloc

Proof System The proof system is presented in two parts. Table 1 shows the
basic set of proof rules, common to both Sloc and Sglob. They are presented in
tableau-style with the conclusion above the line and the premises below. Fixed
point rule (µ1-L) is the essential device which introduces ordinal approximations.
Note the asymmetry of rules (µ1-L) and (µ0-R). However, one can show that the
symmetric rules (µ0-L) and (µ1-R) are derivable in Sloc. The local proof system
Sloc is then obtained by adding to the basic proof rules the local induction rule
(Ind-L) of Table 2. The table also shows its derivable dual (Ind-R), which might
look more familiar to the reader.

Given a set S of proof rules an S-derivation tree D = (N , E ,L) is a tree (N , E)
with nodes N and edges E ⊆ N ×N together with a function L labelling each
node of the tree with a sequent in a way that is consistent with the application
of the proof rules in S. We often write N(Γ �O ∆) for L(N) = Γ �O ∆.

Definition 3. An Sloc-proof for a sequent Γ �O ∆ is an Sloc-derivation tree D
whose root is labelled by Γ �O ∆ and each leaf of which is labelled by an axiom.

Lemma 1. The proof rules of Tables 1 and 2 are sound. In particular, if there is
a Σ-model (A, ρ) falsifying the conclusion C of a rule then there is a environment
ρ′ such that (A, ρ′) falsifies some premise P of that rule. Moreover, we can
choose ρ′ such that, for all ordinal variables κ free in both P and C, we have
ρ′(κ) = ρ(θ(κ)) for rule (Subst) and ρ′(κ) ≤ ρ(κ) for all other rules.

The proof proceeds by a straightforward inspection of the rules. In particular,
the soundness of the fixed point rules follows immediately from Proposition 1.
The soundness of the proof system Sloc is then an immediate corollary.

Theorem 1. (Soundness of Sloc) If D is an Sloc-proof for Γ �O ∆ then
Γ �O ∆ is valid.
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4 Global Induction: The System S����

The proof system Sglob uses the proof rules from Table 1 only. However, proofs in
this system are not finite but ω-regular trees, which we represent as finite trees
with back edges called repeats. An external global induction discharge condition
then ensures that all inductive reasoning embodied in the proof structure is
well-founded. Let us fix an arbitrary Sglob-derivation tree D = (N , E ,L).

Definition 4. (Repeat) A repeat R = (N,M) for D is a pair of nodes of D
such that N is a leaf, M lies on the path from the root of D to N and L(N) =
L(M). The node N is called the repeat node and M is called its companion.
We denote by π(R) the path M · · ·N in D.

Definition 5. (Pre-Proof) A pre-proof P = (D,R) is composed of an Sglob-
derivation tree D = (N , E ,L) and a set of repeats R for D such that each of its
non-axiom leaves appears in exactly one repeat of R. We call the graph G(P) =
(N , E ∪ R,L) the pre-proof graph of P.

The following lemma will allow us to identify strongly connected subgraphs of
G(P) with certain subsets of R. For two repeats R = (N,M) and R′ = (N ′,M ′)
in R define R → R′ if there is a path M · · ·N ′ from the companion node M of
R to the repeat node N ′ of R′ in the derivation tree D.

Lemma 2. There is a bijection between the non-trivial strongly connected sub-
graphs of G(P) and the strongly connected subgraphs of (R,→).

We are now ready to define the basic induction discharge condition qualifying a
pre-proof as a proof. This condition is based on the notions of preservation and
progress of repeats with respect to approximant variables.

Definition 6. (Progress, Preservation) Constraint κ′<κ is called derivable
at N(Γ �O ∆), written N � κ′ <κ, if there is a repeat-free Sglob-pre-proof for
Γ �O κ′ < κ,∆. Let R be a repeat with π(R) = N0 · · ·Nm and Ni(Γi �Oi ∆i)
and let κ be an ordinal variable. Then we say

– R preserves κ, if κ ∈ Oi for all i, and if either Nj � θ(κ)<κ or θ(κ) = κ
whenever rule (Subst) is applied with θ at Nj, and

– R progresses on κ, if R preserves κ and rule (Subst) is applied with some θ
at some Nj such that Nj � θ(κ)<κ.

Definition 7. (Sglob-Proof) A pre-proof P = (D,R) is an Sglob-proof if for
each strongly connected subgraph S ⊆ R there is an ordinal variable κ such that

1. some repeat R ∈ S progresses on κ, and
2. each repeat R′ ∈ S preserves κ.
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Theorem 2. (Soundness of Sglob) If P is an Sglob-proof for Γ �O ∆ then
Γ �O ∆ is valid.

Proof. (Sketch) By contradiction. Using Lemma 1 we construct an infinite se-
quence (N0, ρ0) · · · (Ni, ρi) · · · of pairs of nodes and valuations such that each
ρi falsifies L(Ni). By the definition of Sglob-proof there is an ordinal variable κ
such that the sequence {ρi(κ)}i of ordinals decreases infinitely often from some
point on, contradicting the well-foundedness of the ordinals. ��

Discharge Using Induction Orders The basic induction discharge mecha-
nism does not exhibit sufficient structure for our purpose of comparing the two
systems Sloc and Sglob. For this reason we introduce an alternative induction dis-
charge condition, first proposed by Schöpp [10] and generalising the one in [4],
which orders the set of repeats appearing in a pre-proof. The new condition
turns out to be equivalent to the original one.

Definition 8. (Induction Orders) A partial order (R,�) on the set of re-
peats is called an induction order for P, if it is forest-like and every strongly
connected subgraph S ⊆ R has a �-greatest element.

A labelled induction order (R,�, δ) is an induction order (R,�) together
with a map δ assigning an ordinal variable κ to each repeat R ∈ R. The ordinal
variable δ(R), also written δR, is called the induction variable for R.

The restriction to forest-like partial orders in this definition is adopted here for
convenience. It is not necessary for soundness, but sufficient for completeness
(see Proposition 2 below).

Definition 9. (Alternative Discharge) We say that a labelled induction or-
der (R,�, δ) discharges a pre-proof P = (D,R) if for all R ∈ R
1. R progresses on δR, and
2. R preserves δR′ whenever R � R′.

Proposition 2. For any pre-proof P = (D,R) the following are equivalent:

(i) there is a labelled induction order (R,�, δ) discharging P, and
(ii) P is an Sglob-proof.

5 From Local to Global Induction

The translation of Sloc-proofs to Sglob-proofs is achieved by showing that the
local induction rule (Ind-L) is derivable in Sglob, in the strong sense that any
application of (Ind-L) inside an Sglob-proof can be replaced by an equivalent
Sglob-derivation.

Theorem 3. The local induction rule (Ind-L) is derivable in Sglob.
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Proof. Consider the following derivation (omitting two applications of the weak-
ening rule):

Γ, ∃κ.φ �O ∆
(∃κ-L)�Γ, φ �O,κ ∆�

(Cut)
Γ, φ �O,κ ∃κ′<κ.φ[κ′/κ], ∆ Γ, ∃κ′<κ.φ[κ′/κ] �O,κ ∆ (∃κ-L,∧-L)

Γ, κ′<κ, φ[κ′/κ] �O,κ,κ′ ∆
(Subst)�Γ, φ �O,κ ∆�

This derivation is sound provided κ �∈ O, the side condition of rule (Ind-L). Since
the repeat (indicated by brackets) preserves all variables in O and progresses on
κ, this derivation can safely replace applications of (Ind-L) in Sglob-proofs. ��

6 From Global to Local Induction

In general, the translation from Sglob-proofs to Sloc-proofs proceeds in two stages.
If the inductive structure of the Sglob-proof matches its tree structure, it can be
translated directly into an Sloc-proof. Otherwise, the Sglob-proof needs to be
unfolded prior to this transformation. We fix an arbitrary pre-proof P = (D,R).

Definition 10. (Structural dependency) The structural dependency rela-
tion ≤P on R is defined as follows: R′ ≤P R holds for two repeats R,R′ ∈ R if
the companion node of R′ appears on the path π(R).

Lemma 3. Let S ⊆ R. Then S is strongly →-connected if and only if S is
weakly ≤P -connected.

Definition 11. (Tree-compatibility) An induction order (R,�) for P is tree-
compatible if R ≤P R′ and R′ �≤P R imply R � R′ for all R,R′ ∈ R. An
Sglob-proof P is called tree-dischargeable if there is a tree-compatible induction
order discharging P.

The inductive structure of a tree-dischargeable proof matches its underlying
tree structure. The next lemma, which can be proved using Lemma 3, gives
a useful characterisation of induction orders for P in terms of the structural
dependency relation ≤P , thereby relating the structure of the proof tree with
the dependencies between repeats in an arbitrary induction order.

Lemma 4. Let (R,�) be a forest-like partial order. Then (R,�) is an induction
order for P if and only if R ≤P R′ implies R � R′ or R′ � R for all R,R′ ∈ R.

Let �P be the transitive closure of ≤P . The following two remarks are easy
corollaries of Lemma 4.
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Proposition 3. Let P = (D,R) be a pre-proof such that R is injective (as a
function from repeat nodes to companions). Then �P is a tree-compatible induc-
tion order for P.

Lemma 5. Let P = (D,R) be a proof discharged by the tree-compatible induc-
tion order (R,�, δ). Then P can be transformed into a proof P ′ = (D′,R′) of
the same sequent such that R′ is injective and P ′ is discharged by (R′,�P′ , δ′)
for some labelling δ′.

6.1 Translating Tree-Dischargeable Proofs

Since each repeat R embodies an induction progressing on variable δR along the
path π(R) from the companion to the repeat node, it seems natural to insert the
local induction rule (Ind-L) at the companion node and use, essentially, the whole
sequent as an induction hypothesis. This induction hypothesis is then conveyed
down the proof tree, exploiting progress on δR along π(R) to remove the bounded
quantification introduced by (Ind-L) and thus making the induction hypothesis
available for local discharge at the repeat node. The rest of this section is devoted
to proving the following theorem along these lines.

Theorem 4. Let P = (D,R) be a Sglob-proof of Γ �O ∆, tree-dischargeable by
(R,�, δ). Then P can be transformed into a Sloc-proof D′ of Γ �O ∆.

Proof. (Sketch) We assume w.l.o.g. that (A) R is injective and �=�P , by
Lemma 5, and (B) companions appear only as descendents of nodes where a
rule other than (Subst), (Cut), (∧-R) and (<-R) is applied.

Our construction recursively transforms D = (N , E ,L) into a new derivation
tree D′ = (N ′, E ′,L′) by replacing at each node N the rule applied to produce
the set of descendents NN by a derivation DN with root N̂ and premises N̂N =
{N̂ ′ | N ′ ∈ NN} (and some fresh interior nodes). The procedure keeps the
set H of current induction hypotheses, which is added to N(Γ �O ∆) yielding
N̂(Γ �O ∆,H) in D′. For any node N ∈ N define the set of repeats active at N
by RN = {R′ ∈ R | ∃R ∈ R.N ∈ π(R) and R �P R′} and let ON = {δR | R ∈
RN} be the corresponding set of induction variables. We note fact (C): there is
some R ∈ RN preserving all variables in ON . Hence, ON ⊆ O for N(Γ �O ∆).

The induction hypothesis HR to be added to the current set of hypotheses H at
the companion node M(Γ �O ∆) of a repeat R = (N,M) is defined by

HR = ∃δ<δR.ΨR[δ/δR]
ΨR = ∃ι≤ ιR.∃v.

∧
(Γ ∪ ¬∆ ∪ ¬H)[ι/ιR]

where {ιR} = OM − {δR} and {v} = fv(Γ �O ∆) − OM . The free induction
hypothesis ΨR packs the sequent at M together with the set H into a single
formula, existentially quantifies all but the active induction variables in OM

and binds the (preserved) active induction variables ιR in ΨR by a quantifier
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of type ∃· ≤ ιR. The guarded induction hypothesis HR additionally binds the
(progressing) induction variable δR in ΨR by a quantifier of type ∃·≤δR.

Transformation of D to D′. Our procedure ensures that for each node N(Γ �O
∆) in D there is a node N̂(Γ �O ∆,H) such that the following invariant holds:

I(N,H) = Hg
N ⊆ H ⊆ HN

where Hg
N = {HR | R ∈ RN} and HN = Hg

N ∪ {ΨR | R ∈ RN}. By assumption
(B) the root Nr is not a companion so RN = ∅ and the invariant holds trivially
by initially setting H = ∅. We now describe the derivations DN replacing in
D′ the rule application at N in D. Suppose we have constructed D′ up to some
node N̂(Γ ′ �O′ ∆′,H) where the invariant holds. The cases where a rule other
than (Subst) is applied at N and none of the descendents of N is a companion
are easy to show. We just remark that in order to maintain the invariant at the
branching rules (Cut), (∧-R) and (<-R) we possibly need weakening on H to
account for the splitting of the set of active repeats between the two branches.
Due to assumption (B) the two remaining cases are:

Case 1. The single descendent M(Γ �O ∆) of N is the companion of a repeat
R. The invariant I(M,H) is violated for H, because the induction hypothesis
HR is missing in H. The derivation DN in Fig. 1 adds HR to N̂(Γ ′ �O′ ∆′,H)
yielding M̂(Γ �O ∆,H, HR) and thus reestablishing the invariant.

At node M ′ we cut in ∃δR.ΨR. After weakening away all but the latter for-
mula on the left hand side, we apply the induction rule (Ind-L). This leaves us
with the sequent ΨR �ON HR, which is transformed into the desired sequent
M̂(Γ �O ∆,H, HR) by applying a series of essentially first-order rules (RS1)
deconstructing ΨR on the left. On the right hand side, we apply a dual series
of rules (RS2) proving Nr(Γ �O ∆,H, ΨR) locally. Note that the sequent at Nr

anticipates, thanks to the cut, the desired situation at the repeat node of R,
since it contains a right hand side occurrence of the free induction hypothesis.

�N(Γ ′ �O′ ∆′,H)
(rule at N)

M ′(Γ �O ∆,H)
(Cut)

Γ,∃δR.ΨR �O ∆,H
(Weak)

∃δR.ΨR �ON−{δR}
(Ind-L)

ΨR �ON HR
(RS1)

�M(Γ �O ∆,H, HR)

Γ �O ∆,H,∃δR.ΨR
(∃κ-R)

Nr(Γ �O ∆,H, ΨR)
(RS2)

·

Fig. 1. Derivation DN inserted at companion node N of a repeat R
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Case 2. Rule (Subst) applied at N with descendent M . We need to make sure
that the substitution rule is correctly applied and that the induction hypotheses
in H are (re-)generated as in the following compressed version of derivation DN :

N̂(Γ [θ] �O[θ] ∆[θ],H)
(Regen)

M ′(Γ [θ] �O[θ] ∆[θ],H′[θ])
(Subst)

M̂(Γ �O ∆,H′)

where H′ = {HR | HR ∈ H} ∪ {ΨR | ΨR ∈ H or N � θ(δR) < δR}. We have
RM = RN , since M is not a companion by assumption (B). It is then easy to
see that I(M,H′) holds. Note that, since fv(HN ) ⊆ ON , it follows from fact (C)
above that each κ ∈ fv(HN ) is preserved by θ at N , that is, N � θ(κ) < κ or
θ(κ) = κ. The derivation from N̂ to M ′ labelled (Regen) then includes, for each
R ∈ RN , a derivation that produces:

1. ΨR[θ] from HR if N � θ(δR) < δR, exploiting progress of δR and preservation
of ιR by θ at N ,

2. ΨR[θ] from ΨR if θ(δR) = δR and ΨR ∈ H, using preservation of δR and ιR
by θ at N , and

3. HR[θ] from HR, also using preservation of δR and ιR by θ at N .

In each of the derivations (1)-(3) the leading bounded ordinal quantifiers in ΨR

and HR are duplicated and commuted prior to instantiation as necessary, by
applying some easily derivable auxiliary rules.

Continuing this procedure down to the leaves of D yields, for each repeat
R = (N,M), two nodes M̂(Γ �O ∆,H) and N̂(Γ �O ∆,H′) in D′ (where N̂ is
a leaf of D′ so far). We now show that H ⊆ H′ and ΨR ∈ H′, implying that the
sequent at N̂ is provable in Sloc in the same way as the one at node Nr in Fig. 1.
Consider some R′ ∈ RM . From RM = RN and the invariant it follows that HR′

is in both HM and HN . If ΨR′ ∈ HM then we also have ΨR′ ∈ HN , since R
preserves δR′ and so ΨR′ is regenerated along π(R) (see discussion in case (2)
above). Hence, H ⊆ H′. Since R progresses on δR, ΨR will be generated from
HR at some point on the path π(R) and then regenerated in each subsequent
application of rule (Subst) along π(R). Hence, we have ΨR ∈ H′. This shows
that D′ can be completed into an Sloc-proof. ��

6.2 General Case: Unfolding Proofs

The previous translation crucially depends on the tree-dischargeability of the
induction order: repeats with companions lower in the proof tree preserve induc-
tion variables of repeats higher in the proof tree (“higher” and “lower” being
determined by �P). In general, we need to unfold the proof until it becomes
tree-dischargeable. This task is achieved by Algorithm 1.
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1: input
2: P0 = (D0,R0) where D0 = (N0, E0,L0), root Nr { R0 injective }
3: (R0,�0, δ0) { induction order discharging P0 }
4: output
5: P = (D,R) where D = (N , E ,L), N ⊆ N0 × � { unfolded proof }
6: globals
7: s ∈ � { sequence number to distinguish copies of nodes }
8: begin
9: s := 0; E := �; R := �

10: N := {(Nr, s)}; L := {((Nr, s),L0(Nr))}
11: unfold (Nr, s) �
12: end

13: procedure unfold (N, k) B
14: parameters
15: (N, k) ∈ N0 × � { node of P = (node of P0, copy number) }
16: B : R0 ⇀ � { copy numbers for companions available in P }
17: if N is the repeat node of some R = (N, M) ∈ R0 then
18: if (R, i) ∈ B for some i then { companion (M, i) available for (N, k) }
19: R := R ∪ {((N, k), (M, i))}
20: else { no companion available, continue unfolding through repeat }
21: s := s + 1 { get a new sequence number }
22: add node (M, s) labelled L0(M) as child of (N, k) to D
23: unfold (M, s) B
24: end if
25: else { N is an axiom leaf or an inner node of D0 }
26: if N is the companion of some R ∈ R0 and R �∈ domB then
27: B := {(R, k)} ∪ {(R′, k′) ∈ B | R �0 R′}
28: end if
29: for each child N ′ of N in D0 do { add and unfold each child node }
30: add node (N ′, k) labelled L0(N

′) as child of (N, k) to D
31: unfold (N ′, k) B
32: end for
33: end if

Algorithm 1. Unfolding proofs

It takes a proof P0 = (D0,R0) with injective R0 as input and produces a
tree-dischargeable proof P = (D,R). Note that no generality is lost by requiring
that R0 is injective. The nodes of P are pairs (N, k), where N is a node of
P0 and k is the copy number. The original proof tree is traversed recursively,
unfolding repeats into new copies of the proof tree as necessary. The procedure
maintains a partial map B from repeats R0 to copy numbers in N to keep track
of companions that are available for looping back at repeat nodes. This map is
updated whenever we encounter the companion of some repeat R ∈ R without
an entry in B: the entry (R, k) is added to B, while any entry for a repeat R′ not
above R with respect to �0 is removed from B (line 26-27). When examining
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copy l of the repeat node N of some repeat R = (N,M) ∈ R we check whether
there is some entry (R, k) ∈ B (lines 17-18). If so, then we can safely close the
loop and add ((N, l), (M,k)) as a new repeat to R (line 19). Otherwise, if there
is no companion available for R, we proceed by unfolding the tree at (N, l) by
adding the node (M,k) with a fresh k as a descendant of (N, l) to P (line 21-23).

The labelled induction order (R,�, δ) for P is obtained by lifting (R0,�0, δ0)
to P . Writing R̂ = (N,M) ∈ R0 for R = ((N, k), (M, i)) ∈ R, we define

R � R′ ⇔ R̂ ≺0 R̂′ or (R̂ = R̂′ and k ≤ k′) and δ(R) = δ0(R̂)

where R = ((N, k), (M, i)) and R′ = ((N ′, k′), (M ′, i′)). Note the tie-breaking
role of the repeat sequence number in case of identical projected repeats.

Theorem 5. Let P0 = (D0,R0) be a Sglob-proof of Γ �O ∆ such that R0 is
injective and P0 is discharged by (R0,�0, δ0). Then Algorithm 1 produces, in
time O(2|N0|×|R0|), a proof P = (D,R) of Γ �O ∆, discharged by the tree-
compatible induction order (R,�, δ) defined above.

Proof. For partial correctness it is sufficient to show that

1. P = (D,R) is a pre-proof,
2. (R,�) is a tree-compatible induction order for P , and
3. (R,�, δ) discharges P .

It is easy to see that P is a pre-proof. As a preparation for (2) and (3) consider
a repeat R = ((N, k), (M, i)) in R. Let

c = ((N0, k0),B0) · · · ((Nj , kj),Bj) · · · ((Nm, km),Bm)

with (N0, k0) = (M, i) and (Nm, km) = (N, k) be the (suffix of the) sequence of
recursive calls leading to the introduction of R in P . The pair (R̂, i) is added to
B0 in call c0 (line 27) and appears in all subsequent Bj (1 ≤ j ≤ m). Finally, the
repeat R is added to R in call cm (line 19). Consider a repeat R′′ = (N ′′,M ′′) ∈
R0 with its companion M ′′ = Nj occurring in cj with 0 ≤ j ≤ m. Since (R̂, i) is
in both Bj and Bj+1 and (R′′, kj) is added to Bj at in call cj (line 27), we have

(A) if R′′ �∈ domBj then R′′ �0 R̂.

Ad (2). It is easy to check that (R,�, δ) is a forest-like partial order. Now suppose
R′ ≤P R for some R,R′ ∈ R. Since the companion of R′ appears on π(R) in P
and hence as Nj in some cj it must be the case that R̂′ �∈ domBj so we have
R̂′ �0 R̂ by (A). From the definition of � and Lemma 4 it follows that (R,�)
is an induction order. If, moreover, R �≤P R′ then R̂′ �= R̂, since R̂ cannot be
unfolded on π(R). This implies that (R,�) is tree-compatible.

Ad (3). Let S′ ⊆ R0 be the set of repeats unfolded on π(R) and let S = S′∪{R̂}.
Note that π(R) in P is the composition of all the paths π(R′′) in P0 with R′′ ∈ S.
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Suppose R � R′ for some R′ ∈ R. Then certainly R̂ �0 R̂′. Let R′′ ∈ S′ with
companion M . Since R′′ is unfolded in some call cj−1, we have Nj = M and
R′′ �∈ domBj . Hence, R′′ �0 R̂ by (A) and R′′ preserves δ(R′) = δ0(R̂′), implying
that R preserves δ(R′). Moreover, R progresses on δ(R), since R̂ progresses on
δ0(R̂). This shows (3).

Complexity. Suppose for a contradiction that there is a (suffix of a) sequence of
calls of the form c above such that m > 0 and (N0, domB0) = (Nm, domBm).
Note first that, since the control flow of unfold does not depend on the copy
numbers, there is an extension ((Nm+1, km+1),Bm+1) · · · ((N2m, k2m),B2m) of c
such that (Ni, domBi) = (Ni+m, domBi+m) for all i ≤ m (and, in fact, so on ad
infinitum). Let S be the set of repeats R ∈ R0 such that Ni is the companion
of R and R �∈ domBi for some i ≤ m. It is not difficult to see that S is strongly
connected in (R0,→) and thus there is a �0-greatest element R̃ ∈ S. Suppose
Ni is the companion of R̃ for some i ≤ m. Since R̃ �∈ domBi and R̃ is �0-greatest
in S, it follows that R̃ ∈ domBk for all i < k ≤ i + m (line 27). In particular,
R̃ ∈ domBi+m, which contradicts domBi = domBi+m. Hence, length of any call
sequence c of unfold is bounded by |c| ≤ |N0|×|R0|, yielding an upper bound of
|N | ≤ 2|N0|×|R0| for the size of P and the time complexity of the algorithm. ��

7 Conclusions

We have presented a translation between proofs using well-founded induction and
cyclic proofs based on a global well-foundedness condition. The proof systems
use explicit ordinal approximations as suggested in [4]. Since our main interest in
approximants is as a proof-theoretical mechanism to deal with fixed points rather
than proving theorems about them, it would be desirable to identify a fragment of
the language which could be shown to conserve (not increase) the expressiveness
of the basic µ-calculus (without explicit approximations). Simpson and Schöpp
have proposed an alternative approach to approximants based directly on the
second-order variables instead of ordinal variables [11] and they have proved a
conservativity result for a variant of this language [12]. Their language lacks,
however, the ability to “internalise” sequents into single formulas, required in
our direct translation to local proofs. Thus, it seems that our approach can not
readily be adapted to yield a similar translation in their framework.

On a different line of research, we would like to investigate whether the ideas
of this paper can be transferred to the context of type theories with inductive
definitions such as the Calculus of Inductive Constructions [9]. A useful starting
point is the introduction of approximated inductive types along the lines of [2].
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