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Foreword

ETAPS 2003 was the sixth instance of the European Joint Conferences on The-
ory and Practice of Software. ETAPS is an annual federated conference that
was established in 1998 by combining a number of existing and new confer-
ences. This year it comprised five conferences (FOSSACS, FASE, ESOP, CC,
TACAS), 14 satellite workshops (AVIS, CMCS, COCV, FAMAS, Feyerabend,
FICS, LDTA, RSKD, SC, TACoS, UniGra, USE, WITS and WOOD), eight in-
vited lectures (not including those that are specific to the satellite events), and
several tutorials. We received a record number of submissions to the five confer-
ences this year: over 500, making acceptance rates fall below 30% for every one
of them. Congratulations to all the authors who made it to the final program! I
hope that all the other authors still found a way of participating in this exciting
event and I hope you will continue submitting.

A special event was held to honour the 65th birthday of Prof. Wlad Turski,
one of the pioneers of our young science. The deaths of some of our “fathers” in
the summer of 2002 — Dahl, Dijkstra and Nygaard — reminded us that Software
Science and Technology is, perhaps, no longer that young. Against this sobering
background, it is a treat to celebrate one of our most prominent scientists and
his lifetime of achievements. It gives me particular personal pleasure that we are
able to do this for Wlad during my term as chairman of ETAPS.

The events that comprise ETAPS address various aspects of the system de-
velopment process, including specification, design, implementation, analysis and
improvement. The languages, methodologies and tools which support these ac-
tivities are all well within its scope. Different blends of theory and practice
are represented, with an inclination towards theory with a practical motivation
on the one hand and soundly based practice on the other. Many of the issues
involved in software design apply to systems in general, including hardware sys-
tems, and the emphasis on software is not intended to be exclusive.

ETAPS is a loose confederation in which each event retains its own identity,
with a separate program committee and independent proceedings. Its format is
open-ended, allowing it to grow and evolve as time goes by. Contributed talks and
system demonstrations are in synchronized parallel sessions, with invited lectures
in plenary sessions. Two of the invited lectures are reserved for “unifying” talks on
topics of interest to the whole range of ETAPS attendees. The aim of cramming
all this activity into a single one-week meeting is to create a strong magnet for
academic and industrial researchers working on topics within its scope, giving
them the opportunity to learn about research in related areas, and thereby to
foster new and existing links between work in areas that were formerly addressed
in separate meetings.

ETAPS 2003 was organized by Warsaw University, Institute of Informatics,
in cooperation with the Foundation for Information Technology Development,
as well as:

— European Association for Theoretical Computer Science (EATCS);
— European Association for Programming Languages and Systems (EAPLS);
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— European Association of Software Science and Technology (EASST); and
— ACM SIGACT, SIGSOFT and SIGPLAN.
The organizing team comprised:
Mikotaj Bojanczyk, Jacek Chrzaszcz, Piotr Chrzastowski-Wachtel, Grze-
gorz Grudzinski, Kazimierz Grygiel, Piotr Hoffman, Janusz Jabtonowski,
Mirostaw Kowaluk, Marcin Kubica (publicity), Stawomir Leszczyriski (www),
Wojciech Moczydtowski, Damian Niwiriski (satellite events), Aleksy Schu-
bert, Hanna Sokotowska, Piotr Staniczyk, Krzysztof Szafran, Marcin Szczuka,
Lukasz Sznuk, Andrzej Tarlecki (co-chair), Jerzy Tiuryn, Jerzy Tyszkiewicz
(book exhibition), Pawet Urzyczyn (co-chair), Daria Walukiewicz-Chrzaszcz,
Artur Zawtocki.
ETAPS 2003 received support from:!
— Warsaw University
— European Commission, High-Level Scientific Conferences and Information
Society Technologies
— US Navy Office of Naval Research International Field Office,
— European Office of Aerospace Research and Development, US Air Force
— Microsoft Research
Overall planning for ETAPS conferences is the responsibility of its Steering Com-
mittee, whose current membership is:
Egidio Astesiano (Genoa), Pierpaolo Degano (Pisa), Hartmut Ehrig (Berlin),
José Fiadeiro (Leicester), Marie-Claude Gaudel (Paris), Evelyn Duester-
wald (IBM), Hubert Garavel (Grenoble), Andy Gordon (Microsoft Research,
Cambridge), Roberto Gorrieri (Bologna), Susanne Graf (Grenoble), Gorel
Hedin (Lund), Nigel Horspool (Victoria), Kurt Jensen (Aarhus), Paul Klint
(Amsterdam), Tiziana Margaria (Dortmund), Ugo Montanari (Pisa), Mo-
gens Nielsen (Aarhus), Hanne Riis Nielson (Copenhagen), Fernando Orejas
(Barcelona), Mauro Pezzé (Milano), Andreas Podelski (Saarbriicken), Don
Sannella (Edinburgh), David Schmidt (Kansas), Bernhard Steffen (Dort-
mund), Andrzej Tarlecki (Warsaw), Igor Walukiewicz (Bordeaux), Herbert
Weber (Berlin).
I would like to express my sincere gratitude to all of these people and organiza-
tions, the program committee chairs and PC members of the ETAPS conferences,
the organizers of the satellite events, the speakers themselves, and Springer-
Verlag for agreeing to publish the ETAPS proceedings. The final votes of thanks
must go, however, to Andrzej Tarlecki and Pawel Urzyczyn. They accepted the
risk of organizing what is the first edition of ETAPS in Eastern Europe, at a
time of economic uncertainty, but with great courage and determination. They
deserve our greatest applause.

Leicester, January 2003 José Luiz Fiadeiro
ETAPS Steering Committee Chair

! The contents of this volume do not necessarily reflect the positions or the policies of
these organizations and no official endorsement should be inferred.



Preface

The present volume contains the proceedings of the international conference
Foundations of Software Science and Computation Structures (FOSSACS) 2003,
held in Warsaw, Poland, April 7-9, 2003. FOSSACS is an event of the Joint
European Conferences on Theory and Practice of Software (ETAPS). The previ-
ous five FOSSACS conferences took place in Lisbon (1998), Amsterdam (1999),
Berlin (2000), Genoa (2001), and Grenoble (2002).

FOSSACS presents original papers on foundational research with a clear sig-
nificance to software science. The Program Committee invited papers on theories
and methods to support the analysis, integration, synthesis, transformation, and
verification of programs and software systems. We identified the following top-
ics, in particular: algebraic models; automata and language theory; behavioural
equivalences; categorical models; computation processes over discrete and con-
tinuous data; computation structures; logics of programs; modal, spatial, and
temporal logics; models of concurrent, reactive, distributed, and mobile systems;
process algebras and calculi; semantics of programming languages; software spec-
ification and refinement; transition systems; and type systems and type theory.
We received 96 submissions, of which 2 were withdrawn.

This proceedings consists of 27 papers. The first—A Game Semantics for
Generic Polymorphism—accompanies the invited lecture by Samson Abramsky,
University of Oxford. The remaining 26 were selected for publication by the
Program Committee during a week-long electronic discussion.

I sincerely thank all the authors of papers submitted to FOSSACS 2003; the
number and the quality of papers were exceptionally high this year. Moreover, I
would like to thank all the members of the Program Committee for the excellent
job they did during a rather demanding selection process, and to thank all our
subreferees for their invaluable contributions to this process.

To administer submission and evaluation of papers, we relied on a fine web-
based tool provided by METAFrame Technologies, Dortmund; thanks to Martin
Karusseit and Tiziana Margaria of METAFrame for their timely support. Finally,
thanks are due to the ETAPS 2003 Organizing Committee chaired by Andrzej
Tarlecki and Pawet Urzyczyn and to the ETAPS Steering Committee for their
efficient coordination of all the activities leading up to FOSSACS 2003.

Cambridge, January 2003 Andrew D. Gordon
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A Game Semantics for Generic Polymorphism

Samson Abramsky'* and Radha Jagadeesan?**

1 Oxford University Computing Laboratory
samson@comlab.ox.ac.uk
2 DePaul University
rjagadeesan@cs.depaul.edu

Abstract. Genericity is the idea that the same program can work at
many different data types. Longo, Milsted and Soloviev proposed to cap-
ture the inability of generic programs to probe the structure of their
instances by the following equational principle: if two generic programs,
viewed as terms of type VX. A[X], are equal at any given instance A[T],
then they are equal at all instances. They proved that this rule is ad-
missible in a certain extension of System F, but finding a semantically
motivated model satisfying this principle remained an open problem.
In the present paper, we construct a categorical model of polymorphism,
based on game semantics, which contains a large collection of generic
types. This model builds on two novel constructions:

— A direct interpretation of variable types as games, with a natural
notion of substitution of games. This allows moves in games A[T] to
be decomposed into the generic part from A, and the part pertaining
to the instance 7T". This leads to a simple and natural notion of generic
strategy.

— A “relative polymorphic product” IT;( A, B) which expresses quantifi-
cation over the type variable X; in the variable type A with respect
to a “universe” which is explicitly given as an additional parameter
B. We then solve a recursive equation involving this relative product
to obtain a universe in a suitably “absolute” sense.

Full Completeness for ML types (universal closures of quantifier-free
types) can be proved for this model.

1 Introduction

We begin with an illuminating quotation from Gérard Berry [9]:

Although it is not always made explicit, the Write Things Once or
WTO principle is clearly the basis for loops, procedures, higher-order
functions, object-oriented programming and inheritance, concurrency vs.
choice between interleavings, etc.

* Samson Abramsky was supported in part by UK EPSRC.
** Radha Jagadeesan was supported in part by NSF CCR-020244901.

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 1-22] 2003.
© Springer-Verlag Berlin Heidelberg 2003



2 Samson Abramsky and Radha Jagadeesan

In short, much of the search for high-level structure in programming can be
seen as the search for concepts which allow commonality to be expressed. An
important facet of this quest concerns genericity: the idea that the same program
can work at many different data types.

For illustration, consider the abstraction step involved in passing from list-
processing programs which work on data types List[T] for specific types T, to
programs which work generically on List[X]. Since lists can be so clearly visual-
ized, it is easy to see what this should mean (see Figure 1). A generic program
cannot probe the internal structure of the list elements. Thus e.g. list concate-
nation and reversal are generic, while summing a list is not. However, when we
go beyond lists and other concrete data structures, to higher-order types and
beyond, what genericity or type-independence should mean becomes much less
clear.

Fig. 1. ‘Generic’ list structure

One very influential proposal for a general understanding of the uniformity
which generic programs should exhibit with respect to the type instances has
been John Reynolds’ notion of relational parametricity [21], which requires that
relations between instances be preserved in a suitable sense by generic programs.
This has led to numerous further developments, e.g. [T7UTITY)].

Relational parametricity is a beautiful and important notion. However, in
our view it is not the whole story. In particular:

— It is a “pointwise” notion, which gets at genericity indirectly, via a notion
of uniformity applied to the family of instantiations of the program, rather
than directly capturing the idea of a program written at the generic level,
which necessarily cannot probe the structure of an instance.

— It is closely linked to strong extensionality principles, as shown e.g. in [TJT9],
whereas the intuition of generic programs not probing the structure of in-
stances is prima facie an intensional notion—a constraint on the behaviour
of processes.

An interestingly different analysis of genericity with different formal consequences
was proposed by Giuseppe Longo, Kathleen Milsted and Sergei Soloviev [T5l/16].
Their idea was to capture the inability of generic programs to probe the structure
of their instances by the following equational principle: if two generic programs,
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viewed as terms ¢, u of type A[X], are equal at any given instance T, then they
are equal at all instances:

I Ty = w{T}: A[T] = YU.t{U} = u{U} : A[U].

This principle can be stated even more strongly when second-order polymorphic
quantification over type variables is used. For ¢, u : V.X. A:
t{T} =u{T}: A[T]
t=u:VX. A

We call this the Genericity Rule. In one of the most striking syntactic results
obtained for System F (i.e. the polymorphic second-order A-calculus [10]20]),
Longo, Milsted and Soloviev proved in [15] that the Genericity Rule is admissible
in the system obtained by extending System F with the following axiom scheme:

(©)  HBY=t{C}:A (t:VX.A, X ¢ FV(4)).

While many of the known semantic models of System F satisfy axiom (C), there
is no known naturally occurring model which satisfies the Genericity principle
(i-e. in which the rule of Genericity is valid). In fact, in the strong form given
above, the Genericity rule is actually incompatible with well-pointedness and
parametricity, as observed by Longo. Thus if we take the standard polymorphic
terms representing the Boolean values

AX e X y: Xz, A X e X y:Xy : VWX X—-X—->X

then if the type VX. X — X has only one inhabitant — as will be the case
in a parametric model — then by well-pointedness the Boolean values will be
equated at this instance, while they cannot be equated in general on pain of
inconsistency.

However, we can state a more refined version. Say that a type T is a generic
instance if for all types A[X]:

HT}y =u{T}: ATl = t=u:VX. A

This leads to the following problem posed by Longo in [16], and still, to the best
of our knowledge, open:

Open Problem 2. Construct, at least, some (categorical) models that
contain a collection of “generic” types. ... If our intuition about construc-
tivity is correct, infinite objects in categories of (effective) sets should
satisfy this property.

In the present paper, we present a solution to this problem by constructing a
categorical model of polymorphism which contains a large collection of generic
types. The model is based on game semantics; more precisely, it extends the
“AJM games” of [5] to provide a model for generic polymorphism. Moreover,
Longo’s intuition as expressed above is confirmed in the following sense: our main
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sufficient condition for games (as denotations of types) to be generic instances
is that they have plays of arbitrary length. This can be seen as an intensional
version of Longo’s intuition about infinite objects.

In addition to providing a solution to this problem, the present paper also
makes the following contributions.

— We interpret variable types in a simple and direct way, with a natural notion
of substitution of games into variable games. The crucial aspect of this idea
is that it allows moves in games A[T] to be decomposed into the generic part
from A, and the part pertaining to the instance 7'. This in turn allows the
evident content of genericity in the case of concrete data structures such as
lists to be carried over to arbitrary higher-order and polymorphic types. In
particular, we obtain a simple and natural notion of generic strategy. This
extends the notion of history-free strategy from [5], which is determined by
a function on moves, to that of a generic strategy, which is determined by a
function on the generic part of the move only, and simply acts as the identity
on the part pertaining to the instance. This captures the intuitive idea of
a generic program, existing “in advance” of its instances, in a rather direct
way.

— We solve the size problem inherent in modelling System F in a somewhat
novel way. We define a “relative polymorphic product” II;(A, B) which ex-
presses quantification over the type variable X; in the variable type A with
respect to a “universe” which is explicitly given as an additional parameter
B. We then solve a recursive equation involving this relative product to ob-
tain a universe in a suitably “absolute” sense: a game U with the requisite
closure properties to provide a model for System F.

It is also possible to prove a Full Completeness theorem for the ML types
(i.e. the universal closures of quantifier-free types). For this, further technical
details, and proofs of the results, we refer to the full version of this paper [4].

2 Background

2.1 Syntax of System F

We briefly review the syntax of System F. For further background information
we refer to [T1].

Types (Formulas)

A ;= X|A—>B|VYX.A

b

Typing Judgements Terms in context have the form

1AL, ApE A
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Assumption
Nx:tkx:T
Implication
Lx:UFt:T . .
vz Ut (=—1) rct:U—T F}—u.U(_)_E)
I'cXe:Ut:U—T I'Htu:T
Second-order Quantification

I'FAX.t:VX. A I'+t{B}: A[B/X]

The (V — I) rule is subject to the usual eigenvariable condition, that X does not
occur free in I

The following isomorphism is definable in System F:

VX.A—-B =~ A—-VX.B (X €FV(A4)).
This allows us to use the following normal form for types:
vX.T), — - =Ty, —> X (k>0)

where each T; is inductively of the same form.

2.2 Notation

We write w for the set of natural numbers.

We shall use vector notation, writing A for a list Ay, ..., Ag.

If X is a set, X* is the set of finite sequences (words, strings) over X. We
use s, t, u, v to denote sequences, and a, b, ¢, d, m, n to denote elements of
these sequences. Concatenation of sequences is indicated by juxtaposition, and
we don’t distinguish notationally between an element and the corresponding unit
sequence. Thus as denotes the sequence with first element a and tail s. However,
we will sometimes write a- s or s-a to give the name a to the first or last element
of a sequence.

Iff: X — Y then f*: X* — Y™ is the unique monoid homomorphism
extending f. We write |s| for the length of a finite sequence, and s; for the ith
element of s, 1 <14 <|s|. We write numoccs(a, s) for the number of occurrences
of a in the sequence s.

We write s C t if s is a prefix of ¢, i.e. t = su for some u. We write s £V ¢

if s is an even-length prefix of ¢. Pref(S) is the set of prefixes of elements of
S C X*. S is prefiz-closed if S = Pref(S).
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3 Variable Games and Substitution

3.1 A Universe of Moves

We fix an algebraic signature consisting of the following set of unary operations:

p,q {li|i€w} r.

We take M to be the algebra over this signature freely generated by w. Explicitly,
M has the following “concrete syntax”:

m u= iicw) | plm) | am) | L(m) (icw) | x(m).

For any algebra (4,p4,q4, {14 | i € w},r?) and map f : w — A, there is a
unique homomorphism fT: M — A extending f, defined by:

1@ = 1@, fH(em)) =2 (fT(m)) (¢ € {p.qrtu{li|icw}).
We now define a number of maps on M by this means.

— The labelling map A : M — {P,0O}. The polarity algebra on the carrier
{P,O} interprets p, q, r as the identity, and each 1; as the involution (_),
where P = O, O = P. The map on the generators is the constant map
sending each i to O.

— The map p : M — w sends each move to the unique generator occurring
in it. All the unary operations are interpreted as the identity, and the map
on generators is the identity.

— The substitution map. For each move m’ € M, there is a map
hm/ M— M

induced by the constant map on w which sends each i to m’. We write m[m/]
for hy,s (m).

— An alternative form of substitution is written m[m’/i]. This is induced by
the map which send i to m’, and is the identity on all j # i.

Proposition 1. Substitution interacts with A and p as follows.

) Am) if A(m) =P
L A(m{m]) = {A(m’) if A(m) = O
2. p(m[m]) = p(m”).

We extend the notions of substitution pointwise to sequences and sets of se-
quences of moves in the evident fashion.

We say that mi,mg € M are unifiable if for some ms,my € M, my[ms] =
ma[ma]. A set S C M is unambiguous if whenever mi,mg € S are unifiable,
mip = mao.
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Given a subset S C M and i € w, we write
S'={meS|p(m)=i}.

We define a notion of projection of a sequence of moves s onto a move m induc-
tively as follows:

elm =c
m[m/]-sm=m'-(s]m)
m -slm  =sm, Ym”.m' £ m[m"].

Dually, given an unambiguous set of moves S, and a sequence of moves s in
which every move has the form m[m/] for some m € S (necessarily unique since
S is unambiguous), we define a projection s[S inductively as follows:

elsS =
m[m']-s[S=m-(s]9) (meS A p(m)>0)
m[m']-s1S =m[m']- (s]S) (m € S%)

3.2 Variable Games

A wvariable game is a structure
A=(0a,Pa,~4)

where:

— 04 € M is an unambiguous set of moves: the occurrences of A. We then
define:
e Ay = A[O4.
® pa=plOa. ,
o My={m[m']|meOy AnmeM} U ;.04
— P, is a non-empty prefix-closed subset of M} satisfying the following form
of alternation condition: the odd-numbered moves in a play are moves by O,
while the even-numbered moves are by P. Here we regard the first, third,
fifth, ...occurrences of a move m in a sequence as being by A4 (m), while
the second, fourth, sixth ...occurrences are by the other player.
— =24 is an equivalence relation on P4 such that:

el)s~pt = s<+«—t

(

(€2) ss' matt! A |s|=1t] = smat
(e3) smat N sa€ Py = db.sam4 td.

Here s «—— t holds if
s=(my,...,myg), t=(my,...,my)

and the correspondence m; «— m} is bijective and preserves Ag and pa.
We write
T:is+—1

to give the name 7 to the bijective correspondence m; «— mj.
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A move m € O, i > 0, is an occurrence of the type variable X;, while m € 0%
is a bound occurrence.

The set of variable games is denoted by G(w). The set of those games A for

which the range of p4 is included in {0,...,k} is denoted by G(k). Note that if
k <, then

G(k) CG(l) CG(w).

G(0) is the set of closed games.

Comparison with AJM games The above definition of game differs from that in
[B] in several minor respects.

1.

The notion of bracketing condition, requiring a classification of moves as
questions or answers, has been omitted. This is because we are dealing here
with pure type theories, with no notion of “ground data types”.

. The alternation condition has been modified: we still have strict O P-alterna-

tion of moves, but now successive occurrences of moves within a sequence
are regarded as themselves having alternating polarities. Since in the PCF
games in [5] moves in fact only occur once in any play, they do fall within the
present formulation. The reason for the revised formulation is that moves in
variable games are to be seen as occurrences of type variables, which can be
expanded into plays at an instance.

We have replaced the condition (el) from [5] with a slightly stronger condi-
tion, which is in fact satisfied by the games in [5].

3.3 Constructions on Games

Since variable games are essentially just AJM games with some additional struc-
ture on moves, the cartesian closed structure on AJM games can be lifted straigh-
forwardly to variable games.

Unit Type The unit type 1 is the empty game.

1 = (Qv {6}7 {(676)})'

Product The product A& B is the disjoint union of games.

Ouages = {p(m) | me O} U{a(m)| me Op}

Pagp =1{p*"(s) | s € Pa}U{q*(t) | t € P}

P'(s) Maep P (t) = s~at  qQ'(s)maen q'(t) = s=pt.
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Function Space The function space A = B is defined as follows.
Ousp = {Lilm)]|i€ew A me O} U {x(m)|me Op}.

Pa— p is defined to be the set of all sequences in M _, 5 satisfying the alternation
condition, and such that:

— Vi € w.s]L;i(1) € Pa.
— slr(1l) € Pp.

Let S = {1;(1) | i € w}U{x(1)}. Note that S is unambiguous. Given a permu-
tation o on w, we define

The equivalence relation s ~ 4. g t is defined by the condition
Ja € S(w).a"(s[S) =t[S A slr(l) =p tlr(l) A Vicw.s[1;(1) =a t[lau)(1)).

This is essentially identical to the definition in [3]. The only difference is that
we use the revised version of the alternation condition in defining the positions,
and that we define A = B directly, rather than via the linear connectives —o
and !.

3.4 Substitution

Given A € G(k), and B = By,..., By, € G(1), we define A[B] € G(I) as follows.

k
O = 0% U U {mm'] | me Oy A m' €0y}
i=1

Pag) = {s € Mig) | sSIA€ Pa A Vi:1<i<kVme Oy sime Pg}

s~y t = s[A=atlA
/\ .
m:s|Ae—t|[A = Vi:1<i<kVmeOYy. sim=p, tim(m).

Here by convenient abuse of notation we write s[A for s[O4.
Note that the above definitions would still make sense if we took & = w
and/or [ = w, so that, for example, there is a well-defined operation

G(w) x G(w)* — G(w).

In practice, the finitary versions will be more useful for our purposes here, as
they correspond to the finitary syntax of System F.
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3.5 Properties of Substitution

Proposition 2. If A € G(k), By,...,Br € G(), and C1,...,C; € G(m), then:
A[B{[C],...,B[C]] = (A[Bu,...,Bg])C].

For each i > 0 we define the variable game X; as follows.

OXi = {Z}
Py, = My,
smx, t=s=t

Proposition 3. 1. For all By,... B, € G(w), i < k: X;[B1,...Bi] = B;.
2. For all Ae G(k): A[X1,...,Xx] = A.
We can define a useful variant of substitution by:

AB/X;) = AlX1,...,Xi—1, B, Xit1,- .-, Xk
for Ae G(k), 1 <i<k.
Proposition 4. The cartesian closed structure commutes with substitution:

1. (A = B)[C] = A[C] = B[C]
2. (A& B)[C] = A[C] & B[C)].

Combining Propositions [3] and @] we obtain:

Proposition 5. The cartesian closed constructions can be obtained by substitu-
tion from their generic forms:

1A=>B=X1 :>X2[A,B]
2. A&B = X; & XA, B].

4 Constructing a Universe for Polymorphism

4.1 The Inclusion Order
We define A < B by:

- 04CO0p
— Py CPp
—sxat < s€E Py N s=pt

The inclusion order is useful in the following context. Suppose we fix a “big
game” U to serve as a “universe”. Define a sub-game of U to be a game of the
form

A= (OLHPA;%M mple)a
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where P4 C Py, and
se€EPy N syt = tePy.

Thus sub-games of U are completely determined by their sets of positions. We
write Sub(U) for the set of sub-games of U. Note that, for A, B € Sub(i):

A< B < PyCPg.

Proposition 6. 1. Sub(Uf) is a complete lattice, with meets and joins given by

intersections and unions respectively.
2. If S C Py, then the least sub-game A € Sub(U) such that S C Py is defined

by
Py={u|3se€S.TttCs A urmyt}.

It is straightforward to verify that function space and product are monotonic
with respect to the inclusion order. This leads to the following point, which will
be important for our model construction.

Proposition 7. Suppose that U is such that
U=U U, U&LU AU, 1QU.

Then Sub(U) is closed under these constructions.

Adjoints of substitution Let A be a variable game, and s € P4y, x,)- We can use
the substitution structure to compute the least instance B (with respect to <)
such that s € Pyp/x,)- We define

Af(s)={t|Ju.Imec O4. t~u A uL sim}

Proposition 8. With notation as in the preceding paragraph, let B = A% (s).
1. SEPA[B/Xi]-

2. SEPA[C/Xi] = B J C.

4.2 The Relative Polymorphic Product

Given A,B € G(w) and ¢ > 0, we define the relative polymorphic product
II;(A, B) (the “second-order quantification over X; in the variable type A relative
to the universe B”) as follows.

Onyia) = Oal0/i) = {ml0/i] | m € O,
PHi(A,B) = {S c PA[B/Xi] ‘ Vt-a CV" s, A;k(t . (l) = A;k(t)}

S X 1,(A,B) t <= s N A[B/X;] t.
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To understand the definition of P, (4, p), it is helpful to consider the following
alternative, inductive definition (¢f. [2]):

Prap = {€}
U{sa|s € Py py A 3C € Sub(B). sa € Pajcr}

U {sab | sa € PJ%??A,B) A VC € Sub(B). sa € Pajc) = sab € Pajep}

The first clause in the definition of Py is the basis of the induction. The second
clause refers to positions in which it is Opponent’s turn to move. It says that
Opponent may play in any way which is valid in some instance. The final clause
refers to positions in which it is Player’s turn to move. It says that Player can
only move in a fashion which is valid in every possible instance. The equivalence
of this definition to the one given above follows easily from Proposition [8

Intuitively, this definition says that initially, nothing is known about which
instance we are playing in. Opponent progressively reveals the “game board” ;
at each stage, Player is constrained to play within the instance thus far revealed
by Opponent.

The advantage of the definition we have given above is that it avoids quan-
tification over subgames of B in favour of purely local conditions on the plays.

Proposition 9. The relative polymorphic product commutes with substitution.

1. II;(A, B)|[C/X;] = II;(A, B).
2. If A G(k+1) and Cy,...,Cx € G(n), then:

Hk+1(A7 B)[C] = Hn+1(A[C’ XTL+1]’ B)

4.3 A Domain Equation for System F

We define a variable game U € G(w) of System F types by the following recursive
equation:

U = &-0X; &1 & (U&U) & (U:>U) & &Z‘>0Hi(u,U).

Explicitly, U is being defined as the least fixed point of a function F : G(w) —
G(w). The theory developed in [§] can be used to guarantee the existence of this
least fixpoint.

We can then define second-order quantification by:

VX A 2 IL(AU).
Although it is not literally the case that
X; AU, U=U U, etc.

for trivial reasons of how disjoint union is defined, with a little adjustment of
definitions we can arrange things so that we indeed have

° X, U

° 14U

e A B LU= A&B QU&U QU

e ABJLU= A=BdU=UIU

e AU =VX;.A=IL(AU) < ILU,U) < U.
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Thus we get a direct inductive definition of the types of System F as sub-games
of U.

Moreover, if A and B are (the variable games corresponding to) System F
types, then a simple induction on the structure of A using Propositions [3],
and [@ shows that

A[B/Xi] S U,

and similarly for simultaneous substitution.

5 Strategies

Fix a variable game A. Let
g: OA — OA

be a partial function. We can extend ¢ to a partial function
g Mapy — Mapy
by

g

o glm)m’], g(m) defined
(mm’]) = { undefined otherwise

Now we can define a set of plays o4 C MZ[L{] inductively as follows:
o = {e} U {sab|scoy, N sac Py N gla) =0}
For all B < U, we can define the restriction of o, to B by:
o = {e} U {sab € g, | sa € Py}

(Note that o, = o4 in this notation.) We say that o, is a generic strategy for
A, and write g4 : A, if the following restriction condition is satisfied:

— o C Py for all B 9 U, so that the restrictions are well-defined.
Note that o = o4 has the following properties.

— 0 is a non-empty set of even-length sequences, closed under even-length
prefixes.
o is deterministic, meaning that

sabceo N saceco = b=c.

o is history-free, meaning that
sabe o Nteo A tla€ Pay = tabeo.
— o is generic:

s-mi[my]-ma[ms] € o At € o At-mi[ml] € Pagyy = t-myi[my]-ma[mf] € o.
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These conditions imply that
s-my[mi]-ma[mb] € o = mi =m)).

Moreover, for any set o C P44 satisfying the above conditions, there is a least
partial function g : O4 — O4 such that ¢ = o,. This function can be defined
explicitly by

g(m1) =me <= 3Is.s-myla] - mala] € o.

The equivalence =4 on plays can be lifted to a partial equivalence (i.e. a
symmetric and transitive relation) on strategies on A, which we also write as
~2. This is defined most conveniently in terms of a partial pre-order (transitive
relation) <, which is defined as follows.

oST = sabeod ANtET A samatd = I .tdb €T A sabma ta'l.

We can then define
oORT = 0T ANTZoO.

A basic well-formedness condition on strategies o is that they satisfy this re-
lation, meaning o ~ o. Note that for a generic strategy ¢ = oy, using the
equivalence on plays in A[U]:

cx~x0c — op=xopg forall B <U.

A cartesian closed category of games is constructed by taking partial equivalence
classes of strategies, i.e. strategies modulo =, as morphisms. See [5] for details.

5.1 Copy-Cat Strategies

One additional property of strategies will be important for our purposes. A
partial function f : X — X is said to be a partial involution if it is symmetric,
t.e. if
f@)=y <= fly) ==

It is fized-point free if we never have f(x) = z. Note that fixed-point free par-
tial involutions on a set X are in bijective correspondence with pairwise disjoint
families {x;,y; }icr of two-element subsets of X (i.e. the set of pairs {x, y} such
that f(z) =y, and hence also f(y) = ). Thus they can thought of as “abstract
systems of axiom links”. See [6]7] where a combinatory algebra of partial invo-
lutions is introduced, and an extensive study is made of realizability over this
combinatory algebra.

For us, the important correspondence is with copy-cat strategies, first iden-
tified in [3] as central to the game-semantical analysis of proofs (and so-named
there). We say that o is a copy-cat strategy if o = o, where g is a fixed-point
free partial involution.

Lemma 1 (The Copy-Cat Lemma). Let o4 : A be a generic copy-cat strat-
egy. If g(m) = m/, then for all s € o:
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6 The Model

We shall use the hyperdoctrine formulation of model of System F, as originally
proposed by Seeley [22] based on Lawvere’s notion of hyperdoctrines [14], and
simplified by Pitts [18].
We begin by defining:
Gu(k) = Sub(td) N G(k),

where U is the universe of System F types constructed in Section 6.

6.1 The Base Category

We firstly define a base category B. The objects are natural numbers. A mor-
phism n — m is an m-tuple

<A1,...,Am>, Aiegu(n), 1<i<m.

Composition of (A1,...,An) : n — m with (By,...,4,) : K — n is by
substitution:

(A1,...,An)oB = (A4[B],...,An[B]) : k — m.
The identities are given by:
id, = (Xi1,...,X5).
Note that variables act as projections:
X;:n—1
and we can define pairing by
(A,B) = (A1,...,A,,B1,...,Bn):k—m+n

where
(A1,...,An) : k — n, (Bi,...,Bm) : k — m.

Thus this category has finite products, and is generated by the object 1, in the
sense that all objects are finite powers of 1.

6.2 The Indexed CCC

Nest, we define a functor
C:B°* — CCC

where CCC is the category of cartesian closed categories with specified products
and exponentials, and functors preserving this specified structure.
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The cartesian closed category C(k) has as objects Gy (k). Note that the objects
of C(k) are the morphisms B(k, 1); this is part of the Seeley-Pitts definition.

The cartesian closed structure at the object level is given by the constructions
on variable games which we have already defined: A = B, A& B, 1. Note that
G (k) is closed under these constructions by Proposition [7

A morphism A — B in C(k) is a generic copy-cat strategy o : A = B.
Recall that this is actually defined at the “global instance” U:

o=ou: (A= B)U] = AlU]= B[U].

More precisely, morphisms are partial equivalence classes of strategies modulo

~
~.

The cartesian closed structure at the level of morphisms is defined exactly
as in [9].

Reindexing It remains to describe the functorial action of morphisms in B. For
each C : n — m, we must define a cartesian closed functor

C*:C(m) — C(n).

We define:

Ifo: A= B,
C*(0) =0c: (A= B)[C] = A[C]= B[C].
For functoriality, note that
C*(0)oC*(t) =0cotc =(0c0oT)c =C*(goT).

By Proposition ] C* preserves the cartesian closed structure.

6.3 Quantifiers as Adjoints

The second-order quantifiers are interpreted as right adjoints to projections. For
each n, we have the projection morphism

(X1,...,Xp):n+1—mn
in B. This yields a functor
X*:C(n) — C(n+1).
We must specify a right adjoint

I, :C(n+1) — C(n)
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to this functor. For A € Gy(n + 1), we define
I,(A) = VX, 11. A
To verify the universal property, for each C' € Gy;(n) we must establish a bijection
A:C(n)(C,VXpi1. A) — C(n+1)(X*(0),A).
Concretely, note firstly that
X*(C) = C[X] = C.

Next, note that in both hom-sets the strategies are subsets of Popg— A, 1/ x,,1]-
In the case of generic strategies o into A, these are subject to the constraint of
the restriction condition: that is, for each instance B, B,

oB,B C Po[B|=A[B,B]-

In the case of strategies o into V.X,,41. A, these are subject to the constraint that
for each instance B,

0B C PoB|=vX, 1. A[B,X41]-

The equivalence of these conditions follows straightforwardly from Proposition Rl
This shows that the required correspondence between these hom-sets is simply
the identity (which also disposes of the naturality requirements)!

Naturality (Beck-Chevalley) Finally, we must show that the family of right ad-
joints IT,, form an indexed (or fibred) adjunction. This amounts to the following:
for each @ : m — n in B, we must show that

a*olIl, = I, o (a x idy)*.
Concretely, if « = C, we must show that for each A € Gy(n + 1),
(VXpnt1-A)C] = VXpt1. AlC, Xpta].

This is Proposition [J

Remark We are now in a position to understand the logical significance of the
relative polymorphic product II;(A, B). We could define

Gs(k) = Sub(B) N G(k),

and obtain an indexed category Cp(k) based on Gp(k) instead of Gy (k). We
would still have an adjunction

G(n)(C,II,+1(A,B)) = Cp(n+1)(X*(C),A).
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However, in general B would not have sufficiently strong closure properties to
give rise to a model of System F. Obviously, Sub(B) must be closed under the
cartesian closed operations of product and function space. More subtly, Sub(B)
must be closed under the polymorphic product I7;(—, B). (This is, essentially,
the “small completeness” issue [13], although our ambient category of games
does not have the requisite exactness properties to allow our construction to be
internalised in the style of realizability modelsEI) This circularity, which directly
reflects the impredicativity of System F, is resolved by the recursive definition
of U.

7 Homomorphisms

We shall now view games as structures, and introduce a natural notion of homo-
morphism between games. These will serve as a useful auxiliary tool in obtaining
our results on genericity.

A homomorphism h : A — B is a function

h: PA — PB
which is

— length-preserving: |h(s)| = |s|
— prefiz-preserving: s Tt = h(s) C h(t)
— equivalence-preserving: s =t = h(s) = h(t).

There is an evident category Games with variable games as objects, and
homomorphisms as arrows.

Lemma 2 (Play Reconstruction Lemma). Let A, B be variable games. If
we are given s € Pa, and for each m € OY, a play t,, € P with |t,| =
numoccs(m, s), then there is a unique u € Pa[p,x,) such that:

ulA = s, ulm =ty (m e 0y).

This Lemma makes it easy to define a functorial action of variable games on
homomorphisms. Let A be a variable game, and h : B — C' a homomorphism.
We define

A(h) : A[B/X;] — A[C/X]]
by A(h)(s) = t, where

t]A = s|A, tim = h(sIm), (m € OY).

! However, by the result of Pitts [I8], any hyperdoctrine model can be fully and
faithfully embedded in an (intuitionistic) set-theoretic model.
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Lemma 3 (Functoriality Lemma). A(h) is a well-defined homomorphism,
and moreover this action is functorial:

A(g o h) = A(g) o A(h), A(IdB) = idA[B/Xi]~

The second important property is that homomorphisms preserve plays of generic
strategies.

Lemma 4 (Homomorphism Lemma). Let A be a variable game, o : A a
generic strategy, and h : C — D a homomorphism. Then

s €oac/x,) = h(s) €oapyx,)-

8 Genericity

Our aim in this section is to show that there are generic types in our model, and
indeed that, in a sense to be made precise, most types are generic.

We fix a variable game A € G(1). Out aim is to find conditions on variable
games B which imply that, for generic strategies o, 7 : A:

oprTg = Alo)= A1) : VX. A

Since, as explained in Section 8.3,

this reduces to proving the implication
opRTp — Oy ="TY-
Our basic result is the following.

Lemma 5 (Genericity Lemma). If there is a homomorphism h : U — B,
then B is generic.

Remark The Genericity Lemma applies to any variable type A; in particular,
it is not required that A be a sub-game of &. Thus our analysis of genericity is
quite robust, and in particular is not limited to System F.

We define the infinite plays over a game A as follows: s € P3° if every finite
prefix of s is in P4. We can use this notion to give a simple sufficient condition
for the hypothesis of the Genericity Lemma to hold.

Lemma 6. If P3° # &, then B is generic.

We now apply these ideas to the denotations of System F types, the objective
being to show that “most” System F types denote generic instances in the model.
Firstly, we define a notion of length for games, which we then transfer to types
via their denotations as games.
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We define
|A| = sup{|s||s€ Pa}.

Note that |A] < w.
We now show that any System F type whose denotation admits plays of
length greater than 2 is in fact generic!

Lemma 7 (One, Two, Infinity Lemma). If |T| > 2, then T is generic.

We now give explicit syntactic conditions on System F types which imply
that they are generic.

Proposition 10. Let T =VX. Ty — --- - T — X.

1. If for somei:1<i<k,T; =VY.Uy —--+-— U — X, then T is generic.

2. If for somei:1<i <k, T, =VY.U — --- — U — Y, and for some
j:1<j<L,U; =VZ. Vi — -+ =V, = W, where W is either some
Zy€ Z,orY, or some X, € X, then T is generic.

We apply this to the simple and familiar case of “ML types”.

Corollary 1. Let T =VX.U, where U is built from the type variable X and —.
If U is non-trivial (i.e. it is not just X ), then T is generic.

Ezxamples The following are all examples of generic types.

- VX. X - X
—VX(X—>X)—>X
-VX.(WY -Y —>Y)—- X.

Non-examples The following illustrate the (rather pathological) types which do
not fall under the scope of the above results. Note that the first two both have
length 1; while the third has length 2.

- VX.X
- VXVY.X Y.
- VX. X - VX. X

Remark An interesting point illustrated by these examples is that our conditions
on types are orthogonal to the issue of whether the types are inhabited in System
F. Thus the type VX. (X — X) — X is not inhabited in System F, but is generic
in the games model, while the type VX. X — VX. X is inhabited in System F,
but does not satisfy our conditions for genericity.
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9 Related Work

A game semantics for System F was developed by Dominic Hughes in his D.Phil.
thesis [12]. A common feature of his approach with ours’ is that both give a direct
interpretation of open types as certain games, and of type substitution as an
operation on games. However, his approach is in a sense rather closer to syntax;
it involves carrying type information in the moves, and the resulting model is
much more complex. For example, showing that strategies in the model are closed
under composition is a major undertaking. Moreover, the main result in [12] is
a full completeness theorem essentially stating that the model is isomorphic to
the term model of System F (with 8n-equivalence), modulo types being reduced
to their normal forms. As observed by Longo [16], the term model of System F
does not satisfy Genericity; in fact, it does not satisfy Axiom (C). It seems that
the presence of explicit type information in the moves will preclude the model in
[12] from having genericity properties comparable to those we have established
for our model.
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Abstract. We introduce the notion of containers as a mathematical formalisation
of the idea that many important datatypes consist of templates where data is
stored. We show that containers have good closure properties under a variety of
constructions including the formation of initial algebras and final coalgebras. We
also show that containers include strictly positive types and shapely types but that
there are containers which do not correspond to either of these. Further, we derive
a representation result classifying the nature of polymorphic functions between
containers. We finish this paper with an application to the theory of shapely types
and refer to a forthcoming paper which applies this theory to differentiable types.

1 Introduction

Any element of the type List(X) of lists over X can be uniquely written as a natural
number n given by the length of the list, together with a function {1,...,n} — X which
labels each position within the list with an element from X:

n:N | o:{l..n} =X .

Similarly, any binary tree tree can be described by its underlying shape which is
obtained by deleting the data stored at the leaves with a function mapping the positions
in this shape to the data thus:

X

u

More generally, we are led to consider datatypes which are given by a set of shapes S
and, for each s € S, a family of positions P(s). This presentation of the datatype defines
an endofunctor X +— ]_[SeSXP () on Set. In this paper we formalise these intuitions
by considering families of objects in a locally cartesian closed category C, where the
family s:S F P(s) is represented by an object P € C/S, and the associated functor
Tsop:C — Cis defined by Tg.pX = Zs: 5. (P(s) = X).

We begin by constructing a category ¢ of “containers”, ie syntactic presentations
of shapes and positions, and define a full and faithful functor T to the category of
endofunctors of C. Given that polymorphic functions are natural transformations, full
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and faithfulness allows us to classify polymorphic functions between container functors
in terms of their action on the shapes and positions of the underlying containers.

We show that ¢ is complete and cocomplete and that limits and coproducts are
preserved by T. This immediately shows that i) container types are closed under
products, coproducts and subset types; and ii) this semantics is compositional in that
the semantics of a datatype is constructed canonically from the semantics of its parts.
The construction of initial algebras and final coalgebras of containers requires, firstly,
the definition of containers with multiple parameters and, secondly, a detailed analysis
of when T preserves limits and colimits of certain filtered diagrams.

We conclude the paper by relating containers to the shapely types of\Jay and Cockett
(1994) andJay (1995). The definition of shapely types does not require the hypothesis
of local cartesian closure which we assume, but when C is locally cartesian closed then
it turns out that the shapely types are precisely the functors generated by the “discretely
finite” containers. A container is discretely finite precisely when each of its objects of
positions is locally isomorphic to a finite cardinal.

Further, we gain much by the introduction of extra categorical structure, e.g. the
ability to form initial algebras and final coalgebras of containers and the representation
result concerning natural transformations between containers. Unlike containers,
shapely types are not closed under the construction of coinductive types, since the
position object of an infinite list cannot be discretely finite.

In this paper we assume that C is locally finitely presentable (Ifp), hence complete
and cocomplete, which excludes several interesting examples including Scott domains
and realisability models. Here we use the Ifp structure for the construction of initial
algebras and final coalgebras. In future work we expect to replace this assumption with
a more delicate treatment of induction using internal structure.

Another application of containers is as a foundation for generic programming within
a dependently typed programming framework (Altenkirch and McBride, 12002). An
instance of this theme, the derivatives of functors as suggested in [McBride (2001)), is
developed inlAbbott et al/ (2003) using the material presented here.

The use of the word container to refer to a class of datatypes can be found in
Hoogendijk and de Moot (2000) who investigated them in a relational setting: their
containers are actually closed under quotienting. Containers as introduced here are
closely related to analytical functors, which were introduced by Joyal, see [Hasegawa
(2002). Here we consider them in a more general setting by looking at locally
cartesian categories with some additional properties. In the case of Set containers are
a generalisation of normal functors, closing them under quotients would generalise
analytical functors.

In summary, this paper makes the following contributions:

— We develop a new and generic concept of what a container is which is applicable
to a wide range of semantic domains.

— We give a representation theorem (Theorem[3.4) which provides a simple analysis
of polymorphic functions between datatypes.

— We show a number of closure properties of the category of containers which allow
us to interpret all strictly positive types by containers.



Categories of Containers 25

— We lay the foundation for a theory of generic programming; a first application is
the theory of differentiable datatypes as presented in |Abbott et al! (2003).
— We show that Jay and Cockett’s shapely types are all containers.

2 Definitions and Notation

This paper implicitly uses the machinery of fibrations (Jacobs |1999, Borceux [1994,
chapter 8, etc) to develop the key properties of container categories, and in particular
the fullness of the functor T relies on the use of fibred natural transformations. This
section collects together the key definitions and results required in this paper.

Given a category with finite limits C, refer to the slice category C/A over A € C as
the fibre of C over A. Pullbacks in C allow us to lift each f:A — Bin C to a pullback or
reindexing functor f*:C/B — C/A. Assigning a fibre category to each object of C and
a reindexing functor to each morphism of C is (subject to certain coherence equations)
a presentation of a fibration over C.

Composition with f yields a functor Xy : C/A — C/B left adjoint to f*. C is locally
cartesian closed iff each fibre of C is cartesian closed, or equivalently, if each pullback
functor f* has a right adjoint f* —TI.

Each exponential category C! can in turn be regarded as fibred over C by taking
the fibre of C! over A € C equal to (C/A)!. Now define [C!,C’] to be the category of
fibred functors F: C! — C” and fibred natural transformations, where each F is a family
Fy:(C/A) — (C/A)’ such that (f*) Fg =2 Fy(f*)! for each f:A — B and similarly for
natural transformations.

Write a:A - B(a) oreven just A - B for Be C/A. We’ll write a:A,b:B(a) - C(a,b)
as a shorthand for (a,b):Z4B - C(a,b). When dealing with a collection A; for i € I,
we’ll write this as (A;);e or A or even just A. Write 2a:A and Ila: A for the ¥ and
IT types corresponding to the adjoints to reindexing. Substitution in variables will be
used interchangeably with substitution by pullback, so A - f*B may also be written
as a:AF B(f(a)) or a:At‘ B(fa). The signs [] and [] will be used for coproducts
and products respectively over external sets, while X and IT refer to the corresponding
internal constructions in C. See[Hofmann (1997) for a more detailed explanation of the
interaction between type theory and semantics assumed in this paper.

Limits and colimits are fibred iff they exist in each fibre and are preserved by
reindexing functors. Limits and colimits in a locally cartesian closed category C are
automatically fibred. This useful result allows us to omit the qualification that limits
and colimits be “fibred” throughout this paper.

When C is locally cartesian closed say that coproducts are disjoint (or equivalently
that C is extensiveff’iff the pullback of distinct coprojections k;:A; — HieIAi into
a coproduct is always the initial object 0. Henceforth, we’ll assume that C has finite
limits, is locally cartesian closed and has disjoint coproducts. The following notion of
“disjoint fibres” follows from disjoint coproducts.

' For general C, coproducts are disjoint iff coprojections are also mono, and C is extensive iff
coproducts are disjoint and are preserved by pullbacks.
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Proposition 2.1. If C has disjoint coproducts then the functor K*:C/]],c;Ai
[1ic/(C/A;), taking [];;Ai = B to (A; & k/B)ies, is an equivalence. Say that C has
disjoint fibres when this holds. O

Write | : [T;c;(C/A;) — C/ [, A: for the adjoint to K* and —+— for the binary case.
Note that HiEIBi = Hie[ ZK[.B,‘ for (A,' H Bi)iel S Hiel((C/Ai)'

The following lemma collects together some useful identities which hold in any
category considered in this paper.

Lemma 2.2. For extensive locally cartesian closed C the following isomorphisms hold
(IC stands for intensional choice, Cu for Curry and DF for disjoint fibres):

Ma:A.2b:B(a )C( b)23f:(Ma:A.B(a)).Tla:A.C(a, fa) C1)
o Zb:Bi.Ci(b) =3a: [ ], Bi- ] [, Ci(ma) (IC2)
Ia:A.(B(a) = C) ~ (Xa:A.B(a))=C (Cul)
[1ic/(Bi=C) = (HielBi) =C (Cu2)
(H,_8:) (xia) = Bi(a) (DF1)
-, Za:Ai.C(Kia) = Xa: ]_[ Ai.C(a (DF2) O

For technical convenience, a choice of pullbacks is assumed in C (this ensures that our
fibrations are cloven). Finally, note that we make essential use of classical set theory
with choice in the meta-theory in theorem 5.6l and proposition[6.6. It should be possible
to avoid this dependency by developing more of the theory internally to C.

3 Basic Properties of Containers

The basic notion of a container is a dependent pair of types A - B creating a functor
TaopX =Za:A.(B(a) = X). In order to understand a morphism of containers, consider
the map tail: ListX — 1+ ListX taking the empty list to 1 and otherwise yielding the
tail of the given list:

tail of list
/—\/
—
D-&F® - &®

This map is defined by i) a choice of shape in 1+ ListX for each shape in ListX; and ii)
for each position in the chosen shape a position in the original shape. Thus a morphism
of containers (A + B) — (C D) is a pair of morphisms (u:A — C, f:u*D — B). With
this definition of a category ¢ of containers we can construct a full and faithful functor
T:4 — [C,C] and show the completeness properties discussed in the introduction.
However, when constructing fixed points it is also necessary to take account of
containers with parameters, so we define 7 :%; — [C!,C] for each parameter index set
1. For the purposes of this paper the index set n or / will generally be a finite set, but this
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makes little difference. Indeed, it is straightforward to generalise the development in this
paper to the case where containers are parameterised by internal index objects I € C;
when C has enough coproducts nothing is lost by doing this, since C/ ~ C/ ], 1.
This generalisation will be important for future developments of this theory, but is not
required in this paper.

Definition 3.1. Given an index set I define the category of containers ¢ as follows:

— Objects are pairs (A € C, B € (C/A)!); write this as (A> B) €9,
— A morphism (A> B) — (C»> D) is a pair (u, f) foru:A — Cin C and f: (u*)!D — B
in (C/A).

A container (A > B) € ¢ can be written using type theoretic notation as
FA i:l,a:A & Bi(a) .

A morphism (u, f): (A> B) — (C> D) can be written in type theoretic notation as
u:A—C i:l,a:A & fi(a):Di(ua) — Bi(a) .

Finally, each (A B) € ¢, thought of as a syntactic presentation of a datatype, generates
a fibred functor Tyyp5: C/ — C which is its semantics.

Definition 3.2. Define the container construction functor T :%; — [C!,C] as follows.
Given (A> B) € % and X € C! define

TaspX = Za:A.Hie[(Bi(a) =X,

and for (u,f): (A > B) — (C > D) define T,y :Tanp — Tcop to be the natural
transformation T, ¢ X : TyppX — TcppX thus:

(a,8): TaopX & T, pX(a,8) = (u(a), (i fi)ier) -
The following proposition follows more or less immediately by the construction of 7.

Proposition 3.3. For each container F € 9 and each container morphism o : F — G
the functor Tr and natural transformation Ty, are fibred over C. O

By making essential use of the fact that the natural transformations in [C!, C] are fibred
(c.f. section2)) we can show that T is full and faithful.

Theorem 3.4. The functor T :%; — [C! | C] is full and faithful.

Proof. To show that 7 is full and faithful it is sufficient to lift each natural
transformation o : Typp — Tewp in [C,C] to a map (ug, fo):(A>B) — (C> D) in
%, and show this construction is inverse to 7.

Given a: Typp — Tcwp construct £ = (@', idp(y)) € TanpB in the fibre C/A (or in
terms of type theory, add @’ : A to the context). We can now construct @B - £ € Te,pB =
3c:C.Ilie;(Di(c) = Bi(d')) in the same context, and write 0B -{ = (uq, fo,) Where
ug(a'):Cand fu(d') :Tlic;(Di(ugd') = Bi(d')) fora’: A.
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Thus (uy, fo) can be understood as a morphism (A > B) — (C > D) in ¢;. It remains
to show that this construction is inverse to 7.

When o = T, ¢, just evaluate aB- £ = (ud’, id - f), which corresponds to the original
map (u, f).

To show in general that o = T, 1, let X € C!, a: A and g: [I;c;(Bi(a) = X;) be
given, consider the diagram

TasB8
i C L TpB—"P Ty px

<N Joa o

TcopB —— T pX
c>D8

and evaluate

oX -(a,8) = oX -Typg - £ =Teopg-aB - =Teupg - (uga, fo(a))
= (uaa,g fa(a)) = Tua,fax : (avg) .

This shows that & = T,,, r, as required. (|

This theorem gives a particularly simple analysis of polymorphic functions between
container functors. For example, it is easy to observe that there are precisely n™
polymorphic functions X" — X™: the data type X" is the container (1 > n) and hence
there is a bijection between polymorphic functions X" — X and functions m — n.
Similarly, any polymorphic function ListX — ListX can be uniquely written as a
function u: N — N together with for each natural number #: N a function f;, : un — n.

4 Limits and Colimits of Containers

It turns out that each % inherits completeness and cocompleteness from C, and that T
preserves completeness. Preservation of cocompleteness is more complex, and only a
limited class of colimits are preserved by 7.

Proposition 4.1. If C has limits and colimits of shape ] then ¢, has limits of shape J
and T preserves these limits.

Proof. We’ll proceed by appealing to the fact that 7" reflects limits (since it is full and
faithful), and the proof will proceed separately for products and equalisers.

Products. Let (Ay > By )rex be a family of objects in ¢ and compute (the labels
refer to lemma [2.2))

[Lick e X =ik Za:A T Lic, (Brila) = Xi)
=~ %a: [, cxAr- I Licx T i, (Br.i(ma) = Xi) (IC2)
~Sa: [Tk ATy ((erK Bri(ma)) = X,) (Cu2)

= TerKAkDHkEK(”;)IBkX
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showing by reflection along 7 that

erK A > By) = (erKAk > H )

Equalisers. Given parallel maps (u, f),(v,g): (A> B) = (C > D) construct

e (u7f)
Ev0)— Y anp " (CoD)
(18)

where e is the equaliser in C of u,v and ¢ is the coequaliser in (C/E)! of (e*) f, (¢*) g
To show that T , is the equaliser of T, 7, T, fix X € Cl,ueCandleto:U — TypX
be given equalising this parallel pair at X.

For x: U write ot(x) = (a,h) where a: A, h:T];c;(Bi(a) = X;). The condition on o
tells us that u(a) = v(a) and so there is a unique y: E with a = e(y). Similarly we know
that i - f(ey) = h- g(ey) and in particular there is a unique k: Q(y) — X with h =k - q.

The assignment x +— (y,k) defines a map f:U — Tg.0X giving a unique
factorisation of o, showing that 7, ,X is an equaliser and hence so is (e, q). o

In particular, this result tells us that the limit in [C, C] of a diagram of container functors
is itself a container functor.
It’s nice to see that coproducts of containers are also well behaved.

Proposition 4.2. If C has products and coproducts of size K then ; has coproducts of
size K preserved by T.

Proof. Given a family (A; - By)rexk of objects in & calculate (making essential use of
disjointness of fibres):

I, TenX =1, , Za: A [T, Brila) = X))
= erK za :Ak'HiEI( ° Bk/ (kea) = Xi) (DF1)
=Za: erKAk'Hiel( H Bkz )= X) (DF2)

= TerKAkD(erKBj,i)zel

showing by reflection along 7 that

Hk k(A > Bi) = (Hk Ak P Hk KBk) ' =

The fate of coequalisers is more complicated. It turns out that ¢; has coequalisers when
C has both equalisers and coequalisers, but they are not preserved by 7.

The following proposition is presented without proof (the construction of
coequalisers in ¢ is fairly complex and is not required in this paper).

Proposition 4.3. If C has equalisers and coequalisers then 9y has coequalisers. o
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The following example shows that coequalisers are not preserved by 7.

Example 4.4. Consider the following coequaliser diagram in [C, C]

idyxx
_

(7', )

X xX XxX—> (XxX)/~

where (x,y) ~ (y,x). The functor X — X X X is a container functor generated by (11> 2),
and the coequaliser of the corresponding parallel pair in 4] is the container (1> 0). Note
however that Tj,0X =12 (X X X)/ ~.

Unfortunately, filtered colimits aren’t preserved by T either.

Example 4.5. Consider the ®-chain in ¢ given by n— (11> A") (for fixed A) on objects
and (n — n+m) — T, A" =2 A" x A™ — A" on maps. The filtered colimit of this
diagram can be computed in ¢; to be (1 > AYN). However, applying T to this diagram
produces the @w-chain

X 7™0,1 A X7 XA2 X™2.1
and the colimit of this chain in Set is strictly smaller than xAY,

5 Filtered Colimits of Cartesian Diagrams

Although ¢ has colimits they are not preserved by T, and this also applies to filtered
colimits. As we will want to use filtered colimits for the construction of initial algebras,
this is a potential problem. Fortunately, there exists a class of filtered colimit diagrams
which is both sufficient for the construction of initial algebras and which are preserved
by T.

Throughout this section take C to be finitely accessible (C has filtered colimits and
a generating set of finitely presentable objects, /Addmek and Rosicky|[1994) as well as
being locally cartesian closed.

Definition 5.1. A morphism (u, f) in ¢ is cartesian iff f is an isomorphisrr@.

For each u there is a bijection between cartesian morphisms (u, f): (A > B) — (C> D)
in ¢ and morphisms £ in C! making each square below a pullback:

B

P

u

a

2 (u, f) is cartesian with respect to this definition precisely when it is cartesian (in the sense of
fibrations) with respect to the projection functor 7:%; — C taking (A > B) to A.
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We can also translate the notion of cartesian morphism into natural transformations
between container functors: a natural transformation o : Tyog — Trsp derives from
a cartesian map iff the naturality squares of « are all pullbacks (such natural
transformations are often also called cartesian, in this case with respect to the
“evaluation at 1” functor).

Define ¢ to have the same objects as & but only cartesian arrows as morphisms.
We will show that 521 has filtered colimits which are preserved by T (when restricted to
E%), and hence also by the inclusion 521 — 4.

The lemma below follows directly from the corresponding result in Set and helps
us work with maps from finitely presentable objects to filtered colimits (write \/ D for
the colimit of a filtered diagram D).

Lemma 5.2. Let D:J — C be a filtered diagram with colimiting cone d : D — \/ D and
let U be finitely presentable.

1. Foreach o:U — \/ D there exists J € J and oy : U — DJ such that o« = dj - 0.
2. Giveno.:U — DI, B:U — DJ suchthat di- oo = dj - B there exists K € J and maps
f:I—K, g:J— KsuchthatDf-o. = Dg-J. O

Before the main result we need a technical lemma about filtered colimits in finitely
accessible categories.

Lemma 5.3. Given a filtered diagram in C~ with every edge a pullback then the
arrows of the colimiting cone are also pullbacks.

Proof. We need to show, for each I € C, that the square

E1—"~\/E

N

D1—>\/D
dr

is a pullback, where E 2 Dis the diagram, (d,e) are the components of its colimiting

cone and & is the factorisation of d - o« through e. So let a cone DI <~ U EA \/ E satisfying
dr-a = o -b be given. Without loss of generality we can assume that U is finitely
presentable and we can now appeal to lemma[5.2 above.

Construct first by:U — EJ such that b =e¢;-by;thenas di-a= 0 -e;-by = dj -
(oy - by) there exist f:1 — K, g:J — K with Df-a=Dg-oy-b; = ok -Eg-by and
so we can construct a factorisation by : U — EI through the pullback over f satisfying
oy-by=aand Ef-b;=Eg-by;. This is a factorisation of (a,b) since e;-by =ex-Ef-b; =
€K~Eg~€j :€j~bj =b.

This factorisation is unique. Let b,b": U = EI be given such that e;-b = ¢; - .
Then there exist f, f':1 = J with Ef -b = Ef’ - b’; but indeed there exists g:J — K
withh=g-f=g-f andso Eh-b= Eh-b'. As the square over A is a pullback we can
conclude b =b'. O
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Now we are in a position to state the main result, that the filtered colimit of a cartesian
diagram of container functors is itself a container functor.

Proposition 5.4. For each set I the category %A] has filtered colimits which are
preserved by T.

Proof. Let a diagram (D> E):J — 521 be given, i.e. for each K € J there is a container
(DK > EK) and for each f: K — L a cartesian container morphism (Df,E f).

For each f: K — Lin J, write E f for the map EK — EL derived from cartesian E f
so that we get the left hand pullback square below:

Ef er, _

EK EL \VVE
_ _ i

D
DK T DL— \/

After taking the colimits shown (with colimiting cones d and é), we know from lemma
[.3] that the right hand square is also a pullback and we can interpret the right hand side
as a container together with a cartesian cone (d,e): (D> E)—(\V/Dv> \VE).

It remains to show that T\/ DoVE = \/Tp.g, so let a cone f:Tp.pX—U be given
as shown below, where the map kg takes (a,g) to (dx(a),g), using the isomorphism
(VE)i(dg(a)) = EK;(a) (for K € J, i:1, a: DK;) derived from (d,e) cartesian.

sa: DK, I],., (EKi(@) = X) ¥~ 5a:\/D. T, (VE)i(a) = X

N ///h
A

U

To construct i let a:\/D and g:]ic;((VD)i(a) = X;) be given and choose K € J,
ag € DK such that a = dk(ak), and so we have (ak,g) : Tpk-exX and can compute
h(a,g) = fx(ak,g); this construction of 4 (a, g) is unique and independent of the choice
of K and ag. O

Finally the above proposition can be applied to the construction of fixed points on ;.

Definition 5.5. Say that an endofunctor F on a category with filtered colimits has rank
iff there exists a cardinal R, the rank of F, such that F preserves X-filtered colimits.

The following theorem is a variant of |/Addmek and Koubek (1979).

Theorem 5.6 (Adamek). If a category C has an initial object and colimits of all filtered
diagrams then every endofunctor on C with rank has an initial algebra.

If G:C — D preserves the initial object and all filtered colimits then any endofunctor
F' on D satisfying F'G = GF for some endofunctor F on C with rank has an initial
algebra given by the image under G of the initial algebra of F. O
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The construction of initial algebras in ¢ now follows as a corollary of the above.

Theorem 5.7. Let F be an endofunctor on 9 such that F restricts to an endofunctor F
on % (i.e., F preserves cartesian morphisms) and such that F has rank, then F has an
initial algebra WF € 4 which is preserved by T.

Proof. We’ve established that 521 has filtered colimits which are preserved by 521 — Y
and by T and it’s clear that the initial object of ¥ is initial in %; and is also preserved
by T and so we can apply theorem[5.6. O

As noted in section [2] it would be desirable to have a constructive version of this
theorem, probably along the lines suggested by Taylor (1999, Section 6.7).

6 Fixed Points of Containers

Categories of containers are, under suitable assumptions, closed under the operations
of taking least and greatest fixed points, or in other words given a container functor
F(X,Y) in n+ 1 parameters the types u¥.F(X,Y) and vY.F(X,Y) are containers (in n
parameters).

The least and greatest fixed points of a type are defined by repeated substitution, for
example the type VY. F (}? ,Y) can be constructed as the limit of the ®-chain

1<— FX,1)=—FX,FXX,1)<~— - <—1lim _ F"[1]

«—n<mw
where we write F[Y] = F(X,Y) (note that the v type only needs e-limits for its
construction, but as discussed below, Lt types can require colimits of transfinite chainﬁ).
Therefore the first thing we need to do is to define the composition of two containers.

Given containers F' € 474 and G € ¢ we can compose their images under T to
construct the functor

I (idcla TG)

T;
Tr[T5) = (C ' xcz=cHt—Es0) .

This composition can be lifted to a functor —[—]: %1 X 4 — ¥ as follows. For a
container in 4| write (A> B,E) € %1, where B € (C/A)! and E € C/A and define:

(A>B,E)[(C> D)= (a:A, f:E(a) = C > (Bi(a) +Ze:E(a).Di(fe))icr) -

In other words, given type constructors F (X, Y) and G(X X) this construction defines the
composite type constructor F[G](X) = F(X,G(X)).

3 For example, the type of @-branching trees, uY.X + (N = Y), cannot be constructed using
only w-colimits.
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Proposition 6.1. Composition of containers commutes with composition of functors
thus: TF [TG} = TF[G]'

Proof. Calculate (for conciseness we write exponentials using superscripts where
convenient and write X4 for Xa: A. throughout, eliding the parameter a):

TonelTenlX =24 ([T, X7) % (E = 2e:C [, Xpi<c>)>
5, ([T ) < B e [0 ac
~3,5f:CE] I(X,B (Tle: E.XPU° >)>
= 3,2f :CF [ [, (Bi+ Ze: E.Di(fe)) = Xi) (Cul, Cu2)

= Tas.E) s X -

As all the above isomorphisms are natural in X we get the desired isomorphism of
functors. (]

The next lemma is useful for the construction of both least and greatest fixed points and
has other applications. In particular, 7 preserves both pullbacks and cofiltered limits.

Lemma 6.2. For (A> B) € Y the functor Ty, g preserves limits of connected non-empty
diagrams (connected limits).

Proof. Since [] and = preserve limits, it is sufficient to observe that 4 preserves
connected limits, which is noted, for example, in/Carboni and Johnstone (1995). O

Corollary 6.3. For each F € 9| the functor F|—]:9 — % preserves connected
limits.

Proof. Let D be a non-empty connected diagram, then since T preserves connected
limits it is easy to see that Tr[limD] 2 lim(7r[D]). Since T preserves limits we can
calculate o o

Trptimp) = Tr [Tiimp) = T [lim Tp] = lim(7; [7p]) = lim Trp) = Tyim(r(p))
and so by reflection along 7' conclude that F[lim D] = lim(F [D]). O

We can immediately conclude that if C is complete and cocomplete (in fact, - limits
and colimits are sufficient) then containers have final coalgebras.

Theorem 6.4. Each F € ;.| has a final coalgebra vF € 4 which is preserved by T
(and so satisfies Tyr = VTF).

Proof. Since F[—] preserves limits of -chains the final coalgebra of F can be
constructed as the limit lim _ "F "[1], and since T preserves this limit the fixed point is
also preserved by T, by the dual of theorem[5.6] O
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For the construction of least fixed points (or initial algebras) two more preliminary
results are needed. First we need to show that the construction of the fixed point can be
restricted to ¢, so that we know that it will be preserved by 7.

Proposition 6.5. The functor —[—]: %1 X 4 — 4 restricts to a functor on the
category of cartesian container morphisms, —[—|: 941 X 9 — 9.

Proof. It is sufficient to show that when o : F — F’ and 3 : G — G’ are both cartesian
then so is a[f], and indeed it is sufficient to show that T,[7p] is a cartesian natural
transformation. This follows immediately from the fact that 7 preserves pullbacks and
that T, and Tp are cartesian natural transformations. O

Secondly we need to show that F[—] has rank. Assume from now to the end of this
section that C is a ﬁnitelyH accessible category.

Proposition 6.6. When C is finitely accessible, every container functor has rank.

Proof. Let (A > B) € % be a container. We first need to establish the result

Hie[ (Bi = \/jEJXj’i) = \/jEJ HieI(Bi :>X/"i)

for sufficiently large X and X-filtered J, which we do by appealing to two results
of |IAddmek and Rosicky (1994). First, we know (from their theorem 2.39) that each
functor category C is accessible, and secondly we know from their proposition 2.23
that each functor with an adjoint between accessible categories has rank.

Now since 24 preserves colimits we can conclude that T4, p has rank. O

Corollary 6.7. For each F € ¥ the endofunctor F|—| on % restricts to an
endofunctor on 9 with rank.

Proof. Let X be the rank of 7r and let D be an X-filtered diagram in 4. We know
that Tr[—] will preserve \/ D so we can now repeat the calculation of corollary[6.3]to
conclude that F[—] also has rank X. O

That containers have least fixed points now follows from corollary[6.7]and theorem

Theorem 6.8. Each F € 9| has a least fixed point UF € 9 satisfying Tyr = UTr.
O

7 Strictly Positive Types

We now return to the point that all strictly positive types can be described as containers.

Definition 7.1. A strictly positive type in n variables (Abel and Altenkirch, 12000) is
a type expression (with type variables Xy,...,X,) built up according to the following
rules:

4 The qualification finitely is not strictly necessary here.
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— if K is a constant type (with no type variables) then K is a strictly positive type;

— each type variable X; is a strictly positive type;

— ifU, V are strictly positive types then so are U +V and U X V;

— if K is a constant type and U a strictly positive type then K = U is a strictly positive
type;

— if U is a strictly positive type in n+ 1 variables then uX.U and vX.U are strictly
positive types in n variables (for X any type variable).

Note that the type expression for a strictly positive type U can be interpreted as a functor
U:C" — C, and indeed we can see that each strictly positive type corresponds to a
container in ¥,,.

Let strictly positive types U, V be represented by containers (A > B) and (C > D)
respectively, then the table below shows the correspondence between strictly positive
types and containerd].

K— (KDO) Xil—> (l > (5i,j)j61)
U+Vi— (A+C> BID) UxVi(a:A,c:Cr B(a) x D(c))
K=Uw (f:K=Ab>Xk:K.B(fk))

The construction of fixed points is a bit more difficult to describe in type-theoretic
terms. Let W be represented by (A > B,E) € ¢ (see section[@)), then for any fixed point
C of Tppg with @ : Ty, gC = C we can define C - D¢ as the initial solution of

Dc(®@(a, f)) = B(a) +Xe: E.Dc(fe) ; (*)
we can now define

pPX Wi (UX. TaeX > Dyux 1y, px)
VX.W = (VX. TaopX > Dyx 1y, px) -

All the initial and terminal (co)algebras used above can be constructed explicitly using
the results of section 6. It is interesting to note that t and v only differ in the type of
shapes but that the type of positions can be defined uniformly.

Indeed, consider F(X) = uY.1+X x Y, then uX.F(X) is the type of lists and as
we have already observed the type of shapes is isomorphic to N =2 uX.1+ X and the
family of positions over n can be conveniently described by P(n) = {i | i < n}. Dually,
VvX.F(X) is the type of lazy (i.e. potentially infinite) lists. The type of shapes is given
by N = vX.1+ X, the conatural numbers, which contain a fixed point of the successor
o = s(w) : N, Hence P(®w) = N and this represents the infinite lists whose elements
can be indexed by the natural numbers. Had we used the terminal solution of *) to
construct the type of positions, then the representation of infinite lists would incorrectly
have an additional infinite position.

In the reverse direction it seems that there are containers which do not correspond
to strictly positive types. A probable counterexample is the type of nests, defined as the
least solution to the equation

NY)X1+YxN({Y xY) .

5 We write ;,j = 1iff i = jand & ; = 0 otherwise.
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The datatype N is a container since it can be written as N(X) = Zn:N.X%'~!, but it
should be possible to show that it is not strictly positive following the argument used in
Moggi et al! (1999) to show that the type of square matrices is not regular.

8 Relationships with Shapely Types

In lJay and Cockett (1994) and Jay (1995) “shapely types” (in one parameter) in a
category C are defined to be strong pullback preserving functors C — C equipped with
a strong cartesian natural transformation to the list type, where the list trype is the initial
algebrauY.1+X xY.

To see the relationship with containers, note that proposition 2.6.11 of Jacobs (1999)
tells us that strong pullback preserving functors are in bijection with fibred pullback
preserving functors, and similarly strong natural transformations between such functors
correspond to fibred natural transformations. The next proposition will allow us to
immediately observe that shapely types are containers.

Proposition 8.1. Any functor G € [C!,C] equipped with a cartesian natural transfor-
mation o.: G — Tr to a container functor is itself isomorphic to a container functor.

Proof. Let F = (A B) then (0,idgsp): (G1 > @fB) — (A > B) is a cartesian map in
%, this yields a cartesian natural transformation TG0 — Tasp. It now follows from
the observation that each oy makes GX the pullback along o of the map Ty.pX — A
that G = TGl>a1*B as required. O

Since the “list type” is given by the container (n: N> [n]), it immediately follows (when
C is locally cartesian closed) that every shapely type is a container functor.

In the opposite direction, containers which are locally isomorphic to finite cardinals
give rise to shapely types. To see this, we follow |Johnstone (1977) and refer to the
object [—] € C/N, which can be constructed as the morphism N x N — N mapping
(n,m) — n+m+ 1, as the object of finite cardinals in C.

Definition 8.2. An objectA + B is discretely finite iff there exists a morphismu:A — N
such that B> u*[—], i.e. each fibre a:A & B(a) is isomorphic to a finite cardinal.

Say that a container (A > B) € ¢; is discretely finite iff each component B; for i € I
is discretely finite.

Note that “discretely finite” is strictly stronger than finitely presentable and other
possible notions of finiteness. An immediate consequence of this definition is that
the object of finite cardinals is a generic object for the category of discretely finite
containers, and the following theorem relating shapely types and containers now follows
as a corollary.

Theorem 8.3. In a locally cartesian closed category with a natural number object the
category of shapely functors and strong natural transformations is equivalent to the
category of discretely finite containers. O
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However, this paper tells us more about shapely types. In particular, containers show
how to extend shapely types to cover coinductive types. Finally, the representation result
for containers clearly translates into a representation result classifying the polymorphic
functions between shapely types.

It interesting to note that the “traversals” of Moggi et al. (1999) do not carry over
to containers in general, for example the type N = X does not effectively traverse over
the lifting monad X — X 4 1.
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Verification of Probabilistic Systems with Faulty
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Abstract. Many protocols are designed to operate correctly even in the
case where the underlying communication medium is faulty. To capture
the behaviour of such protocols, lossy channel systems (LCS) [AJI6b|
have been proposed. In an LCS the communication channels are modelled
as FIFO buffers which are unbounded, but also unreliable in the sense
that they can nondeterministically lose messages.

Recently, several attempts [BE99 [ABLJOO] have been made to study
probabilistic Lossy Channel Systems (PLCS) in which the probability of
losing messages is taken into account. In this paper, we consider a variant
of PLCS which is more realistic than those studied in [BE99, [ABLJ00].
More precisely, we assume that during each step in the execution of the
system, each message may be lost with a certain predefined probability.
We show that for such systems the following model checking problem
is decidable: to verify whether a given property definable by finite state
w-automata holds with probability one. We also consider other types
of faulty behavior, such as corruption and duplication of messages, and
insertion of new messages, and show that the decidability results extend
to these models.

1 Introduction

Finite state machines which communicate through unbounded buffers have been
popular in the modelling of communication protocols [BZ83|, Boc7g]. One disad-
vantage with such a model is that it has the full computation power of Turing
machines [BZ83], implying undecidability of all nontrivial verification problems.
On the other hand, many protocols are designed to operate correctly even in
the case where the underlying communication medium is faulty. To capture the
behaviour of such protocols, lossy channel systems (LCS) [AJI6b| have been
proposed as an alternative model. In an LCS the communication channels are
modelled as FIFO buffers which are unbounded but also unreliable in the sense
that they can nondeterministically lose messages. For LCS it has been shown
that the reachability problem is decidable [AJJ96D] while progress properties are
undecidable [AT96a].

Since we are dealing with unreliable communication media, it is natural to
deal with models where the probability of losing messages is taken into account.
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Recently, several attempts [BE99, [ABIJ00] have been made to study probabilis-
tic Lossy Channel Systems (PLCS) which introduce randomization into the be-
haviour of LCS. The decidability of model checking for the proposed models
depend heavily on the semantics provided. The works in [BE99, [ABIJ00] define
different semantics for PLCS depending on the manner in which the messages
may be lost inside the channels.

Baier and Engelen [BE99] consider a model where it is assumed that at most
single message may be lost during each step of the execution of the system. They
show decidability of model checking under the assumption that the probability
of losing messages is at least 0.5. This implies that, along each computation of
the system, there are infinitely many points where the channels of the system are
empty, and therefore the model checking problem reduces to checking decidable
properties of the underlying (non-probabilistic) LCS.

The model in [ABIJ00] assumes that messages can only be lost during send
operations. Once a message is successfully sent to a channel, it continues to
reside inside the channel until it is removed by a receive operation. Both the
reachability and repeated reachability problems are shown to be undecidable for
this model of PLCS. The idea of the proof is to choose sufficiently low prob-
abilities for message losses to enable the system to simulate the behaviour of
(non-probabilistic) systems with perfect channels.

In this paper, we consider a variant of PLCS which are more realistic than
that in [BE99 [ABIJ00]. More precisely, we assume that, during each step in
the execution of the system, each message may be lost with a certain predefined
probability. This means that the probability of losing a certain message will not
decrease with the length of the channels (as it is the case with [BE99]). Thus,
in contrast to [BE99] our method is not dependent on the precise transition
probabilities for establishing the qualitative properties of the system. For this
model, we show decidability of both the reachability and repeated reachability
problems.

The decidability results are achieved in two steps. First, we prove general
theorems about (infinite state) Markov chains which serve as sufficient conditions
for decidability of model checking. To do that, we introduce the concept of
attractor sets: all computations of the system are guaranteed to eventually reach
the attractor. The existence of finite attractors imply that deciding reachability
and repeated reachability in the PLCS can be reduced to checking reachability
problems in the underlying LCS. Next, we show that all PLCS, when interpreted
according to our semantics, have finite attractors. More precisely, we prove the
existence of an attractor defined by the set of all configuration where the sizes
of channels are bound by some natural number. This natural number can be
derived from the predefined probability given to the loss of messages. In fact,
for the systems considered in [BE99] this bound is equal to 0, and therefore the
decidability results in [BE99] can be seen as a consequence of the properties we
show for attractors.

We also show that our decidability results extend to PLCS with different
sources of unreliability [CEFI96], such as duplication, corruption, and insertion
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combined with lossiness Furthermore, we show how to extend our decidability
results to more general properties specified by finite state automata or equiva-
lently by formulas of Monadic Logic of Order.

Remark Bertrand and Schnoebelen [BS03] have independently obtained what
essentially amounts to Theorem [I] in this paper.

Outline In the next two Sections we give basics of transition systems and
Markov chains respectively. In Section [ we present sufficient conditions for
checking reachability and repeated reachability for Markov chains. In Section
we extract from these conditions algorithms for PLCS. In Section [ we consider
models involving different sources of unreliability combined with lossiness. In
Section [[lwe generalize our results to verification of the properties definable by
w-behavior of finite state automata (or equivalently formulas in the Monadic
Logic of Order). Finally, we give conclusions and directions for future work in
Section

2 Transition Systems

In this section, we recall some basic concepts of transition systems.

A transition system T is a pair (S, —) where S is a (potentially) infinite set
of states, and — is a binary relation on S. We write s; — s2 to denote that
(s1,52) €— and use — to denote the reflexive transitive closure of —. We
say that s is reachable from s; if s1 — s5. For sets Q1, Q2 C S, we say that Qo
is reachable from Q1, denoted Q1 — Qs, if there are s; € Q1 and sy € Qo with
s1 — $9. A path p from s to s’ is of the form sg — s; — --- — s,,, where
so = s and s, = s’. We say that p is simple if there are no 7, j with ¢ # 7 and
s; = s5. For aset Q C S, we say that p reaches Q if s; € Q for some i : 0 < ¢ < n.
For Q1,Q2 C S, we define the set Until(Q1,Q2) to the set of all states s such
that there is a path sg — s; — -+ — s, from s satisfying the following
property: there is an i : 0 < i < n such that s; € Q2 and for each j: 0 < j <4
we have s; € Q1.

For ) C S, we define the graph of @, denoted Graph(Q), to be the transition
system (Q, —") where s; —' 55 iff 51 25 9.

A strongly connected component (SCC) in T is a maximal set C' C S such
that s; — so for each s1,s9 € C. We say that C is a bottom SCC (BSCC) if
there is no other SCC € in T with C - ;. In other words, the BSCCs are
the leafs in the acyclic graph of SCCs (ordered by reachability).

We shall later refer to the following two problems for transition systems

Reachability
Instance A transition system T = (S, —), and sets Q1,Q2 C S.
Question Is )5 reachable from (17

Until
Instance A transition system T = (S, —), a state s, and sets Q1,Q2 C S.
Question Is s € Until(Q1,Q2)?
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3 Markov Chains

In this section, we introduce (potentially infinite state) Markov chains.

A Markov chain M is a pair (S, P) where S is a (potentially infinite) set of
states and P is a mapping from S x S to the set [0, 1], such that } .o P(s,s") =
1, for each s € S. A computation w (from so) of M is an infinite sequence
S0, 81, - . . of states. We use m(7) to denote s;.

A Markov chain induces a transition system, where the transition relation
consists of pairs of states related by positive probabilities. Formally, the under-
lying transition system of M is (S, —) where s — s iff P(s1,82) > 0. In
this manner, the concepts defined for transition systems can be lifted to Markov
chains. For instance, an SCC in M is a SCC in the underlying transition system.

A Markov chain (5, P) induces a natural measure on the set of computations
from every state s.

Let us recall some basic notions from probability theory.

A measurable space is a pair (£2, A) consisting of a non empty set 2 and a
o-algebra A of its subsets that are called measurable sets and represent random
events in probability context. A o-algebra over {2 contains {2 and is closed
under complementation and countable union. Adding to a measurable space
a probability measure Prob : A — [0,1] such that Prob(§2) = 1 and that is
countably additive, we get a probability space (£2, A, Prob).

Consider a state s of a Markov chain (S, P). On the sets of computations
that start at s, the probabilistic space is defined as follows:

Probabilistic space (£2, A, Prob)(see [KSKG6|) : 2 = sS“ is the set of all
infinite sequences of states starting from s, A is the o-algebra generated by the
basic cylindric sets D,, = uS*, for every u € s5*, and the probability measure
Prob is defined by Prob(D,,) = Hi:O,...,nfl P(s;, 8i+1) where u = $081...8p; it is
well-known that this measure is extended in a unique way to the elements of the
o-algebra generated by the basic cylindric sets.

4 Reachability Analysis for Markov Chains

In this section we explain how to check reachability and repeated reachability for
Markov chains. We show how to reduce qualitative properties of the above two
types into the analysis of the underlying (non-probabilistic) transition system of
the Markov chain.

In the rest of this section, we assume a Markov chain M = (S, P) with an
underlying transition system T = (S, —).

Consider a set Q C S of states and a computation m. We say that 7 reaches
Q if there is an ¢ > 0 with 7(i) € Q. We say that 7 repeatedly reaches @ if
there are infinitely many ¢ with 7(i) € Q. Let s be a state in S. We define the
probability of @ being (repeatedly) reachable from s by

Prob {r| 7 is a computation from s and 7 (repeatedly) reaches Q}.
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We consider the following two problems for Markov chains:

Probabilistic Reachability
Instance A Markov chain M = (S, P), a state s € S, and a set Q C S.
Question Is ) reachable from s with probability one?

Probabilistic Repeated Reachability
Instance A Markov chain M = (S, P), a state s € S, and a set Q C S.
Question Is @) repeatedly reachable from s with probability one?

In the above problems, we do not assume that Markov chains are finite. Hence
these are not instances of algorithmic problems. In Sections we consider
reachability and repeated reachability problems when countable Markov chains
are described by probabilistic lossy channel systems. For such finite descriptions
we investigate the corresponding algorithmic problems.

We introduce a central concept which we use in our solution for the proba-
bilistic (repeated) reachability problem, namely that of attractors.
Definition [attractors] A set A C S is said to be an attractor, if for cach s € S,
the set A is reachable from s with probability one.

In other words, regardless of the state in which we start, we are guaranteed
that we will eventually enter the attractor.

We consider two preliminary lemmas which are derived from the standard
properties of recurrent classes. The Lemma below describes a property of BSCCs
of the graph of a finite attractor A, which will make use of in our algorithms (to
prove Lemma [2] and Lemma [3)).

Lemma 1. Consider a finite attractor A, a BSCC C in Graph(A), and a state
s € C. Then, for every s' € C, the probability that s’ is repeatedly reachable from
s s one.

The following Lemma enables us to construct an algorithm for solving the
probabilistic reachability problem.

Lemma 2. Consider a finite attractor A, a state s € S, and a set Q C S. Then,
Q is reachable from s with probability one iff for each BSCC C in Graph(A), if
C is reachable from s then either

— @ is reachable from C; or

— For every finite simple path in T from s, if p reaches C then p also reaches

Q.

From Lemma 2] we conclude that we can define a scheme for solving the
reachability problem as follows.
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Scheme — Probabilistic Reachability

Input Markov chain M = (S,P) with an underlying transition
system T' = (S, —), a state s € S, and a set @ C S.
Output Is @ reachable from s with probability one?
begin
1. construct a finite attractor A
2. construct Graph(A)
3. for each BSCC C in Graph(A) which is reachable from s

3a. if - (0 N Q) and s € Until(-Q, C) then return(false)

4. return(true)
end

The following Lemma enables us to construct an algorithm for solving the
probabilistic repeated reachability problem.

Lemma 3. Consider a finite attractor A, a state s € S, and a set Q C S. Then,

Q is repeatedly reachable form s with probability one iff the reachability of C from
s implies the reachability of @ from C, for each BSCC C in Graph(A).

From Lemma [ we conclude that we can define a scheme for solving the
repeated reachability problem as follows.

3a. if - (C = Q) then return(false)

The correctness of the two schemes follows immediately from Lemma 2] and
Lemma Bl Furthermore, we observe that, in order to obtain algorithms for check-
ing the reachability and repeated reachability problems, we need the following
three effectiveness properties for the operations involved:

1. Existence and computability of a finite attractor. This condition is necessary
for computing the set A.

2. Decidability of the reachability problem for the underlying class of transition
systems 7. This condition is necessary for computing Graph(A) and for
checking the relation C' —— Q.

3. Decidability of the until problem for the underlying class of transition sys-
tems. This condition is only needed in the reachability algorithm.

5 Lossy Channel Systems

In this section we consider (probabilistic) lossy channel systems: processes with
a finite set of local states operating on a number of unbounded and unreliable
channels. We use the scheme defined in SectionHto solve the problem of whether
a set of local states is (repeatedly) reachable from a given initial state with prob-
ability one.
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Lossy Channel Systems A lossy channel system consists of a finite state pro-
cess operating on a finite set of channels each of which behaves as a FIFO buffer
which is unbounded and unreliable in the sense that it can nondeterministically
lose messages. Formally, a lossy channel system (LCS) L is a tuple (S,C,M,T)
where S is a finite set of local states, C is a finite set of channels, M is a finite
message alphabet, and T is a set of transitions each of the form (s1, op, s2), where
s1,82 € S, and op is an operation of one of the forms clm (sending message m to
channel c), or c¢?m (receiving message m from channel c). A global state s is of
the form (s,w) where s € S and w is a mapping from C to M*.

For words z,y € M*, we use x ® y to denote the concatenation of x and y.
We write z < y to denote that x is a (not necessarily contiguous) substring of
y. By Higman’s Lemma [High2| it follows that < is a well quasi-ordering, i.e.,
for each infinite sequence o, 1, z2, . .. there are ¢ and j with ¢ < j and x; < ;.
We use |z| to denote the length of 2, and use (i) to denote the i** element of
x where i : 1 < ¢ < |z|. For wy,wy € (C — M*), we use w1 = w2 to denote that
wi(c) 2 wa(c) for each ¢ € C, and define [w| = > . [w(c)|. We also extend =< to
a relation on 8 x (C — M*), where (s1,w1) = (s2,ws) iff 81 = s2 and wy =< wo.

The LCS £ induces a transition system (S, —), where S is the set of global
states, i.e., S = (8 x (C+— M*)), and (s1,w1) — (s2,w2) iff one of the following
conditions is satisfied

— There is a t € T, where t is of the form (s1, clm, s2) and ws is the result of
appending m to the end of wy(c).

— There is a t € T, where t is of the form (s1,c”m, s2) and w; is the result of
removing m from the head of wa(c).

— Furthermore, if (s1,w;) — (s2,w2) according to one of the previous two
rules then (s1,w1) — (85, w}) for each (s}, wh) < (s2,w2).

In the first two cases we define t(s1,w1) = (s2,w2).
A transition (s1, op, s2) is said to be enabled at (s,w) if s = s; and either

— op is of the form c!m; or
— op is of the form c¢’m and w(c) =m e z, for some x € M*.

We defined enabled(s,w) = {t| t is enabled at (s,w)}. In the sequel, we assume
that for all (s,w), the set enabled(s,w) is not empty. This is guaranteed for
instance, by requiring that for any local state s; there are c, m, and so with
(s1,clm,s2) €T
Remark on notation We use s and S to range over local states and sets of
local states respectively. On the other hand, we s and S to range over states and
sets of states of the induced transition system (states of the transition system
are global states of the LCS)

For the rest of this section we assume an LCS (S,C, M, T).

For Q C 8, we define a Q-state to be a state of the form (s,w) where s € Q.
A set Q C S is said to be upward closed if s; € @ and s; <X s9 imply s2 € Q.
Notice that, for any Q C S, the set of Q-states is an upward closed set.

In [AJ96D], algorithms are given which shows the following decidability re-
sults for LCS:
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Lemma 4. For states s1 and s2, it is decidable whether sy is reachable from si.

Lemma 5. For a state s and a set Q C 8, it is decidable whether the set of
Q-states is reachable from s.

Decidability of the corresponding until problem follows from a straightforward
modification of the reachability algorithm of [AJ96b]. This gives the following.

Lemma 6. For a state s, a set Q1 C S, and a finite set Q2 of states, it is
decidable whether s € Until(—=Q1, Q2), where Q1 is the set of Qi -states.

Probabilistic Lossy Channel Systems A probabilistic lossy channel system
(PLCS) L is of the form (S,C,M, T, \,w), where (S,C,M,T) is an LCS, A € [0,1],
and w is a mapping from T to the natural numbers. Intuitively, we derive a
Markov chain from the PLCS £ by assigning probabilities to the transitions
of the underlying transition system (S,C,M,T). The probability of performing
a transition t from a global state (s,w) is determined by the weight w(t) of
t compared to the weights of the other transitions which are enabled at (s,w).
Furthermore, after performing each transition, each message which resides inside
one of the channels may be lost with a probability A. This means that the
probability of reaching (sa,w2) from (s1,w1) is equal to (the sum over all (s3,w3)
of ) the probability of reaching some (s3,ws3) from (s1,w;) through performing
a transition of the underlying LCS, multiplied by the probability of reaching
(s2,w2) from (s3,ws3) through the loss of messages. Now, we show how to derive
these probabilities from the definition of L.

First, we compute probabilities of reaching states through the loss of mes-
sages. For z,y € M*, we define # (x,y) to be the size of the set

{(i1,..yin) |1 <+ - <ipand z =y(iy) - - ey(iy)}

In other words, # (z,y) is the number of the different ways in which we can
delete symbols in the word y in order to obtain x. We also define Pr(z,y) =
# (x,y) - AvI=l2l (1 — )=l For wy,wy € (Cr M*), we define Pp(wp,wp) =
[Iccc Pr (wi(c),wa2(c)). Intuitively, Pr(wi,w2) defines the probability by which
wo can change to w; through loss of messages during a single step of the ex-
ecution of the system. Notice that Pr(wi,w2) = 0 in case w; A wa. We take
PL((Sl,Wl) s (SQ,WQ)) = PL(Wl,Wg) if S1 = 82, and PL((Sl,Wl) s (SQ,WQ)) =0
otherwise. We define w(s,w) = 3¢ .nopieas,w) W(t)-

The PLCS £ induces a Markov chain (S, P), where S = (8 x (C — M*)) and

P((s1,w1),(s2,w2)) = > ier (w(t)/w(sy,w1)) - Pr(t(s1,w1), (s2,w2))). No-
tice that this is well-defined by the assumption that there are no deadlock states.

We instantiate the reachability problems considered in Section [ and Sec-
tion @ to PLCS.

Below, we assume a PLCS £ = (S,C,M, T, \,w) inducing a Markov chain
M = (S, P) with an underlying transition system T = (S, —).

We shall consider the probabilistic (repeated) reachability problem for PLCS.
We check whether an upward closed set, represented by its minimal elements,
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is (repeatedly) reachable from a given initial state with probability one. We
show that the (repeated) reachability problem instantiated in this manner fulfills
the three conditions required for effective implementation of the probabilistic
(repeated) reachability schemes of Section [4

The following Lemma shows that we can always construct a finite attractor
in a PLCS.

Lemma 7. For each A\, w, and PLCS (S,C,M, T, \,w), thse set
{(s,w)]| |w| = 0} is an attractor.

From Lemma [ and the fact that the transition system underlying a PLCS
(S,C,M, T, \,w) is independent on A we obtain:

Lemma 8. For each PLCS (S,C,M, T, \,w), we can compute the graph Graph(A)
of a finite set A.

Furthermore, for two PLCS £ = (S,C,M, T, \,w) and £ = (S,C,M, T, N, w’) which
differ only by probabilities, If A, ' > 0 and w(t) > 0 iff w’(t) > 0 then A has the
same graph in both PLCS. Now we are ready to solve Probabilistic Reachability
and Probabilistic Repeated Reachability problems for PLCS.

Probabilistic Reachability for PLCS
Instance An PLCS M = (S,C,M, T, \,w) a state s, and a set Q C 8.
Question Is the set of Q-states is reachable from s with probability one?

Probabilistic Repeated Reachability
Instance An PLCS M = (S,C,M, T, \,w) a state s, and a set Q C 8.
Question Is the set of Q-states is repeatedly reachable from s with probability
one?

From the results of Section @] and Lemma [}, Lemma [Bl Lemma [, and
Lemma [6] we get the following.

Theorem 1. Probabilistic Reachability and Probabilistic Repeated Reachability
are decidable for PLCS. .

Remark In our definition of LCS and PLCS, we assume that messages are lost
only after performing non-lossy transitions. Our analysis can be modified in a
straightforward manner to deal with the case where losses occur before, and the
case where losses occur both before and after non-lossy transitions.

6 Duplication, Corruption, and Insertion

We consider PLCS with different sources of unreliability such as duplication,

corruption, and insertion combined with lossiness.

Duplication We analyze a variant of PLCS, where we add another source of

unreliability; namely a message inside a channel may be duplicated [CFI96].
An LCS £ with duplication errors is of the same form (S,C,M, T) as an LCS.

We define the behaviour of £ as follows. For a € M, we use a” to denote the
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concatenation of n copies of a. For x = ajas---a, with z € M*, we define
duplicate(x) to be the set

{blbg -+ by| either b; = a; or b; = a? foreachi:1 <1< n}

In other words, we get each member of duplicate(z) by duplicating some of the
elements of x. We extend the definition of duplicate to 8 x (C +— M*) in a similar
manner to Section[5l The transition relation of an LCS £ with duplication errors
is enlargement of that of the corresponding standard LCS in the sense that:

— If (s1,w1) — (s2,ws) according to the definition of Section [ then
(s1,w1) — (sh,wh) for each (s}, wh) € duplicate(sa,wa).

In [CFIOM], it is shown that the reachability problem is decidable for LCS with
duplication errors. The reachability algorithm can be modified in a similar man-
ner to Section [l to solve the until problem. Hence we have

Lemma 9. Given LCS with duplication errors.

1. For states s1 and sa, it is decidable whether so is reachable from sy [CFI96).
Hence, Graph(A) is computable for any finite set A of states.

2. For a state s and a set Q C S, it is decidable whether the set of Q-states is
reachable from s [CFI96).

3. For a state s, a set Q1 C S, and a finite set Qo of states, it is decidable
whether s € Until(—Q1, Q2), where Q1 is the set of Q1 -states.

A PLCS with duplication errors is of the form (S,C,M, T, \,w, Ap), where
(8,C,M, T, \,w) is a PLCS, and Ap € [0,1]. The value of Ap represents the
probability by which any given message is duplicated inside the channels.

To obtain the Markov chain induced by a PLCS with duplication errors,
we compute probabilities of reaching states through duplication of messages.
For z,y € M*, where x = ajaz---a,, we define #p (z,y) to be the size of the
set {(i1,...,1n) |1 <i; <2and y= alta¥ -+-ain}. In other words, #p (z,y) is
the number of the different ways in which we can duplicate symbols in the
word x in order to obtain y. In a similar manner to the case of losing messages
(Section b)), we define Pp(z,y) = #p (:E7y)~)\|1%’|_|m|~(1—)\p)|w|, and Pp(wy,we) =
[Iccc Pp (wi(c),wa(c)). The PLCS £ with duplication errors induces a Markov
chain (S, Pj,), where S = (S x (C+— M*)) and

Pp ((s1,w1), (s2,w2)) = 35, ) P ((s1,w1) , (s3,w3)) - Pp ((s3,w3) , (52, W2))

where P has the same definition as in Section Bl Notice that the sum is
computable since the set {(s3,ws)| P ((s1,w1), (s3,w3)) # 0} is finite and com-
putable.

Lemma 10. For each A\, w, Ap, and PLCS (S,C,M,T,\,w, Ap) with Ap < A,
the set {(s,w)| |[w| = 0} is an attractor.

Using a similar reasoning to Section [}, we derive from Lemma [J and Lemma

i)

Theorem 2. Probabilistic Reachability and Probabilistic Repeated Reachability
are decidable for PLCS with duplication errors when Ap < A.
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Corruption We consider LCS with corruption errors, i.e., a message inside a
channel may be changed to any other message. We extend the semantics of LCS
to include corruption errors in the same manner as we did above for duplication
errors. For x € M*, we define Corrupt(z) to be the set {y| |y| = |z|}, i.e., we get
a member of Corrupt(x) by changing any number of symbols in x to another
symbol in M. We extend the definition to S x (C +— M*) in the same manner as
before. Furthermore, we enlarge the transition transition of an LCS:

— If (s1,w1) — (s2,ws) according to the definition of Section [§ then
(s1,w1) — (sh,w}) for each (sh,wh) € Corrupt(sa,ws).

Decidability of the reachability problem for LCS with corruption errors fol-
lows from the fact (s1,w1) =, (s2,w2) implies (s1,w1) = (s2,ws) for each ws
with |ws(c)| = |wa(c)| for all ¢ € C. This implies that the only relevant informa-
tion to consider about the channels in the reachability algorithm is the length of
the channels. In other words, the problem is reduced to ja special case of LCS
systems where the set M can be considered to be a singleton. The until problem
can be solved in a similar manner. Hence,

Lemma 11. Given LCS with corruption errors.

1. For states s1 and sz, it is decidable whether s is reachable from sy. Hence,
Graph(A) is computable for any finite set A of states.

2. For a state s and a set Q C S, it is decidable whether the set of Q-states is
reachable from s.

3. For a state s, a set Q1 C S, and a finite set Qo of states, it is decidable
whether s € Until(—Q1,Q2), where Q1 is the set of Q1 -states.

A PLCS with corruption errors is of the form (S,C,M, T, \,w, A\¢), where
Ap € [0,1] represents the probability by which any given message is corrupted
to some other message. For x,y € M*, we define #¢ (x,y) to be the size of the
set {i] x(7) = y(¢)}. In other words, #¢ (z,y) is the number of elements which

Ao ) #c(zy) .

M[—1

must change in order to obtain y from x. We define Po(x,y) = (
(1= Ae)#1=#e@9) if |2 = |y, and Po(z,y) = 0 otherwise. We extend P (z, y)
to 8 x (C +— M*) as before. This induces a Markov chain in a similar manner to

the case with duplication.

Lemma 12. For each \, w, A\¢, and PLCS (S,C,M, T, \,w, A¢c), the set
{(s,w)| |w| = 0} is an attractor.

From Lemma [T1l and Lemma we can derive in a similar manner to Sec-
tion [l

Theorem 3. Probabilistic Reachability and Probabilistic Repeated Reachability
are decidable for PLCS with corruption errors.

Other Unreliability Sources In a similar manner to the cases with duplica-
tion and corruption, we can obtain decidability results for models involving other
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sources of unreliability such as insertion of messages [CFI96]. Furthermore, we
can combine different sources of unreliability. For instance, we can consider mod-
els where we have both duplication and corruption together with lossiness. The
crucial aspect of the model is that unreliability sources which may increase the
number of messages inside the channels (such as insertion and duplication but
not corruption) should have sufficiently low probabilities (compared to lossiness)
to guarantee existence of a finite attractor.

7 Automata Definable Properties

In this section we consider more general properties than reachability and re-
peated reachability for PLCS. Let ¢ be a property of computations. We will be
interested in whether

Prob {r| 7 is a computation from s in PLCS M and = satisfies ¢ } = 1.

We show that if the properties of computations are specified by (the w-behavior
of) finite state automata or equivalently by formulas of Monadic Logic of Order
then the above problem is decidable

In order to check a property defined by a finite state automaton, we take
its product with the given PLCS. The acceptance conditions are reduced to the
reachability problem for the non-probabilistic system underlying the product.
Similar results hold for the faulty probabilistic systems considered in section
The proofs for these systems follow the same pattern as for PLCS, therefore here
we will confine ourself only with PLCS.

We consider an extension of LCS by adding a labeling function. A state
labeled LCS is an LCS together with a finite alphabet X and a labeling function
lab from the local states to Y. Throughout this section we always assume that
LCS are state labeled and will often use “LCS” for “state labeled LCS”. We lift
the labeling from LCS to the state labeled transition system T = (S, —, X, lab)
induced by an LCS L : the label of every state in T is the same as the label of its
local state component. Similarly, with a path sg, s1, ... we associate an w-string
lab(s1), lab(sz2), ... over the alphabet X. When we deal here with probabilistic
lossy channel systems we also assume that the underlying LCS is labeled, and
this labeling is lifted to the labeling of the corresponding Markov chain. In this
manner we obtain state labeled PLCS inducing state labeled Markov chains.

Next, we recall basic definitions and notations about finite state automata
and cite a classical theorem (Theorem [ [Tho90]) that automata have the same
expressive power as monadic logic of order. A finite automaton A is a tuple
(Q, ¥, —, qo,F), consisting of a finite set Q of states, a finite alphabet X of
actions, a transition relation — which is a subset of @ x X' x Q, qg € Q is the
initial state of A, and F C 22 is a collection of fairness conditions. We write
q=>q if (g, a, ¢) e—.

A run of A is an w-sequence ggagqiai ... such that g; & @i+1 for all 7. Such
a run meets the the fairness conditions if the set of states that occur in the run
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infinitely many times is a member of F. An w-string ag, a; ... over X is accepted
by A if there is a run gpaggia; ... that meets the fairness conditions of A. The
w-language accepted by A is the set of all w-strings acceptable by A. We say
that A is deterministic if for every state ¢ and every letter b there is a unique

¢’ such that ¢ LA q.
Theorem 4. The following conditions are equivalent for w-language L:

1. L is acceptable by a finite state automaton.
2. L is acceptable by a deterministic finite state automaton.
3. L is definable by a monadic formula .

Products We define products of automata and state labeled transition systems.
We also define products of automata and state labeled Markov chains. We in-
vestigate the reachability problem for these products and provide reduction of
verification of automata definable properties of computations to the reachability
problem. Consider an automaton A = (Q, X, —, qo,F), and a state labeled
transition system T = (S, —, X, lab). The product of A and M is a state labeled
transition system defined as follows:

States: Q x S - the Cartesian product of the states of A and of T'.
Labeling: A state (g, s) is labeled by lab(s), i.e., it has the same label as s in T
Transition relation: There is transition from (g, s) to (¢, s) iff there is a tran-

lab(s . . . .
sition ¢ a—(f) ¢ in A and there is a transition from s to s’ in T'.

Problem 1

Instance A state labeled LCS which defines a state labeled transition system
T = (S,—, lab,Y), an automaton A, states s; and so in the product of T and
A.

Question Is s, reachable from ;7

Problem 2

Instance A state labeled LCS which defines a state labeled transition system
T = (5,—, lab, X)), an automaton A, states s; and a finite set of states Sy in
the product of T and A.

Question Is the upward closure of S5 reachable from s1?

Lemma 13. Problem 1 and Problem 2 are decidable.

Next, we consider products of automata and state labeled Markov chains.
Consider a deterministic automaton A = (@, X, —, go, F) and a state labeled
Markov chain M = (S, P, lab, ) . The product of A and M is a state labeled
Markov chain defined as follows:

States: Q x S - the Cartesian product of the states of A and of M.

Labeling: A state (g, s) is labeled by lab(s), i.e., it has the same label as s in
M.

Transition relation: The probability of transition from (g, s) to (¢’,s’) is p iff

. .- lab(: . . .-
there is a transition ¢ ab(e) ¢ in A and the probability of transition from s
to s’ in M is p.
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Observe that the requirement that 4 is deterministic ensures that the sum of
probabilities of the transitions from the state (g,s) is the same as the sum of
probabilities of the transitions from the state s in M, i.e. the sum is one. Hence
the product is indeed a labeled Markov chain.

We say that a computation si,se,... is accepted by an automaton iff the
corresponding w-string lab(s1), lab(s2), ... is accepted

Lemma 14. Let A be a deterministic automaton with a set F of fairness con-
ditions, let M be a labeled Markov chain, let R be the product of A and M, and
let B be an attractor of R. Then the following are equivalent:

1. The probability of the set computations of M that start at s and are accepted
by A is one.

2. For each BSCC C in Graph(B), if C is reachable from s then there is F in
F such that
(a) if (g, u) is reachable from C in R then g € F' and
(b) for each q € F there is w € M such that (q,u) is reachable from C in R.

Probabilistic Model Checking The next problem deals with probabilistic
LCS.

Problem: Probabilistic Model-checking.

Instance A stated labeled PLCS which defines a state labeled Markov chain
M, a state s in M, and an automaton A.

Question Is the probability that a computation of M that starts at s is accepted
by A equal to one?

Theorem 5. Probabilistic Model-checking. Problem is decidable.

Proof. Let R be the product of A and M. It is easy to see, by the same arguments
as in Lemma [7] that the set B of states with empty channels in R is a finite
attractor for R. By Lemma [[3] we obtain that Graph(B) is computable. Now,
applying reachability algorithm of Lemma [[3] we can verify the conditions of
Lemma [[4(2). By Lemma [I4] these conditions are satisfied if and only if the
probability that a computation of M that starts at s is accepted by A equal to
one.

8 Conclusions and Discussion

We have shown decidability of model checking for a realistic class of probabilistic
lossy channel systems, where during each step of the runs of the systems, any
message inside the channels may be lost with a certain predefined probability.

In Section [{] we assume that our LCS are deadlock-free. In case of existence
of deadlock states, Lemma [ does not hold. However, it is straightforward to
modify our algorithm to deal with deadlock. This follows from the fact that, we
can use the reachability algorithm in [AJ96Db] in order to check reachability of
deadlock states.

A work closely related to this is [BE99]. In fact, our work can been as a
generalization of the ideas presented in [BE99]. More precisely, in [BE99], a
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model of PLCS is considered where at each state either one message lost or
an non-lossy transition is performed. The probability A of losing messages is
assumed to be at least 0.5. Under this semantics, it is proved that for an PLCS
the set {(s,w)| |[w| = 0} is an attractor. The decidability of reachability follows
then in a similar manner to Section[d. Also, in [BE99], in contrast to the model of
LCS presented in this paper, loss transitions are explicit. Therefore, the product
of the transition system generated by an LCS with an automaton (Section [7]),
might not be equivalent to the transition system generated by any other LCS. In
fact, under this semantics, it is undecidable whether the set of computations of a
PLCS is accepted by a finite state automaton with probability one. To overcome
this difficulty, it is assumed in [BE99] that the given automaton accepts an
w-language which is closed under stuttering.
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Abstract. We solve the problem of extending Bird and Paterson’s gen-
eralized folds for nested datatypes and its dual to inductive and coinduc-
tive constructors of arbitrarily high ranks by appropriately generalizing
Mendler-style (co)iteration. Characteristically to Mendler-style schemes
of disciplined (co)recursion, the schemes we propose do not rest on no-
tions like positivity or monotonicity of a constructor and facilitate pro-
gramming in a natural and elegant style close to programming with the
customary letrec construct, where the typings of the schemes, how-
ever, guarantee termination. For rank 2, a smoothened version of Bird
and Paterson’s generalized folds and its dual are achieved; for rank 1, the
schemes instantiate to Mendler’s original (re)formulation of iteration and
coiteration. Several examples demonstrate the power of the approach.
Strong normalization of our proposed extension of system F“ of higher-
order parametric polymorphism is proven by a reduction-preserving em-
bedding into pure F*.

1 Introduction

Within the paradigm of generic programming, Bird and Paterson [8] with col-
leagues [1115] have studied the problem of identifying workable schemes for
defining functions for nested, non-uniform or heterogeneous datatypes, i.e., in-
ductive and coinductive constructors of rank 2 (type transformers), and put forth
generalized folds as a scheme for defining functions like substitution for the de
Bruijn notation of lambda terms in a natural fashion.

In [2], two of the authors of the present article showed that, making good use
of right notions of containment and monotonicity of constructors, the schemes of
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iteration and coiteration are extensible to monotone (co)inductive constructors
of any finite kind. In the present article, we similarly extend the more liberal
generalized folds to all finite kinds. We accomplish this thanks to two ideas: a
simple, but powerful generalization of the notion of constructor containment, and
reformulation of the schemes in the style originated by Mendler [1§]. The result
is a concise extension of system F“ of higher-order parametric polymorphism
with (co)inductive constructors of any finite kind, equipped with Mendler-style
generalized (co)iteration. Switching to Mendler style was not intentional, but in
the end turned out rewarding. The reasons are the following.

Firstly, any syntactic positivity requirement can be avoided in the formation
rules of (co)inductive types. This is beneficial as positivity and map terms as-
sociating to positive constructors would have to be defined by induction outside
the system and parametrically polymorphic quantification over all positive con-
structors is impossible. Moreover, for higher kinds, there is no obvious canonical
definition of positivity, although attempts of definition exist [14]. Replacing pos-
itivity with monotonicity [I7J2] gives an improvement, but formulations of the
systems and especially programming remain clumsy.

Secondly, Mendler style facilitates a programming style very close to pro-
gramming with general recursion (i.e., the letrec construct). The computation
rules for Mendler-style disciplined (co)recursion schemes are nearly identical to
the rule of letrec, the restrictive typings however ensure that all computations
terminate.

Thirdly, Mendler-style disciplined (co)recursion schemes tend to be amenable
for generalizations whereas conventional ones—making use of map terms or
monotonicity witnesses—typically get complicated. Examples are: primitive (co-)
recursion [18], course-of-value (co)iteration [2122], iteration over multiple induc-
tive types at the same time [22] and—as the examples of this article testify—
generalized iteration in the sense of generalized folds.

The article is organized as follows. In Sect. B] we review our starting point
system F“ of higher-order parametric polymorphism. In Sect. Bl we present
our system MIt” of (co)inductive constructors of finite ranks with generalized
Mendler-style iteration and describe some programming examples. The embed-
ding of MIt* into F* is presented in Sect. @l We conclude with a summary and
discussion of related work.

Acknowledgements: Many thanks to Peter Hancock for his suggestion in Novem-
ber 2000 of the unusual notion F' <,; G. It started this whole research project.

2 System F¢

Our development of higher-order datatypes takes place within a conservative
extension of Curry-style system F“ by binary sums and products, the unit type
and existential quantification. It contains three syntactic categories:
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Kinds. Kinds are given by the following grammar and denoted by the letter «.
K p=k |k — K

rk () =0
rk(k — k') := max(rk(k) + 1, rk(x"))

The rank of kind « is computed by rk(x). We introduce abbreviations for some
special kinds: k0 = x, types, k1 = * — %, unary type transformers and kK2 =
(x — *) — * — * unary transformers of type transformers.

Note that each kind ' can be uniquely written as kK — *, where we write
k for the sequence k1,...,K, and set K — Kk := K1 — ... — K, — K. Provided
another sequence k' = &/, ..., k), of the same length, i.e., |k'| = |k|, set K —
K =K1 — K],...,6, — . This last abbreviation does not conflict with the

abbreviation kK — k due to the required |k'| = |k|.

Constructors. Uppercase latin letters denote constructors, given by the following
grammar. The metavariable X ranges over a denumerable set of constructor
variables.
AB,F,G =X | \X".F|FG|VFr.A|JdF*. A|A— B
|A+B|AxB|1

We identify [-equivalent constructors. A constructor F' has kind & if there is a
context I" such that I' H F' : k. The kinding rules for constructors appear in
Appendix A.

The rank of a constructor is given by the rank of its kind. Preferably we will
use letters A, B, C, D for constructors of rank 0 (types) and F, G, H for construc-
tors of rank 1. If no kinds are given and cannot be guessed from the context, we
assume A, B,C,D : x and F,G,H : k1. Write Id,; := AX"*.X for the identity
constructor. If the kinding is clear from the context, we just write Id. Construc-
tor application associates to the left, i.e., FGy ... G, = (... (FGy) ...)Gn.
Setting G := Gy, ...,G,, the constructor F'G; ... G, is also written as F'G.
Sums and products can inductively be extended to all kinds: For F,G : k1 — K2
set F+G:=AX".FX+GX and F x G := A X" FX x GX.

Objects (Curry terms). Lower case letters denote terms. In the grammar below,
the metavariable x ranges over a denumerable set of object variables.

rys,tu=ax | Ax.t | rs|inlt]|inrt | case(r, z.s, y.t)
| () | (to,t1) | r.0|r.1 | packt |open (r, z.s)

Most term constructors are standard; “pack” introduces and “open” eliminates
existential quantification. The polymorphic identity Az.z : VA. A — A will be
denoted by id. We write f o g for function composition Az. f (g x). Application
r s associates to the left, hence rs = (... (rs1) ... sp) for s =s1,..., 8n.

A term t has type Aif I' -t : A for some context I'. The relation — denotes
the usual one-step (-reduction which is confluent, type preserving and strongly
normalizing. The typing and reduction rules for terms are standard and can be
found in Appendix A.

In the following we will refer to the here defined system simply as “F“”.
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3 Generalized Mendler-Style Iteration and Coiteration

In this section, we recap and extend the notions of containment and monotonicity
presented in [2]. On top of these notions, we define the system MIt” of generalized
(co)iteration for inductive and coinductive constructors of arbitrary ranks, which
we then specialize to rank 1 (types) and rank 2 (type transformers). To give a
feel for our system, we spell out some examples involving nested or non-uniform
datatypes [7].

3.1 Containment and Monotonicity of Constructors

Containment. The key to extending Mendler-style iteration and coiteration [19]
to finite kinds consists in identifying an appropriate containment relation for
constructors of the same kind «. For types, the canonical choice is implication.
For an arbitrary kind k = kK — %, the easiest notion is “pointwise implication”:
The constructor C,: kK — k — * is defined by F C,, G := VX" FX — GX,
hence F' C,; G is a type which, as a proposition, states that F'is contained in G.
A more refined notion <, has been employed already in previous work [2]

which studies (co)iteration for monotone (co)inductive constructors of higher
kinds:

F <, G = F—G

F<,w G = VXWVY* X<, Y -FX<.GY

Monotonicity. Using this notion of containment, we can define monotonicity
mon,; : kK — * for kind & directly by

mon, F' .= F <, F.

The type mon, F, seen as a proposition, asserts that F' is monotone. The same
type is used in polytypic programming for generic map functions [I3[3].

This notion does not enter the formulation of system MIt“, but many appli-
cations. We omit the subscripted kind k when clear from the context, as in the
definition of the following basic monotonicity witnesses. These are closed terms
whose type is some mon F'. They will pop up in examples later.

pair :mon(AAAB.A x B) := AfAgAp. (f (p.0), g (p-1))

fork :mon(AA.A x A) = Af.pairff
either : mon(AAAB.A + B) := AfAg\x.case (z, a. inl (fa), b. inr(gd))
maybe : mon(AA.1 + A) := either id

Relativized refined containment. In order to be able to extend Mendler (co)itera-
tion to higher kinds so that generalized folds [§] are covered, we have to relativize
the notion <., Kk = Kk — %, to a vector H of constructors of kinds k — k. For
every kind kK = kK — *, we define a constructor g(;): (k= K) > Kk — K — * by
structural recursion on x as follows:

F <, G = F—(G
F<IH G o= vXwys. X<, HY - FX <HQy

—k—K'
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Note that, in the second line, H has kind k — k. For H a vector of identity
constructors, the new notion §E coincides with <. Similarly, we define another
constructor (7)<.: (k — K) — kK — Kk — %, where the base case is the same as
before, hence no ambiguity with the notation arises.

F <, G = F—-G
FHHS @ VXPYYS. HX <. Y — FX H<, QY

As an example, for F,G, H : k1, one has

F SflG = VAVB.(A— HB) — FA — GB,
F A<, G VAVB. (HA — B) - FA — GB.

3.2 System MIt¥

Now we are ready to define generalized Mendler-style iteration and coiteration,
which specialize to ordinary Mendler-style iteration and coiteration in the case of
(co)inductive types, and to a scheme encompassing generalized folds [SITTITH] and
the dual scheme for coinductive constructors of rank 2. This gives an extension
of Mendler’s system [T9] to finite kinds. The generalized scheme for coinductive
constructors is a new principle of programming with non-wellfounded datatypes.

The system MIt” is given as an extension of F* by wellkinded constructor
constants u, and v, welltyped term constants iny, Glt,,out, and GCoit, for
every kind k, and new term reduction rules.

Inductive constructors. Let Kk = k — *x and K = kK — K.

(Form) p, :(k—K)—K

(Intro) in, :VF*75 F (ueF) Cix puuk

(Elim) Glt, : VEF"VH®YG" (VX% X <H G — FX <H G) — p F <H G
(Red) Glt, s f(ingt) —p s(Gltgs) ft

with | f| = |s].

Coinductive constructors. Let k =k — * and K = Kk — K.

(Form) vy (k> k) — K

(Elim) out, :VF* 7%y, F Cy F(v.F)

(Intro) GCoit,, : VE* " "VH*' VG (VX" GH<S X - GH< F X)) — G H< . F
(Red) out, (GCoity s ft) — 3 s(GCoit,, s) ft

with | f| = |s].

Notice that for every constructor F' of kind k — K, uxF is a constructor of
kind k. In Mendler’s original system [I9] as well as its variant for the treatment
of primitive (co-)recursion [18], always positivity of F is required which is a very
natural concept in the case k = *. However, for higher kinds, there does not
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exist such a canonical syntactic restriction. Anyway, in [21] it has been observed
that, in order to prove strong normalization, there is no need for the restriction
to positive inductive types—an observation which has been the cornerstone for
the treatment of monotone inductive types in [16] and becomes even more useful
for our higher-order nested datatypes.

As for F¥, denote the term closure of the reduction rules by — and its

transitive closure by — .

3.3 Mendler-Style (Co)Iteration for (Co)Inductive Types

In the case k = *, the rules for u, and v, match with Mendler’s [19], except for
our removal of the positivity condition and our choice of Curry-style typing:

Inductive types.

Form) . (% — %) — x*

(
(Intro) in, VEF*7*. F (uF) — p.F

(Elim) Glt, : VF**¥Y*. (YX* (X - Y) = FX —»Y) — mF - Y
(

Red) Glt.s(in.t) —p s (Glt.s)t
Coinductive types.

Form) v, Dk > k) — %

(
(Elim) out. :VF*7*. v, F — F (v.F)

(Intro) GCoit, : VF*7*VY* VX* (Y - X)-Y - FX)—>Y - v F
(

Red) out, (GCoit. st) — 3 s (GCoit, s) t

Relation to general recursion. Typed functional programming languages like ML
and Haskell use recursive types instead of inductive and coinductive types and
general recursion instead of strongly normalizing restrictions such as Mendler
(co)iteration. General recursion can be introduced via a fixed-point combinator

fix: VA(A— A)— A

fix s — s(fix s),

from which the more common let rec f=r in t can be defined as let f =
fix (Af.r) in t. A nice aspect of Mendler (co)iteration is that the reduction
behaviour Glt, and GCoit, is almost identical to the one of fix. The only difference
is that unfolding of Glt resp. GCoit is controlled by a guard “in” resp. “out”, which
gets removed in the reduction step. Guarded unfolding of recursion is essential
to strong normalization; similar setups can be found in other systems which
facilitate type-based termination, e.g. [LOJIJ5].

In some sense Glt and GCoit are just restricted versions of fix, i. e., each rank-1
MIt¥ program translates (requiring minimal changes) into a Haskell program
with the same meaning. For higher kinds k, Glt, and GCoit, are not typable
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in the Hindley-Milner type systems of Haskell 98 and ML, but their reduction
behaviour is still included in the one of fix. This suggests that one can code most
naturally with Glt and GCoit, which we will demonstrate in the next subsection
by some examples involving so-called nested or heterogeneous datatypes.

3.4 Programming with (Co)Inductive Constructors of Rank 2

Nested or non-uniform datatypes, i.e., inductive and coinductive constructors of
rank 2 (more exactly, inductive and coinductive constructors induced by con-
structors of rank 2), arise in our system as applications of p,; and v, (recall
that k1 = x — * and k2 = k1 — k1). We obtain the following instances from
the general definitions.

Inductive constructors of rank 2.

Form) pe1 : k2 — kl

(

(Intro) ing :VE"VA.F (i F) A — paFA

(Elim) Glte; : VE2VHRIWYGHL (VXL X <H G - FX <P @) - paF <" G
(

Red) Glter s f(ingit) —p s(Glters) ft
Coinductive constructors of rank 2.

Form) v, (k2 — k1

(
(Elim) out.; :VF*VA.v FA — F (v F)A

(Intro) GCoit,, : VFF2VHMYG, (VXFLG < X - GH< FX) — GH<y F
(

Red) outy; (GCoity1 s ft) —p s (GCoitky s) f T

An example of a structure which can be modeled by a nested datatype is
lists of length 2™, which are called powerlists [6] or perfectly balanced, binary leaf
trees [IT]. In our system, they are represented by the type transformer PList :=
1 PListF where PListF : k2 := AFAA. A+ F(A x A). The data constructors are
given by

zero : VA. A — PList A = Aa.ing1(inla)
succ : VA. PList(A x A) — PList A := Al.ing1 (inrl)

Assume a type Nat of natural numbers with addition “+” and multiplication
“x”, both written infix. Suppose we want to define a function sum : PList Nat —
Nat Wthh sums up all elements of a powerlist by iteration over its structure. The
case sum (succ t) imposes some challenge, since sum cannot be directly applied
to t : PList(Nat x Nat). The solution is to define a more general function sum’ by
polymorphic recursion, which has the following behaviour.

sum’ : VA. (A — Nat) — PList A — Nat

sum’ f (zero a) —7* fa
sum’ f (succ l) —T sum’ (Ap. f (p.0) + f (p.1))1
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Here, the iteration process builds up a continuation f which in the end sums up
the contents packed into a. From sum’, the summation function is obtained by
sum :=sum’ id.

The system MIt* has been designed so that functions like sum’ can be defined
directly via generalized iteration. In our case, use the instantiations F' := PListF
and G := H := A_. Nat and define:

sum’ :  paF<HG

sum’ = Gltg1 Asum/AfAz.case (z, a. fa,

L.sum’ (Ap. f (p.0) + f (p.1)) 1)

The postulated reduction behaviour is verified by a simple calculation.

For another example consider the non-wellfounded version of perfectly bal-
anced, binary (node-labelled) trees. They are represented by the type trans-
former BTree := v, BTreeF where BTreeF : k2 := AFAA. A x F(A x A). The
data destructors are

root : VA. BTreeA — A := At. (outy1t).0
subs : VA. BTree A — BTree(A x A) := At. (out,1t).1

We want to define the tree nats : BTree Nat filled with natural numbers starting
with 1 breadth-first left-first. A more general function nats’ : VA. (Nat — A) —
(Nat — BTree A) with the reduction behaviour

root(nats’ fn) —* fn
subs(nats’ fn) —T nats’ Om. (f (2xm),f (2xm+1)))n

is definable as a generalized coiteration by
nats’ := GCoit,; Anats’'\fAn. (fn, nats’ (Am. (f (2 xm), f(2xm+1)))n)

choosing F' := BTreeF, G := H := A_.Nat. To obtain nats, one sets nats :=
nats’ id 1.

Higher-order representation of de Bruijn terms. Bird & Paterson [9] and Al-
tenkirch & Reus [4] have shown that nameless untyped A-terms can be repre-
sented by a heterogeneous datatype. As in the system GMIC of [2], this type is
obtained in MIt* as the least fixed point of the monotone rank-2 constructor
LamF.

LamF : k2 = AFAM. A+ (FAXx FA+ F(1+ A))
lamf : monLamF := As\f. either f (either(fork (s f)) (s (maybe f)))

The type Lam A again represents all de Bruijn terms with free variables in A,
the constructors var, app and abs are simplified w.r.t. [2]. Again, we provide an
auxiliary function weak which lifts each variable in a term to provide space for
a fresh variable.
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Lam : k1 = uy1 LamF

lam : monLam := Glte1 AmapAfAz.ing (lamf map f x)
var :VA.A—LamA := Aa.ing (inla)

app :VA. LamA — Lam A — Lam A := Aty Ao ing (inr (inl (¢1,12)))

abs :VA.Lam(1+ A) — LamA = Ar.ing (inr (inr 7))

weak : VA. Lam A — Lam(1 4+ A) :=lam (A\a. inra)

The most natural question on this representation of untyped A-calculus is the
representability of substitution. With generalized iteration, it is possible to give
a direct definition of substitution (the bind or extension operation of the lambda
terms monad):

subst: VAVB.(A — Lam B) — Lam A — Lam B = Lam <"*™ Lam
subst := Glt,;1 AsubstAfAt. case (¢,

a. fa, t'. case(t,

p. app (subst f (p.0)) (subst f (p.1)),

r. abs (subst (lift f) 1)),

lift : VAVB.(A— LamB)— (14 A) — Lam(1+ B)
lift := AfAzx. case(x, u. var(inl u), a. weak (f a))

Note that the formulation of generalized folds in [8] would yield the flattening
function (the join or multiplication operation of the monad)

flatten : VA. Lam(Lam A) — Lam A.

We obtain flattening as special case of substitution by flatten := subst id.

Triangles. The dual of substitution for variables in a term or non-wellfounded
term is redecoration of a non-wellfounded or wellfounded decorated tree, cf. [23].
An interesting and intuitive example of decorated tree types arising from a rank-
2 coinductive constructor are triangles. Define

THF := AEAF®IAA. A x F(E x A) : % — k2
Tri = AE. v, (TriF E) sk — Kl

Then Tri EA is the type of triangular tables of the sort

AEEEE...
AEEE...
AEE...
AFE...
A...

decomposing into a scalar (an element of A) and a trapezium (an element of
Tri E(E x A)). The destructors and the monotonicity witness are

top := At. (oute1t).0 : VEVA.THEA — A
rest := At. (oute1t).1 : VEVA. TriFA — TriE(FE x A)

tri := GCoitx1 AmapAfAz.(f(top x), map(pair id f)(rest x)) : VE. mon,1(Tri E)



Generalized Iteration and Coiteration for Higher-Order Nested Datatypes 63

Redecoration is an operation dual to substitution that takes a redecoration rule
f (an assignment of B-decorations to A-decorated trees) and an A-decorated tree
t, and returns a B-decorated tree t'. The return tree ¢’ is obtained from ¢t by B-
redecorating every node based on the A-decorated subtree it roots, as instructed
by the redecoration rule. For streams, for instance redec : VAVB. (Str A — B) —
Str A — Str B) takes f : StrA — B and ¢ : Str A and returns redec f ¢, which is
a B-stream obtained from ¢ by replacing each of its elements by what f assigns
to the substream this element heads. Triangles are a generalization of streams
much in the same way as de Bruijn notations for lambda terms differ from terms
in the universal algebra style signature with one binary and one unary operator.
For triangles, redecoration works as follows: In the triangle

AEFEFEE...
AEFEFEE...
AFEE...
AFE ...
A...

the underlined A (as an example) gets replaced by the B assigned by the re-
decoration rule to the subtriangle cut out by the horizontal line; similarly, every
other A is replaced by a B. This is straightforward to define using GCoit:

lift : VEVAVB. (THEA— B) - THE(Ex A) — E x B
lift = AfAy. ((top y).0, f (tri(Ap. p.1)y))

redec: VEVAVB. (TiEA— B) —» TriEA — TriEB

redec := GCoit,1 AredecAfAz. (f x, redec (lift f) (restx))

4 Embedding into System F¢

In this section, we show how to embed MIt* into F¥. The embedding establishes
strong normalization for MIt®.

4.1 Kan Extensions
For the sake of the embedding of MIt¥ into its subsystem F“, we use a syn-

tactic version of Kan extensions, see [20, chapter 10]. Compared with [2], Kan
extensions “along” are now defined for all kinds, not just for rank 1.

Right Kan extension along H. Let k = k — * and k' = k — k and define for
G :k, H: k' and X : k the type (Rang G) X by iteration on |k|:

Ran G =G
(Rang. g G) XX :=VY". X <HY — (Rang (GY))X
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Left Kan Extension along H. Let again k = k — % and k' = k — Kk and define
for F:k, H: k' and Y : k the type (Lang F)Y by iteration on |k|:

LanF := F
(Lang g F)YY :=3X". HX <Y x (Lang (FX))Y

Proposition 1. Let F,G : kK — * and H : kK — k. The following pairs of types
are logically equivalent:

1. F<H G and VX*. FX — (Rang G)X.
2. FH< G and VY*. (Lang F)Y —» GY.

Proof. Part 1 requires just a close look at the definition of <¥. Part 2 is only
slightly more complicated. ad
4.2 Embedding

We can simply define the new constants of MIt” in F¥. Let kK = Kk — * and
n = |K|.

L : (K> K) D K — %

T = AFFIXRYHAYGRE(VXE X <H G - FX<HG) — (RangG) X
Glt, : VFs7rYHE=RYGRE (VX X <HG - FX <HQG) - pu.F<H G
Glty, =XsAfAr.rsf

ing s VFESVXE F (ueF) X — peF X

ing = MAsAf.s(Gltes) ft

Vg (k= K)o K —x

Vs = AFFPRYRIHA*IGR (VXS G H< X — G HS FX) x (LangG)Y

GCoit,, : VFrF"WHS—"YG" (VX" GH< X - GH<FX)— GH<y.F
GCoity, := AsAfAt. pack™™! (s, pack(f1, ..., pack(fn, t)...))

out, : VYF*TRYY® U, FY — F . F)Y

out, := Ar.open(r, ri.open (ry, ro. ...open (rp_1, ry.0pen (ry, fto.
open (fty.1, ft;.open (ft;.1, fty. ...open (ft,,_;.1, ft,.
fto-0 (GCoity, ft,.0) ft1.0 ... ft,.0 ft,.1)...))))...)

Theorem 1 (Simulation). With the definitions above, the following reductions
take place in F¥:

Glt, s f (ing t) —T 5(Glt, s) ft
out,, (GCoit,, s ft) — T s (GCoit,; s) f

Proof. By easy computation.
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Corollary 1 (Strong Normalization). System MIt” is strongly normalizing,
1. e., there is no infinite reduction sequence ro — 11 — ro — ... for any
typable term rq.

Proof. Use strong normalization of F¥ and simulation.

Since there are no critical pairs in MIt*, reduction is locally confluent; by
strong normalization and Newman’s Lemma, it is confluent on well-typed terms.

5 Conclusion and Related Work

We have proposed MIt”| a system of generalized (co)iteration for arbitrary ranks,
which turned out to be a definitional extension of Girard’s system F* and hence
enjoys its good meta-theoretic properties, most notably strong normalization. It
combines the ideas of Mendler for (co)inductive types with the notion of gener-
alized folds for inductive constructors of rank 2 invented by Bird and Paterson.

MIt¥ has been carefully set up to come with a perspicuous computational
behavior, which is very close to general recursion a la letrec—a distinctive fea-
ture of Mendler-style recursion schemes. For higher ranks, i.e., for the treatment
of fixed-points which are themselves type transformers, we described a modi-
fied containment relation (via the index H) in order to encompass generalized
folds, proposed by Bird and Paterson as a means of more elegant definitions of
functions operating on nested datatypes.

Therefore, MIt* might serve as a basis of a total programming language for
nested datatypes. Alternatively, it can be seen as a discipline of programming in
existing languages like Haskell which gives termination guarantees for free.

Some related work. The generalized iteration scheme of the present article is a
reformulation working in all finite ranks of generalized folds in the liberal sense
of Sec. 4.1 and 6 of [§]. More exactly, it extends the “efficient” [TT[T5] version of
that scheme. The efficient generalized folds differ from the original generalized
folds in the target type which is constructed with <¥ rather than CH. Here,
CH ig the appropriate relativized version of C, defined by

FcH G =vX*FHX) - GX.

Future work. The realm of higher-rank datatypes seems hardly explored. We
certainly wish to try out our schemes on the examples of inductive constructors
of rank 3 from [12]. Further, we seek to extend MIt¥ to cover other recursion
schemes on nested datatypes like a form of “generalized primitive recursion”.
This scheme, and others, would no longer have an operationally faithful embed-
ding into System F“.
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A System F“

In the following we present Curry-style system F“ enriched with binary sums and
products, unit type and existential quantification over constructors. Although we
choose a human-friendly notation of variables, we actually mean the nameless
version a la de Bruijn which identifies a-equivalent terms. (Capture-avoiding)
Substitution of an expression e for a variable x in expression f is denoted by

flz == €.

Kinds are generated from the kind * for types by the binary function kind
constructor —:
Ku=x|kKk— K

Constructors. (Denoted by uppercase letters.) Metavariable X ranges over an
infinite set of constructor variables.

A,B,C,F,G ==X | \X*.F | FG|VF*. A|3F*.A|A— B
|A+B|AxB|1

Equivalence on constructors. Equivalence F' = F’ for constructors F' and F’ is
given as the compatible closure of the following axiom.

(AX.F)G =4 F|X =]

We identify constructors up to equivalence, which is a decidable relation due to
normalization and confluence of simply-typed A-calculus (where our constructors
are the terms and our kinds are the types of that calculus).

Objects (Terms). (Denoted by lowercase letters) The metavariable x ranges over
an infinite set of object variables.

r,s,t i=x | Azt |rs|inlt|inrt | case(r, x.s, y.t)
| ) | (to,t1) | r.0|r.1 | packt |open(r, z.s)

Contexts. Variables in a context I are assumed to be distinct.

o= |IX"|INx:A
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Judgments. (Simultaneously defined)
I' cxt I' is a wellformed context

I'HF:k F'is a wellformed constructor of kind « in context I”
I'Ht: A t is a wellformed term of type A in context I’

Wellformed contexts. I cxt

I cxt I'FA:x
- oxt I X" cxt I z:A cxt

Wellkinded constructors. I' = F : k

Xterl I cxt IN'X"FF:x I'FF:k—r I'-G:k
I'FX kg I'FAX"F:k— K I'FFG:«
I'X"FA:x IX"FA:x I'HA:x I'FB:x
I'EVX"® . A:x I'E3X% A:x I'FA— B:x

I'HA:x ' B:x I'HA:x ' B:x I cxt
I'FA+B:x I'FAxB:x I'H1:x

Welltyped terms. I'Ht: A

(x:A) el I cxt Iz:AFt:B r-r:A—B I'kFs:A
I'tx: A I'-Xet:A— B I'trs:B

I'XFt: A I'Ht:vX".A I'FF:k
IHt:VX".A IFt:AlX = F]

I't: A[X = F) I'FF:k I'Fr:3X"A X" z:AkFs: C

I'F packt: 3X".A I'+open(r,z.s):C
I' cxt I'-t: A I'tB:x I'+t:B I'FA:x
I'E{:1 I'kFinlt: A+ B I'Finrt: A+ B

I'tr:A+B x:AFs:C I'y:B+-t:C
I'tcase(r, z.s, y.t): C

I'ttg: Ao 't : A I'Er:Ag x Ay iE{O,l}
F|_<t0,t1>:Ao><A1 F"T.i:AZ‘
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Reduction. The one-step reduction relation ¢ — t' between terms ¢ and t’ is
defined as the closure of the following axioms under all term constructors.

(Az.t) s —g t[z = s
case (inlr, z.s, y.t) —p s[x :=1]
case (inrr, x.s, y.t) —p tly :==7]
<t0,t1>.i —3 t; ifie {0, 1}
open (packt, x.s) —pg s[z:=1{]

We denote the transitive closure of — by —% and the reflexive-transitive
closure by —*.

The defined system is a conservative extension of system F¥. Reduction is
type-preserving, confluent and strongly normalizing.
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Abstract. Every parity game is a combinatorial representation of a
closed Boolean p-term. When interpreted in a distributive lattice every
Boolean pu-term is equivalent to a fixed-point free term. The alternation-
depth hierarchy is therefore trivial in this case. This is not the case
for non distributive lattices, as the second author has shown that the
alternation-depth hierarchy is infinite.

In this paper we show that the alternation-depth hierarchy of the games
p-calculus, with its interpretation in the class of all complete lattices, has
a nice characterization of ambiguous classes: every parity game which
is equivalent both to a game in X,+; and to a game in Il,+1 is also
equivalent to a game obtained by composing games in Y, and I,

Introduction

Parity games have shown to be a fundamental tool in the theory of automata
recognizing infinite objects and of the logics by which these objects are usu-
ally defined [23]. Among these logics we list monadic second order logic, the
propositional modal p-calculus, and the collection of their fragments, i.e. logics
of computation such as PDL, LTL, CTL, etc. The use of the games is not re-
stricted to the theory but carries over to applications such as model-checking [9]
or the synthesis of controllers [4].

In the monograph [3] parity games are used to establish strong relationships
between p-calculi and classes of automata (on words, on trees, on Kripke struc-
tures, etc.) A class of automata is given the structure of a p-calculus by defining
a composition operation A[B/z] on automata and two fixed-point operations
pr.A and ve.A. Recall that a u-calculus is a set of syntactical entities with an
intended functional interpretation on a complete lattice L, each term ¢ of arity
ar(t) being interpreted as a monotonic mapping from Lo (®) to L. The terms 6.t
of a p-calculus, for 6 € {u,v}, are interpreted as extremal fixed-points of ¢, so
that 6.t and t[fx.t/x] denote the same object. In the p-calculus of automata, the
complete lattice L is a powerset of a set of objects (words, trees, etc.); the inter-
pretation of an automaton, as a term of empty arity of the u-calculus, coincides
with the language of objects it accepts.

* The second author acknowledges financial support from the European Commission
through an individual Marie Curie fellowship.

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 70-86] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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¢ ¢
Yo =1y Comp(Xh, IT1) Comp(Xs, I12)
IS IS
I, 11>

Fig. 1. The alternation-depth hierarchy

Parity games are syntactically similar to automata, thus the composition and
fixed-point operations can be defined on games as well. In the monograph [3] this
was not done, as, by analogy with the case of automata, the interpretation of a
game is whether some distinguished position is winning or not. Since there are
only two objects in the interpretation domain, such a p-calculus of games is not
very interestingﬂ On the other hand, for a given u-calculus, it is also possible to
consider as the intended interpretation a given class of complete lattices. It turns
out that considering the class of distributive (complete) lattices is not enough
to make the p-calculus of games nontrivial. In this case, every term is equivalent
to a term with no applications of the fixed-point operations. In order to have
a p-calculus of games with a nontrivial interpretation one needs to consider
the class of all complete lattices. In [20] a p-calculus with such interpretation
is considered. It is defined a preorder < on the collection G of games, in a
constructive way. The quotient of this collection of games under the equivalence
relation ~ on G induced by < is a lattice (although not a complete one) where
the interpretation of 6x.G is indeed an extremal fixed-point. This is moreover
the universal p-lattice, that is the universal lattice in which every p-term has
an interpretation. By saying that this algebraic object is universal we mean that
two terms s, t satisfy s < ¢ in the quotient G/~ if and only if this relation holds
in every lattice where all p-terms are interpretable. Moreover the relation s <t
holds in G/~ if and only if it holds in every complete lattice.

The extremal fixed-point operations of p-calculi are syntactic operators anal-
ogous to quantifiers. There have been few proposals to classify u-terms into
classes according to the number of nested applications of fixed-point operations;
most of these classifications happen to be equivalent [14), [T5, [[6]. We recall here
the hierarchy of u-terms into classes proposed in [15]. The class Xy = Il is the
class of p-terms with no application of the fixed-point operations; X, 1 (resp.
IT,,41) is the closure of X, and IT,, under the composition operation and the least
fixed-point operation (resp. the greatest fixed-point operation). Also, the class
Comp(X,, I1,,) is defined as the closure of X,, and II,, under the composition
operation. These classes are ordered by the inclusions as shown in figure[dl. As far
as we are dealing with the syntax, these inclusions are obviously strict. However,

! It is also possible to say that the interpretation of a game is the set of winning
strategies for a given player. This idea was pursued in [21].
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if a p-calculus comes with an intended interpretation, the relevant question is
whether these inclusions are strict in the interpretation, and this question has no
obvious answer. For the propositional modal p-calculus the semantical strictness
of these inclusions was proved in [0, 13| [1]. For the u-calculus of parity games
with its interpretation in the class of all complete lattices these inclusions were
shown to be strict in [I§].

In this paper we investigate an orthogonal problem. It is easily seen that the
relation

(1) Comp(zna Hn) - 2n+1 N Hn+1

holds in every p-calculus, at least at the syntactic level; it can be asked whether
such equality still holds with respect to a given interpretation. This question is
inspired by the characterization of the ambiguous classes in the Borel hierarchy
12, §11.B,§22.27], of which, there are already known analogies within p-calculi.
Indeed, it is an easy exercise to show that if a language of infinite words is
accepted both by a deterministic automaton in X, ;1 and by a deterministic au-
tomaton in I, 1, then this language is accepted by a deterministic automaton
in Comp(X,,, IT,). We remark that questions related to the alternation-depth hi-
erarchy for deterministic automata on infinite words tend to be easy, for example
this hierarchy is even decidable [I7]. Also, it was shown in [2] that if language
of trees is definable both by an automaton in X5 and by an automaton in 1,
then it is also definable by an automaton in Comp(Xy, IT;).

We show that, for the p-calculus of games with its interpretation in the class
of all complete lattices, the equality () holds semantically, for every n > 0. As far
as we know, together with the observation that this equality holds for languages
of infinite words defined by deterministic automata, this is the first complete
result of this type for p-calculi. We do not answer the analogous question for
other p-calculi but we believe that the ideas and tools presented here can be
adapted to other contexts. These tools are proof-theoretic in nature: the main
technical proposition is an interpolation theoremdd that we prove essentially with
Maehara’s method [22] §1.6.5]. The proofs that we consider here are however
circular, see [19], and being able to apply existing proof-theoretic techniques is
not straightforward.

The paper is organized as follows. In section 1 we define parity games with
draws and the operations on these games. We also define their semantics as mono-
tonic mappings on a complete lattice. In section 2 we organize parity games with
draws into a p-calculus and define the syntactical preorder that characterizes the
semantical order relation. In section 3, we firstly recall the definition and basic
facts about the hierarchy; then we prove that equality () holds at the semantical
level.

2 This interpolation result concerns the hierarchy of fixed points; it contrasts with
the uniform interpolation property of the modal p-calculus [7] which concerns the
common language of two formulas and does not take into account the hierarchy of
fixed points, since the main tool to prove it are disjunctive normal forms.
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1 Parity Games with Draws

A parity game with draws is a tuple G = <Pos%, Posg, PoslG), ME, p&) where:

— Pos%, Posﬁ, Pos% are finite pairwise disjoint sets of positions (Eva’s posi-
tions, Adam’s positions, and draw positions),

— MY, the set of moves, is a subset of (Pos%UPosG) x (PosGUPos§ U Pos%),

— p% is a mapping from (Pos§ U Pos%) to N.

Whenever an initial position is specified, these data define a game between player
Eva and player Adam. The outcome of a finite play is determined according to
the normal play condition: a player who cannot move loses. It can also be a draw,
if a position in Posg is reachedE The outcome of an infinite play { (gi, gr+1) €
ME }i>o is determined by means of the rank function p% as follows: it is a win
for Eva if and only if the number

max { i € N|3 infinitely many k s.t. p%(g) =i}

is even. To simplify the notation, we shall use POS%A for the set Pos§ U Pos§
and use similar notations such as Pos%yD, etc. We let Mar® = max pG(Pos%A)
if the set Posg’A is not empty, and Maxz® = —1 otherwise.

1.1 Operations on Parity Games

We define here some operations and constants on games. When defining oper-
ations on games we shall always assume that the sets of positions of distinct
games are pairwise disjoint.

Meets and Joins. For any finite set I, /\; is the game defined by letting
Posg = 0, Posa = {po}, Posp = I, M = {(po,i) | i € I} (where py & I),
p(po) = 0. The game \/, is defined similarly, exchanging Posg and Posa.
Composition Operation. Given two games G and H and a mapping v :
P§ — PgAyD, the game K = G oy H is defined as follows:

— Pos]bf = Posg U Posg,
— Posf = Posg U Posg,
— Pos]D( = Posg,
- M¥ =(M%n (POS%VA X POS%VA)) u MH
U A{.y@)) | (p.p) € MY N (Posg 4 x Posp) }.
— p is such that its restrictions to the positions of G and H are respectively
equal to p& and p'.

Sum Operation. Given a finite collection of parity games G;, i € I, their sum
H= Zie[ G; is defined in the obvious way:

— P =\, P, for Z € {E, A, D},
- M7 = UiEIMGi’
— p' is such that its restriction to the positions of each G; is equal to p$.

3 Observe that there are no possible moves from a position in Pos$.
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Fixed-point Operations. If G is a game, a system on G is a tuple S =
(E, A, M) where:

— F and A are pairwise disjoint subsets of Pos$,
- MC(EUA) x POS§7A7D'

Given a system S and 0 € {u, v}, we define the parity game 65.G:

- POS%S'G = PosG UE,
— POSZS'G = Pos§ U A,
— Pos%% = Pos$ — (EU A),
- M%G=M%UM,
— p%s:C is the extension of p© to E U A such that:
o if & = p, then p?s'¢ takes on E U A the constant value Max® if this
number is odd or Maz® + 1 if Maz® is even,
o if = v, then p?s'“ takes on E U A the constant value Max® if this
number is even or Maz® + 1 if Maz® is odd.

Predecessor Game. Let G be a game such that Maz® # —1, i.e. there is at
least one position in Pos 4. Let Top® = { g € PosG 4| p®(g) = Maz® }, then
the predecessor game G~ is defined as follows:

— Pos§ = Pos% — Top®,
Pos§ = Pos§ — Top©,
Pos% = Pos% U Top®,
- MS =M% —(Top® x Pos§ , ),

p©  is the restriction of p“ to Pos§ ,.

1.2 Semantics of Parity Games

Given a complete lattice L, the intepretation of a parity game G is going to be
a monotone mapping of the form

|G| : L5 . [FEa ,

where LFX is the Pg-fold product lattice of L with itself. If g € Posg’E then
|G| will denote the projection of |G| onto the g coordinate. Any parity game
G can be reconstructed in a unique way from the predecessor game G~ by one
application of some fixed-point operation fg; moreover the predecessor game
is “simpler”. Thus we define the interpretation of a parity game inductively. If
Pg’A = (), then LPEA = [0 — 1, the complete lattices with just one element,
and there is just one possible definition of the mapping |G|. Otherwise, if Maz®
is odd, then |G| is the parameterized least fixed-point of the monotone mapping

G G G
LPE,A X LPD _>LPE‘A
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defined by the system of equations:

Vd{zg|(g,9') € MP}  if g € PosG NTop®,
Tg = /\{xg’|(gagl)€MG} ingPOSgﬂTopG,
1G5 1(Xpopes Xpos¢ ) otherwise.

If Max® is even, then |G| is the parameterized greatest fixed-point of this
mapping.

2 The p-Calculus of Games

Let X be a countable set of variables. A pointed parity game with labeled draws
is a tuple (G,p$, \%) where G is a parity game, p¢ € POS%A,D is a specified
initial position, and AY : Pos% — X is a labeling of draw positions by variables.
With G we shall denote the collection of all pointed parity games with labeled
draws; as no confusion will arise, we will call a pointed parity game with labeled
draws simply “game”. Similarly, we shall abuse the notation and write G to
denote the entire tuple (G,p%, A\“). With the notation G4 we shall denote the
game that differs from G only in that the initial position is now g, i.e pfg =g.

We give the collection G the structure of a u-calculus, as defined in [3] §2.1].
If x is a variable, the game & has just one draw position labeled by x. The arity
of a game G, denoted by ar(G), is the subset of variables A% (Pos%).

A substitution is a mapping o : X — §G; given a game G and a substitution
o, the composition of G and ¢ — for which we use the notation G[o] — is defined
as

Glo]=(Goy Y a(x)),

z€ar(Q)

where ¥(g) = pfo‘c(g)) for g € Pos$. Moreover, pllol = p& and \Clol(p) =
\?(#) (p) whenever p € Pos(,;(w). Therefore ar(Glo]) = U, cqr(c) ar(o(2)).

Similarly, given G in G and x € X, let Pos, = {g € Pos%|\%(g) = = }.
Define the system S as (), Pos,, Pos, x {p{'}). Then we define

02.G = (05.G),

where moreover A% is the restriction of A¢ and pf*¢ = p&. Remark that
0x.G =G if x & ar(G).

The above constructions are analogous to those given in [3], §7.2] for automata
and therefore one can mimic the proof presented there to show that G with this
structure satisfies the axioms of a p-calculus.

Observe that the operation of forming the predecessor game G~ can be
extended to pointed parity games with labeled draws if we choose a variable
x4, & ar(G) for each g € Top®: we let in this case A¢  be the extension of \¢

such that A9 (g) =z, for g € Top®.
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2.1 The Preorder on G

In order to describe a preorder on the class G, we shall define a new game (G, H))
for a pair of games G and H in G. This is not a pointed parity game with draws
as defined in the previous section; to emphasize this fact, the two players will be
named Mediator and Opponent instead of Eva and Adam.

Before formally defining the game (G, H)), we give its informal description
and explanation. Mediator’s goal is to prove that the relation |G| < |H| holds
in any complete lattice; Opponent’s goal is to show that this relation does not
hold. For example, if G = \/_; G; has the shape of a join and H = /\jeJHJ' has
the shape of a meet, then this is an Opponent’s position: Mediator should be
prepared to prove |G;| < |Hj;| for any pair of indexes i and j; thus Opponent
should find a pair of indexes (i, j) and show that |G;| £ [H;|. If G = \,;c;Gi is
a meet and H = \/jeJ Hj is a join, then this is a Mediator’s position: Mediator
should find either an i and show that |G;| < |H| or a j and show that |G| <
|H;|; Opponent should be prepared to disprove any such relation

Thus the game is played on the two boards, simultaneously. At a first ap-
proximation, a position of (G, H)) is a pair of positions from G and H. Since
we code meets as Adam’s positions and joins as Eva’s positions, Mediator is
playing with Adam on G and with Eva on H; Opponent is playing with Eva on
G and with Adam on H. Thus a pair (g, h) in Pos§ x Posf clearly belongs to
Mediator and a pair (g,h) in Pos% x Posfl clearly belongs to Opponent. Pairs
in Pos% x Post or Posﬁ x Pos!l are ambiguous, as both players could play.
The situation is not symmetric, however, as Opponent is obliged to play while
Mediator is allowed to play, if he wants, but he can also decide to delay his
move. In the formal definition, we code the fact that two players can play from
the same pair by duplicating every pair into a Mediator’s position and into an
Opponent’s position.

Definition 2.1. The game (G, H)) is defined as follows:
— The set of Mediator’s positions is
Pos%yAyD x {M} x PosgvAvD,
and the set of Opponent’s positions is
Pos%,A,D x {O} x Posg a p-

— We describe the movesﬁ by cases:
o If (g,h) € (Posg x Posl{ ;) U (Pos , x Pos’{), then there is just one
“silent” move

(9, M,h) — (g,0,h)

4 These moves suffice to Mediator to reach his goal, as the relation < that we shall
define turns out to be transitive. This fact is analogous to a cut-elimination theorem
and to Whitman’s conditions characterizing free lattices [10].

® As we wish to distinguish moves coming from G and moves coming from H, the
underlying graph of this game can have distinct edges relating the same pair of
vertices.
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and moves of the form
(9,0,h) — (¢',M,h)  (g,0,h) — (g, M,n")

for every move (g,¢’) € M and every move (h,h') € M.
o If (g,h) € (Pos§ x Posii p) U (PosiD x Pos), then there is just one
silent move

(9,0,h) — (g, M, h)

and moves of the form
(9, M,h) = (¢',0,h)  (g9,M,h) — (g,0,h')

for every move (g,¢’) € ME and every move (h,h') € M.
e If (g,h) € (Pos§ x Posil) then there are moves of the form

(9,0,h) — (¢',M,h)  (9,M,h) — (g9,0,h)

for every move (g,g') € M and every move (h, h’') € M and moreover
a silent move

(9. M,h) — (9,0,h).
e Similarly, if (g, h) € (Pos§ x Posfl) then there are moves of the form
(9, M. h) — (¢",0,h)  (9,0,h) — (g, M, 1)

for every move (g, g') € M€ and every move (h, h') € M and moreover
a silent move

(9, M,h) — (g,0,h).

e Finally, if (g, h) € Pos§ x Posf, then: If \%(g) = A (h), then there is
a move

(9, M,h) — (g,0,h)

and no move from (g, O, h). Hence this is a winning position for Mediator.
If A% (g) # A (h), then there is a move

(9,0,h) — (g, M, h)

and no move from (g, M, h). The latter is a win for Opponent.

— Now let us define the winning plays for Mediator in this game. As usual
a maximal finite play is lost by the player who cannot move. For infinite
plays, observe that any (maximal) play v in (G, H)) defines two plays (not
necessarily maximal) 7¢(y) in G and 7wy () in H. Generalizing what happens
for finite plays we say that Mediator wins an infinite play ~ if and only if
either m¢(7y) is a win for Adam on G, or mg(7y) is a win for Eva on H.
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In the above definition we must explain the meaning of statements such as
“mr(y) is a win for Eva on H” whenever my () is a finite play which is not
maximal. In this case, the last position of the play mg(7y) belongs either to
Postl or to Posl]: we say that this is a win for Adam in the first case and a
win for Eva in the latter case, with the intuition that the player who gives up
playing loses.

This convention allows Mediator to play just on one board and to give up on
the other if Adam has a winning strategy on G or Eva has a winning strategy on
H. On the other hand, as soon as Opponent gives up on one board, he’s going
to lose. Notice that the game (G, H)) alternates between Opponent’s positions
and Mediator’s positions, thus if a player among Mediator and Opponent gives
up on one board, this is indeed his own responsibility.

Finally observe that the condition (1): “mg(7) is a win for Adam on G, or
g () is a win for Eva on H” implies but is not equivalent to (2): “if 7g(7y) is a
win for Eva on G, then my () is a win for Eva on H”. The logic is complicated
by the fact that 7g(v) could be a draw, but this is also the only obstacle to
obtain the equivalence between (1) and (2).

Definition 2.2. If G and H belong to G, then we declare that G < H if and only
if Mediator has a winning strategy in the game (G, H)) starting from position

(p%,0,p).

In the following, we shall write G ~ H to mean that G < H and H < G. We
continue by listing some useful facts about the game (G, H)) and the relation
<.

Lemma 2.3. In the game (G, H)) Mediator has a winning strategy from a posi-
tion of the form (g,0,h) if and only if he has a winning strategy from (g, M, h).

We do not include a proof of this lemma for lack of space.
An homomorphism from a game G to a game H is a mapping f from the
positions of G to the positions of H such that:

F@d) = h,
— if g belongs to Pos§ (resp. Pos§) then f(g) belongs to Posk (resp. Posf)

and p%(g) = p" (f(9)),
if g belongs to Pos% then f(g) belongs to Post and A% (g) = A\ (f(g)),
!/

if (9,9') € M then (f(g), f(¢')) € M.

An homomorphism f from a game G to a game H is a bisimulation if moreover:

— for any position g of G, if (f(g),h) € MH then there exists a position g’ of
G such that (g,g') € M® and h = f(g').

Lemma 2.4. If there is a bisimulation from G to H, then G ~ H.
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The proof of this lemma, which we do not include for lack of space, amounts to
observe that both in the game (G, H)) and the game (H,G)) Mediator can use
a “copycat” strategy. We can use Lemma [2.4] to establish several equivalences.
Let G be a game and T' C Posg’A be a collection of positions of G. Let X7 C X
be a subset of variables in bijection with 7" and such that X7 N ar(G) = 0.
The game GT%X7 is obtained as follows: every position ¢ € T is added to the
set of draw positions and labeled by the variable x; which corresponds to t. Of
course there are no more moves from a position ¢t € 7" in the game G7%X7, The
relation G, ~ G?"XT [Gt/x+t]ter holds, as a consequence of the fact that there
is a bisimulation from GZC“)XT [Gi/ ] to Gy. Also, let G’g be the game obtained
from G, by considering the reachable part from g. Again, we have G, ~ G}, as
the inclusion of the positions of G; into the positions of G4 is a bisimulation.
Thus we are allowed to consider only games in G that are reachable from the
initial position.

Proposition 2.5. The relation < has the following properties:

1. It is reflexive and transitive.

2. Composition is monotonic: If G < H and if for all z € X, o(z) < o'(x)
then Glo] < H|o'].

3. For any game G and any substitution o, G < \,[o] if and only if G < o(x;)

foralliel.

For any game H and any substitution o, \/; (0] < H if and only if o(z;) < H

foralliel.

For 0 € {u,v}, 0x.G ~ Glx.G/x].

If G[H/x] < H then px.G < H.

If G < G[H/z] then G < vz.H.

1t is the least relation on G having properties [l to[7.

It is sound and complete with respect to the class of all complete lattices:

G < H if and only if for any complete lattice L and any v : X — L

-~

© P NS

[Gpgl(voX?) < [Hypu|(voAT).

Proof. These properties were stated and proved in [20] for a restricted class of
fair games and for a different relation < (similar to the one of [5] 11]). However,
we can prove the following: 1) the relation < is indeed reflexive, transitive, and
monotonic, 2) every game in G is <-equivalent to a fair game, 3) if G and H are
fair games, then G < H if and only if G < H.

Therefore the quotient of the class of fair games under the equivalence relation
induced by =< is order isomorphic to the quotient of G under the equivalence
relation ~ and this quotient inherits all the properties proved in [20)]. a

In particular the quotient G/~ is a lattice where the greatest lower bound
(resp. least upper bound) of the equivalence classes of Gy, ..., Gy is the equiv-
alence class of A\, (G1,...,Gy) (resp. V. (G1,...,Gk)). It is a p-lattice as well,
meaning that all the u-terms constructible from the signature (T, A, L, V) are
interpretable as infima, suprema, least prefixed points and greatest postfixed
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points of previously defined operations. The p-lattice G/~ is freely generated by
the set X, meaning that given any pu-lattice L and any mapping ¢ : X — L,
there exists a unique extension of ¥ to a mapping ¢’ : G/~ — L that preserves
the interpretation of p-terms. From this property it readily follows that < is the
least preorder having the properties listed above.

3 Ambiguous Classes in the Mostowski Hierarchy

If G is a game then two mappings p and p’ from POS%A to N are said to be
equivalent with respect to G if any infinite path in G is winning according to p
if and only if it is winning according to p’. Let G be a game and p be a mapping
equivalent to p& w.r.t. G. It is easily observed that the game G’ obtained from
G by substituting the rank function p with p© is equivalent to G: G ~ G'.

Definition 3.1. We say that a game G belongs to Xy = Il if and only if it is
acyclic. For n > 1, we say that a game G belongs to X, (resp. IT,,) if there is a
mapping p equivalent to p& w.r.t. G, and an odd (resp. even) number m > n— 1
such that p(Pos%vA) C{m-n+1,...,m}. We say that a game belongs to
Comp(X,, IT,,) if it can be obtained from games in X,, and II,, by a sequence of
applications of the composition operation.

Observe that, by construction, for every n > 1, if G belongs to X, (resp. II,,)
then px.G belongs to X, (resp. IT,+1) and vx.G belongs to X, 11 (resp. II,,).
Moreover, Comp(Xg, IIp) = Xy and in general Comp(X,, II,) C X1 NI 41.
We shall show that the converse holds as well.

Lemma 3.2. If a game G belongs to X1 N 11y then it is acyclic.

Proof. As G belongs to X1 N IT; there are two mappings p and p’ equivalent to
p® w.r.t. G whose images are respectively {m} and {m’}, where m is odd and
m' is even. If G is not acyclic, there exists a position p in G and a non empty
path v from p to p. The infinite path v is a win for Adam, according to p, and
a win for Eva, according to p’. This is a contradiction. ad

Lemma 3.3. If a game G is strongly connected and belongs to X1 N 1,41
then either it belongs to Xy, or it belongs to II,.

Proof. If G belongs to X,,41 N IT,+1 then there exist two mappings p and p/,
equivalent to p® w.r.t. G, whose images are respectively included in {m —
n,...,m} and {m’ —n,...,m'} where m is odd and m’ is even.

Assume that there are two positions p,p’ € POS%VA such that p(p) = m and
p'(p') =m’. Since G is strongly connected, there exists a non empty path v from
p to p’ and a non empty path v/ from p’ to p. The maximal value of p (resp. p’)
which occurs infinitely often in the path (y7")* is m (resp. m'). Therefore this
infinite path is a win for Adam according to p and a win for Eva according to
p', a contradiction as p and p’ are equivalent.
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It follows that either p never takes the value m on Pos% 4 or p/ never takes
the value m/ on Pos% 4. In the first case p(Pos% 4) € {m —mn,...,m — 1} and
G € II,,. In the second case p’(Pos%’A) C{m'—n,....m'—1}and Ge X,. O

Corollary 3.4. If a game G belongs to X111 and to Il,,4+1, then it belongs to
Comp(Xy,, IT,).

Proof. If n = 0 then this is lemma B.2. Otherwise we can construct G from its
maximal strongly connected components G; by means of a sequences of substitu-
tions. According to lemmal[3-3], each of the G; is either in X, or in IT,,. Therefore
G € Comp(X,, I1,,). a

Thus we have argued that the equality () holds at the syntactic level. In
the introduction we have stressed that the relevant question is whether such
equality holds with respect to the given interpretation of all complete lattices.
By the characterization in [20], this is the same as asking whether such equation
holds up to the equivalence relation ~ induced by the preorder <.

Definition 3.5. Let G € G and say that G € S, if there exists a G’ € X, such
that G ~ G’. Similarly, say that G € P, if there exists a G’ € II, such that
G ~ @', and that G € C, if there exists a G' € Comp(X,,, II,,) such that G ~ G'.

The ambiguous class D,, is simply the intersection of P,, and S,. The main
result of this paper is the following;:

Theorem 3.6. The ambiguous class D1 = Ppy1 NSpy1 and the class Cp, are
equal, for every n > 0.

The relation C,, C Pp41 N Spy1 immediately follows from the definition of
the classes Cp,, Spt1, Pnt1 and by the relation (). For the converse it is enough
to prove the following Proposition.

Proposition 3.7. Let G and H be games in II,11 and X, 11, respectively, and
suppose that G < H. Then there exists a K € Comp(X,,II,,) such that G < K
and K < H.

Indeed, if G € Sp11 N Ppy1, then let G € I,y1 and H € X411, such that
G' ~G ~ H.If K is as in the statement of Proposition B, then the relations

G <G<K<H<L{

exhibit G’ as a member of C,,.

Proof (of Proposition [3.7). Let us fix G € II,1; and H € Y,41, thus we
shall assume that p“(Pos% 4) € {m —n,...,m} where m is even and that
pH(Posg 4) € {m/—n,...,m'} with m’ odd. We also assume that G < H and fix
a winning strategy for Mediator in the game (G, H)) from position (p¢, O, pfT).
This game is almosffd a game whose set of infinite winning plays is described by

% The winning condition can be described using Rabin pairs on the edges.
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a Rabin acceptance condition. Thus, if Mediator has a winning strategy in this
game, then he has a deterministic bounded memory winning strategy as well.
Therefore we shall assume that the fixed winning strategy is deterministic and
has a bounded memory. We shall represent it as the tuple (S, U, s,, ), where
(S,U, s4) is a finite pointed graph, with set of memory states S, set of update
transitions U, and an initial state s.; ¥ is an homomorphism of graphs from
(S,U, s4) to the graph of (G, H)) (mapping every memory state to a position
and an update transition to a move) with the following properties:

¢(S*) = (pg;vapr)a

if s € S and ¥(s) = (g,0,h) is an Opponent’s position, then for every

move (g,0,h) — (¢, M, h’) there exists a unique s’ such that s — s’ and

w(sl) = (9/7 M7 hl)v

—if s € S and ¥(s) = (g, M, h) is a Mediator’s position, then there exists a
unique transition s — ',

— if s — $1 — ... is an infinite path in the graph (S, U), then the infinite play

Y(so) — ¥(s1) — ... is a win for Mediator.

Recall from [Tl the definition of the predecessor game G~. In particular, re-
call that Top® = {g € Pos%7A|pG(g) = Max%} and that Top! = {h €
Posg,A | pfI(h) = Maz™ }. Observe that, for the games G and H under con-
sideration, G~ belongs to X, and H~ belongs to II,. Intuitively, our next goal
is to show that we can completely decompose the given winning strategy into
a collection of local strategies that Mediator can play either in (G, H™)), or in
(G, H")) for some game H' of the form A,, or in (G~, H)) or in some (G’, H))
for some game G’ of the form \/ .

We shall denote by [s] the maximal strongly connected component of the
graph (S,U) to which s belongs. We observe that the following exhaustive and
exclusive cases arise:

(Ac) The component [ s]is reduced to the singleton {s}. Observe that we cannot
have a transition s — s as the graph of (G, H)) is bipartite. Therefore the
component [ s] is acyclic.

(Cy) The component [s] is cyclic (and contains at least two elements). We have
the following subcases:

(CyA) The projection of [s] onto H is stuck and belongs to Adam: let
s1, 82 € [s] be such that s — s2 and let ¥(s;) = (g4, By, hi) for i = 1,2;
then h; = hy € Posl and the move (g1, Pi, h1) — (g2, P2, h1) is either
a left move (i.e. (g1,92) € M%) or it is a silent move.

(CyE) The projection of [ s] onto G is stuck and belongs to Eva: the formal
definition is obtained by exchanging H with G and Adam with Eva in
the definition of (CyA).

The previous conditions do not hold and:

(CyG) The projection of [s] onto G contains a visit to Top®: there
exists an s’ € [s] such that ¢ (s') = (¢’, P, h') and p%(g') = Max®.
(CyH) The projection of [s] onto H contains a visit to Top®l: there
exists an s’ € [s] such that ¢(s') = (¢/, P/, k') and pf! (') = Maz".
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(CyN) None of the previous conditions hold. In particular, for all s’ €
[s],if @(s') = (¢, P', 1), ¢’ € Posg , implies p©(g') < Maz® and
W € Posf 4 implies p©(h') < Maz™.

The reader should verify that the above cases are indeed disjoint. To see that
(CyA) and (CyE) are disjoint, observe that a proper cycle in the graph of
(G, H)) cannot be stuck both on G and on H. To see that (CyG) and (CyH)
are disjoint consider a maximal strongly connected component [s] that visits
both Top® and Top™, and a path v that visits all the states in [s]. The unique
way the path (1) can be a win in the game (G, H)) for Mediator is that the
play ¥() is stuck on H on an Adam’s position, in which case [ s] satisfies (CyA),
or that this play is stuck on G on an Eva’s position, in which case [s] satisfies

(CyE).

Definition 3.8. We say that s +— s’ if and only if there exists a path s = s9 —
$1 — ... — 8, = &, but s’ does not belong to the strongly connected component
of s.

Clearly, the relation s — s’ is irreflexive and acyclic, and therefore well founded.

Lemma 3.9. Let s € S and ¢(s) = (g, P,h), where P € {O,M}. Suppose that
the strongly connected component [ s] is of type (CyG) or of type (CyN). If for
each W' € Top™ there exists r(h') such that Gy < k(h') whenever s — s' and
W(s') = (¢, P',}), then

Gy < Hy, ["f(h/)/llh’]h'GTopH :

Of course there is a dual lemma if the stronlgy connected component [s] is of
type (CyH); we leave the reader to formulate it. Observe that in order to form
a collection {x(h')} satisfying the hypothesis of the lemma, it is enough to let
k(h') =} if there is no s’ such that s — s’ and ¢ (s’) = (¢', P', ).

Proof (of lemma [Z3). The positions of the game (G, H, [k(h')/yn]n eTops)
form a set which is the disjoint union of a component POS%VAVD x {M,0} x

(Posf o p —Top™) and of components Pos% 4 , x {M, O} x POSE(,Z,)D for b’ €

Top™ . Moreover, in the latter components, the game is exactly as in (G, x(h'))).

Mediator can use the strategy S from position 9 (s) on the first component
POS%A,D x{M,O}x (Posp 4 p—Top™), as long as the strategy does not suggest
a move (¢/,P,h) — (g', P', 1) for some h' € Top™. If this is the case and if s’
is the state of the strategy that lifts (¢, P/, h’), then s — s’, because [ s] cannot
contain a visit to Top®. Hence, by assumption, there is a winning strategy in
the game (Gg,k(h'))) from both positions (g’,07pf(h/)) and (g’,M,pf(h/)), by
lemma 23 The move (¢’, P,h) — (¢’, P',h’) becomes a move to (g’,P’,pf(hl))
in (G, k(h"))) and Mediator can continue with a winning strategy from the latter
position. a
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We complete now the proof of Proposition 3.7 by proving the following
stronger claim:

Claim. For each s € S such that 1(s) = (g, P, h) there is a game K in the class
Comp(Xy, II,,) such that G, < K, < Hy,.

The proof is by induction on the well founded relation — and it is subdivided
into cases, according to the type of the strongly connected component [s].

We suppose first that the type of [s] is (Ac), so that if s — s’ then s — s’
Observe that if s — s’ is a transition lifting a silent move of the form

(9:0,h) — (g, M,h) (g9,M,h) — (g,0,h)

then there is essentially nothing to prove: we can let K, = K since by the
induction hypothesis Gy < Ko < Hp,.

If g € Pos$ and P = O, then for each move (g,g') € M there is a move
(9,0,h) — (¢’,M,h) and a lifting s — s(g’) of this move. By the induction
hypothesis there are K,y € Comp(2,, II,,) such that Gy < K4y < Hp. We
can let K, = \/(g,g’)EMG Ky(gy € Comp(Xn, I1,), it follows that

Gg ~ \/(g,g’)eMG G!]' < \/(g,g')EMG KS(Q’) < Hp.

Assume now that g € Posg7 P = M, and that the unique transition s — s’
of the strategy is suggesting a move of the form (g, M, h) — (¢', M, h) for some
(9,9") € ME. We let Ky = Ky € Comp(X,,1I,), and knowing that G, <
K, < H; we derive

Gy ~ A(g,g’)eMGGH’ < Gy < K; < Hy.

We can use a dual argument if b € Pos{ and P = O or if h € Posl and P = M.
If g € Pos% and h € Post, then we let K be the game with only one position
labeled by A%(g).

We suppose now that the type of [s]is (CyA). Observe that if s’ € [s] and
¥(s') = (g', O, h) is an Opponent position, then for each move (h, h') € M there
is amove (¢',0,h) — (¢', M, }') in (G, H)) and a lifting of this move s’ — s'(h’)
in (S,U). By definition of the type (CyA), s'(h') & [s], hence there exists a
Ky (yy such that Gy < Ky gy < Hp. We can let Ky = /\(h,h’)eMHKS'(h')
since this game belongs to Comp(X,,, IT,,) and

Gy < /\(h,h’)eMHKS'(h') < /\(h,h')eMHHh’ ~ Hy.

If s € [s] and ¥(s’) = (¢’, M, h), then there is a unique transition s’ — s”.
If s — s then we can use the inductive hypothesis; otherwise, if s € [s],
we observe that ¥(s”) = (¢”,0,h) is an Opponent position and that we have
described how to construct K- satisfying the claim in the previous parargraph.
As the relation Gy < G4~ holds, we can let Ky = K, since

Gg/ S Gg// g KS// S Hh.
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We suppose now that the type of [s] is either (CyG) or (CyH). For each
h' € Top™ let

k()= \/ Kq

w(S') = (QI’Pl’h/)

where the Ky € Comp(X,,, II,) have been previously constructed and satisfy
the relation Gy < K¢ < Hjs. Observe that Gy < k(h') whenever s — s’ and
¥(s') = (¢', P', h'), therefore by lemma B.9 the relation

Gy < Hy, ["f(h/)/llh’]h'eTopH
holds. Also, we have r(h') < Hy, for all b’ € Top™ and therefore

H}j [K(h‘/)/yh']h'eTopH < H}: [Hh'/yh']h'ETopH

where the last game is clearly equivalent to Hj. If we let Ky be the game
Hy [k(h)/yn)p eTopr, then K, belongs to Comp(X,,II,,), since H, € II,,
II,, € Comp(X,,II,), and for all b’ € Top™ k(h') € Comp(X,,I,). More-
over we have shown that G, < K, < Hy,.

We can use dual arguments if the strongly connected component is of type
(CyE) or (CyH); therefore the claim holds for every s € S and for s, € S in
particular. As we have 1(s,) = (p€, O, pH), the relations

G=Gyo <K, <Hpu=H,

prove Proposition [3.7 0
Finally we remark that if there exists a bounded memory winning strategy in
the game (G, H)) for Mediator, then there exists a winning strategy for Mediator
of size |G| x |H|, where |G| = CardPOSEAD + card M¢ is the size of a game
G. This follows from considerations developed in [8]. Thus effective bounds to
construct K such that G < K < H can be extracted out of this information.
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Abstract. The paper studies automatic verification of liveness properties with
probability 1 over parameterized programs that include probabilistic transitions,
and proposes two novel approaches to the problem. The first approach is based on
a Planner that occasionally determines the outcome of a finite sequence of “ran-
dom” choices, while the other random choices are performed non-deterministical-
ly. Using a Planner, a probabilistic protocol can be treated just like a non-probabil-
istic one and verified as such. The second approach is based on vy-fairness, a
notion of fairness that is sound and complete for verifying simple temporal prop-
erties (whose only temporal operators are <> and [_]) over finite-state systems.
The paper presents a symbolic model checker based on ~y-fairness. We then show
how the network invariant approach can be adapted to accommodate probabilistic
protocols. The utility of the Planner approach is demonstrated on a probabilistic
mutual exclusion protocol. The utility of the approach of «-fairness with network
invariants is demonstrated on Lehman and Rabin’s Courteous Philosophers algo-
rithm.

1 Introduction

Probabilistic elements have been introduced into concurrent systems in the early 1980s
to provide solutions (with high probability) to problems that do not have deterministic
solutions. Among the pioneers of probabilistic protocols were ([LR8T] Rab82]). One
of the most challenging problems in the study of probabilistic protocols has been their
formal verification. While methodologies for proving safety (invariance) properties still
hold for probabilistic protocols, formal verification of their liveness properties has been,
and still is, a challenge. The main difficulty stems from the two types of nondeterminism
that occur in such programs: Their asynchronous execution, that assumes a potentially
adversarial (though somewhat fair) scheduler, and the nondeterminism associated with
the probabilistic actions, that assumes an even-handed coin-tosser.

It had been realized that if one only wants to prove that a certain property is P-valid,
i.e., holds with probability 1 over all executions of a system, this can be accomplished,
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for finite-state systems, in a manner that is completely independent of the precise prob-
abilities. Decidability of P-validity had been first established in for termina-
tion properties over finite-state systems, using a methodology that is graph-theoretic
in nature. The work in [PZ86b] extends the method and presents deductive
proof rules for proving P-validity for termination properties of finite-state program. The
work in [[PZ93] presents sound and complete methodology for establishing P-validity
of general temporal properties over probabilistic systems, and [VW86] [PZ93]] describe
explicit-state model checking procedures for the finite-state case.

The emerging interest in embedded systems brought forth a surge of research in
automatic verification of parameterized systems, that, having unbounded number of
states, are not easily amenable to model checking techniques. In fact, verification of
such systems is known to be undecidable [AKS6]]. Much of the recent research has been
devoted to identifying conditions that enable automatic verification of such systems,
and abstraction tools to facilitate the task (e.g., [KPQO, [ENO5| [EN96]
[KPSZ02].)

One of the promising approaches to the uniform verification of parameterized sys-
tems is the method of network invariants, first mentioned in [BCG86, [SGRY]|, further
developed in [WL89] (who also coined the name “network invariant™), and elaborated
in into a working method. In we extended the approach by
using a notion of abstraction that takes into account fairness properties. The approach
was developed into a working method and implemented on the Weizmann Institute
Temporal Logic Verifier TLvV [PS96]].

Another promising approach to the uniform verification of parameterized systems
is the method of counter abstraction: Given a parameterized system with finitely many
local states, a concrete state is abstracted by counting, for each possible local state, the
minimum between 2 and the number of processes with that local state. Traditionally,
counter abstraction is used for proving safety properties of parameterized systems (e.g.,

[Cub84].) More recently ([BLSO1 PXZ02]) it was applied also to the verification of

liveness properties; [PXZ02]] employs explicit abstraction of fairness requirements.

Since many of the probabilistic protocols that have been proposed and studied (e.g.,
ICLP84]|) are parameterized, a naturally arising question is whether we
can combine automatic verification tools of parameterized systems with those of prob-
abilistic ones.

In this paper we propose two novel approaches to the problem. The first is based
on Planners and the second on the notion of ~y-fairness introduce in [ZPK02]. When
activated, a planner pre-determines the results of a the next k& consecutive “random”
choices, allowing these next choices to be performed in a completely non-deterministic
manner. The approach is sound for finite-state systems: if there is a planner such that a
temporal property holds over all computations of the (non-probabilistic) program that
activates the planner infinitely often, then the property is P-valid. To deal with param-
eterized systems, we abstract a version of the system which activates the planner in-
finitely many times.

The notion of ~-fairness is a notion of fairness that is sound and complete for
verifying simple temporal properties (whose only temporal operators are <> and [])
over finite-state systems. We devised a symbolic model checking algorithm based on
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~-fairness that automatically verifies simple temporal properties of finite-state systems.
The algorithm was implemented using TLV. We also extended the network invariant
method to apply to y-fairness, obtaining a method for verifying P-validity over param-
eterized systems.

Whereas we consider only P-validity, the PRISM probabilistic model checker
[KNPQ2], based on Markov chains and processes, allows the user to verify that a prop-
erty holds with arbitrary probability, and not just probability 1. However, PRISM does
not support the uniform verification of parameterized systems, but rather the verification
of individual system configurations. Thus, while PRISM was used to automatically ver-
ify the [PZ86b] mutual exclusion protocol for N = 10, we (in Section B) automatically
verify it for every N > 1.

The paper is organized as follows: In Section &I we describe our formal model,
probabilistic discrete systems (PDS), which is a fair discrete system augmented with
probabilistic requirements. We then define the notion of P-validity over PDSs. We also
briefly describe the programming language (SPL augmented with probabilistic goto
statements) that we use in our examples and its relation to PDS. In Section[3 we intro-
duce our two new methods for proving P-validity over finite-state systems: The Planner
approach, and ~-fairness. We also introduce SYMPMC, the symbolic model checker
based on ~y-fairness. In Section @l we describe our model for (fully symmetric) parame-
terized systems, the method of counter abstraction, and the method of network invari-
ants extended to deal with «-fairness. Section[3 contains two examples: An automatic
P-validity proof of the liveness property of parameterized probabilistic mutual exclu-
sion algorithm that uses a Planner combined with counter-abstraction, and an
automatic proof of P-validity of the individual liveness of the Courteous Philosophers
algorithm using SYMPMC and Network Invariants. The mutual exclusion ex-
ample is, to our knowledge, the first formal and automatic verification of this protocol
(and protocols similar to it.) The Courteous Philosopher example was proven before in
[KPSZ02]. However, there we converted the protocol to a non-probabilistic one with
compassion requirements, that had to be devised manually and checked separately, and
only then applied the network invariant abstraction. Here the abstraction is from a prob-
abilistic, into a probabilistic, protocol. The advantage of this method is that it does not
require the user to compile the list of compassion requirements, nor for the compas-
sion requirements to be checked. Since checking the probabilistic requirements directly
is more efficient than checking multiple compassion requirements, the run times are
significantly faster (speedups of 50 to 90 percent.) We conclude in Section [

2 The Framework

As a computational model for reactive systems we take the model of fair discrete sys-
tem (FDS) [KPOO], which is a slight variation on the model of fair transition system
[MP93], and add probabilistic requirements that describe the outcomes of probabilistic
selections. We first describe the formal model and the notion of P-validity—validity
with probability 1. We then briefly describe an a simple programming language that
allows for probabilistic selections.
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2.1 Probabilistic Discrete Systems

In the systems we are dealing with, all probabilities are bounded from below. In addi-
tion, the only properties we are concerned with are temporal formulae which hold with
probability 1. For simplicity of presentation, we assume that all probabilistic choices
are binary with equal probabilities. These restrictions can be easily removed without
impairing the results or methods presented in this paper.

A probabilistic discrete system (pDS) S : (V,0,p, P, J,C) consists of the follow-
ing components:

e V. A finite set of typed system variables, containing data and control variables. A
state s is an assignment of type-compatible values to the system variables V. For
a set of variables U C V, we denote by s[U] the set of values assigned by state s
to the variables U. The set of states over V' is denoted by X. We assume that X is
finite.

e O: An initial condition — an assertion (first-order state formula) characterizing the
initial states.

e p: A transition relation — an assertion p(V, V'), relating the values V' of the vari-
ables in state s € X to the values V’ in a p-successor state s’ € X,

e P: A finite set of probabilistic selections, each is a triplet (r, {1, t2) where r, t; and
to are assertions. Each such triplet denotes that ¢1- and to-states are the possible
outcomes of a probabilistic transition originating at r-states. We require that for
every s and s’ such that s is a p-successor of s, there is at most one probabilistic
selection (r,t1,t2) € P and one i € {1,2} such that s is an r-state and s’ is
a t;-state. Thus, given two states, there is at most a single choice out of a single
probabilistic selection that can lead from one to the other.

o 7: A set of justice (weak fairness) requirements, each given as an assertion. They
guarantee that every computation has infinitely many .J-states, for every J € J.

e C: A set of compassion (strong fairness) requirements, each is a pair of assertions.
They guarantee that every computation has either finitely many p-states or infinitely
many ¢-states, for every (p, q) € C.

We require that every state s € X has some transition enabled on it. This is often en-
sured by requiring p to include the disjunct V' = V’/ which represents the idle transition.

Let S be an PDS for which the above components have been identified. We define
a computation tree of S to be an infinite tree whose nodes are labeled by X' defined as
follows:

e [nitiality: The root of the tree is labeled by an initial state, i.e., by a ©-state.
e Consecution: Consider a node n labeled by a state s. Then one of the following
holds:

1. n has two children, n; and no, labeled by s; and sy respectively, such that
for some (r,t1,t2) € P, s is an r-state, and s; and so are ¢1- and to-states
respectively.

2. n has a single child n’ labeled by s, such that s is a p-successor of s and for
no (r,t1,t2) € P is it the case that s is an r-state and s’ is a ¢;-state for some
ie€q{1,2}.
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Consider an infinite path 7 : sg, s1, ... in a computation tree. The path 7 is called just
if it contains infinitely many occurrences of J-states for each J € J. Path 7 is called
compassionate if, for each (p,q) € C, 7 contains only finitely many occurrences of
p-states or 7 contains infinitely many occurrences of g-states. The path 7 is called fair
if it is both just and compassionate.

A computation tree induces a probability measure over all the infinite paths that
can be traced in the tree, the edges leading from a node with two children have each
probability 0.5, and the others have probability 1. We say that a computation tree is ad-
missible if the measure of fair paths in it is 1. Following [PZ93]], we say that a temporal
property ¢ is P-valid over a computation tree if the measure of paths in the tree that sat-
isfy ¢ is 1. (See for a detailed description and definition of the measure space.)
Similarly, ¢ is P-valid over the PDS S if it is P-valid over every admissible computation
tree of S.

Note that when S is non-probabilistic, that is, when P is empty, then the notion of
P-validity over S coincides with the usual notion of validity over S.

2.2 Probabilistic SPL

All our concrete examples are given in SPL (Simple Programming Language), which is
used to represent concurrent programs (e.g., IMABT94]). Every SPL program
can be compiled into a PDS in a straightforward manner. In particular, every statement
in an SPL program contributes a disjunct to the transition relation. For example, the as-
signment statement “/y: x :=y + 1; {1 : ” can be executed when control is at location
£o. When executed, it assigns the value of y + 1 to the variable  while control moves
from ¢ to £1. This statement contributes to the transition relation, in the PDS that de-
scribes the program, the disjunctat_¢y A at’_ l1 N 2’ =y +1 A pres(V — {z,7})
(where for a set U C V, pres(U) = /ey % = w) and nothing to the probabilis-
tic requirements. The predicates ar_{y and at’_¢; stand, respectively, for the assertions
7 = 0 and 7' = 1, where 7 is the control variable denoting the current location within
the process to which the statement belongs (program counter).

In order to represent probabilistic selections, we augment SPL by probabilistic goto
statements of the form

ly: pr_goto {/1,05}

which adds the disjunct at_¢y A (at’_ly V at’_l3) A pres(V — {x}) to the transition
relation and the triplet (at_{y,at_{1,at_{5) to the set of probabilistic requirements.
Note that, since we allow stuttering (idling), we lose no generality by allowing only
probabilistic goto’s, as opposed to more general probabilistic assignments.

3 Automatic Verification of Finite-State PDSs

Automatic verification of finite-state PDSs has been studied in numerous works e.g.,

VW86l PZ86al [KNP(O2]. Here we propose two new approaches to automatic verifi-
cation of P-validity of finite-state PDSs, both amenable to dealing with parameterized
(infinite-state) systems.
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3.1 Automatic Verification Using Planners

A planner transforms a probabilistic program () into a non-probabilistic program @,
by pre-determining the results of a the next k consecutive “random” choices, allow-
ing these next choices to be performed in a completely non-deterministic manner. The
transformation is such that, for every temporal formula ¢ over (the variables of) @, if
 is valid over @), then it is P-valid over (). Thus, the planner transformation converts
a PDS into an FDS , and reduces P-validity into validity. The transformation is based on
the following consequence of the Borel-Cantelli lemma [[Fel68]:

Let by, ..., b; be a sequence of values, b; € {1,2}, for some fixed k. Let o
be a computation of the program () which makes infinitely many probabilis-
tic selections. Then, with probability 1, o contains infinitely many segments
containing precisely &k probabilistic choices in which these choices follow the
pattern by, . . ., by.

The transformation from () to (). can be described as follows: Each probabilistic state-
ment “/: pr_goto {1, ¢>}” in Q is transformed into:

if consult, > 0
then consulty := consulty — 1

if planner, then goto ¢, else goto ¢,
else goto {/1, 0>}

Thus, whenever counter consult; is positive, the program invokes the boolean-valued
function planner, which determined whether the program should branch to ¢; or to /5.
Each such “counselled” branch decrements the counter consult; by 1. When the counter
is 0, the branching is purely non-deterministic. The function planner, can refer to all
available variables. Its particular form depends on the property ¢, and it is up to the
user of this methodology to design a planner appropriate for the property at hand. This
may require some ingenuity and a thorough understanding of the analyzed program.

Finally, we augment the system with a parallel process, the activator, that non-
deterministically sets all consult, variables to a constant value k. We equip this process
with a justice requirement that guarantees that it replenishes the counters (activates the
planners) infinitely many times. A proof for the soundness of the method is in Ap-
pendix[Al

Example 1. Consider Program up-down in Fig.[Ilin which two processes increment and
decrement y € [0..4].

To establish the P-validity of ¢ : [J<>(y = 0), we can take k¥ = 4 and define
both planner, and planner,, to always yield 0, thus consistently choosing the second
(decrementing) mode.

3.2 SywmPwmc: A Symbolic Probabilistic Model Checker

While the planner strategy is applicable for many systems, there are cases of parame-
terized systems (defined in Section H) for which it cannot be applied. (See Section[3.2]
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local y € [0..4] init 2
loop forever do [loop forever do i
Lo : pr-goto {{1, 02} mo : pr-goto {mi, ma}
£y :y = min (y + 1,4); ma @y = min (y + 1,4);
goto o | | goto mo
ly 1y :=max (y — 1,0); ma :y = max (y — 1,0);
goto lo goto mo
P L —Pr— i

Fig. 1. Program up-down

for an example.) As an alternative method we describe SYMPMC, a symbolic model
checker that verifies P-validity of simple temporal properties—properties whose only
temporal operators are <> and [_]—over finite state PDSs.

The motivation leading to SYMPMC has been the idea that, since all the probabilities
of a finite PDS are bounded from below, the definition of P-validity that directly deals
with measure spaces can be replaced with some simpler notions of fairness. This was
first done in [Pnu83], where extreme-fairness was introduced, a notion of fairness that is
sound and incomplete for proving P-validity. The work in [PZ93] introduced a-fairness,
which was shown to be sound and complete. The work there also introduced an explicit-
state model checker for P-validity that is based on a-fairness. The main drawback of
a-fairness is that it requires fairness with respect to every past formula. From the model
checking procedure of [[PZ93] it follows that the only past formulae really needed are
those that appear in the normal-form of the property to be verified. However, obtaining
the normal-form is non-elementary in the size of the property.

In [ZPKO02] we observed that a consequence of the model checking procedure of
[PZ93] is that replacing a-fairness by the simpler y-fairness results in a notion of fair-
ness that is sound and complete for proving simple properties over finite-state programs.
The definition of  fairness is as follows:

Assume a PDS S : (V. O, p, P, T,C) and a path 7 = sq, s1, ... in a computation
tree of S. Let (r, 1, t2) be a probabilistic selection. We say that mode (r,¢;), j € {1, 2}
is taken at position ¢ > 0 of 7 if s; = r and s,11 |= t;. We say that the selection
(r,t1,12) is taken at position ¢ if either (r,¢1) or (r,¢2) is taken at i. Let s be a state
of the system. We call ¢ an s-position if s; = s. We say that 7 is vy-fair, if for each
state s (and there are only finitely many distinct states) and each probabilistic selection
(r,t1,t2), either there are only finitely s-positions from which (r, ¢, t2) is taken, or for
every ¢ = 1,2, there are infinitely many s-positions from which (r,¢;) is taken. The
following corollary states that the replacement of probability by y-fairness is sound and
complete with respect to P-validity of simple formulae. It is an immediate consequence

of [PZ86al.

Corollary 1. For every finite-state PDS S and simple formula o, @ is P-valid over S
iff o |= @ for every y-fair computation
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Based on Corollary [Il[the explicit-state model checking procedure of [FZ93], and the
non-probabilistic feasibility algorithm of [KPR98]] we introduce SYMPMC, a symbolic
model checker for verifying P-validity of simple properties over finite-state PDSs.

The core of SYMPMC is an algorithm for simple response formulae (formulae of
the form [J(a — < b), where a and b are assertions) over a finite state PDS. This
algorithm is presented in Fig. 2t checks the P-validity of ¢ : [J(a — <b) for
assertions a and b. The algorithm returns ) iff ¢ is y-valid over S, i.e., if ¢ holds over
all y-fair computations of S. SYMPMC had been implemented using TLV [[PS96].

ALGORITHM RESPONSE (S)

var:
R: relation init |p| N (||=b| x ||[=b|))
new: predicate init (||©] o ||p[|*) N ||=b]|
oldR: relation init 0
old: predicate init 0 where for a probabilistic requirement
R = (T,tl,tz),
while (new # old V R # oldR) do
old := new
oldR := R treat-P-reqg(R) :
new := new N (R o new) var: . L.
gpred: predicate init X
R := R N (new X new) . o
foreach J € J do someq: pred}cate init 0
new := new N R |J| pbad: predicate
R:= R N (new X new)

for j =1 to 2 do

foreach (p, g) €C do
b4 gpred := gpred N (R o [|t;]])

new := (new - |[p|) U

(new N R*o [lg|) ngzq_fHTqu U H:;jl\
R := R N (new X new) pbad := X gpre
foreach R € P do R:= RN
[ (pbad x (X - someq))

treat-P-requirement (R)
endwhile U ((X - pbad) xX)]

return
(ielellel™) N dlall =kl N (R*o new)

Fig. 2. Algorithm RESPONSE for model-checking the P-validity of ¢ : [1(a — < b)

The main difference between the algorithm in Fig. @[nd its counterpart in is
the treatment of probabilistic requirements (the third “foreach” in the while loop).
For each probabilistic requirement R = (r, t1, t3), the procedure treat-P-req (R)
removes from the graph all states that are not y-fair with respect to R.

In [APZ03] we prove:

Theorem 1. For an input PDS S, Algorithm RESPONSE terminates. For assertions a
and b, RESPONSE returns V such that o = [J(a — > b) is P-valid in S iff V. = ).

By setting a and b to true, Algorithm RESPONSE can be used to check for y-feasibility
(whether the system has at least one y-fair computation). It can also be used to check the
validity of simple formulae by composing the system with temporal testers m
Thus, SYMPMC can be used for symbolic model checking of whether a simple 1
formula is P-valid over a finite state program.
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4 Probabilistic Parameterized Systems

In this section we turn to probabilistic parameterized systems and their automatic veri-
fication. We first define the systems that are the scope of this paper and briefly discuss
their automatic verification using Planners and SYMPMC.

4.1 Parameterized Systems

We focus on probabilistic parameterized systems that consist of multiple copies of NV
identical finite-state SPL processes. For each value of N > 0, S(NN), the PDS that
describes the system, is an instantiation of an PDS. Thus, such a system represents an
infinite family of systems, one for each value of N.

We are interested in properties that hold for every process in the system. Thus,
we are interested in liveness properties of the type ¢, where ¢ is a temporal formula
referring only to variables local to a single process. The problem of parameterized ver-
ification is to show that ¢ is P-valid over every S(N).

4.2 Counter Abstraction

In we proposed the method of counter abstraction for the verification of live-
ness properties of parameterized systems. A brief overview of the approach for non-
probabilistic systems is given here. For details see [PXZ02].

For simplicity of presentation, we assume that the system S(NNV) has a set X of
global shared variables whose size is independent of [V, and the only variable local to
each process Pi] is the program counter 7[i]. Each global state s of the system S(V)
is then an (IV + | X|)-tuple, describing the location of each process and the values of
each x € X. Assume that the program counters range over the set {0...L — 1}.

We define the counter abstraction of state s by an (L + | X|)-tuple, such that each
one of the first |L| elements is the counter of the corresponding location, where for a
location /, the counter of ¢, denoted by ky, is defined by:

0 — there are no processes in location ¢
Ky = 1 — there is exactly one process in location ¢
2 — there are two or more processes in location ¢

Properties are similarly abstracted. Thus, for example, the property 3 : at_fy[i] is
abstracted to x; > 0. Denote by () the counter-abstraction of the property ¢.

As explained in [PXZ02], in order to be able to prove liveness properties it is nec-
essary to carefully abstract the fairness properties. Once this is done, we obtain the
abstracted system «(.S), and can show that for every liveness property ¢, the validity of
a(p) over a(S) implies the validity of ¢ over S(N) for every N > 1.

Suppose we have a probabilistic parameterized system S(N) and a temporal prop-
erty ¢ we wish to show is P-valid. We can apply a Planner transformation, obtain-
ing a non-probabilistic parameterized system, to which we can then apply counter-
abstraction, which will reduce it to an unparameterized finite-state system. If model
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checking reveals that a(¢p) is valid for this system, we can safely conclude that ¢ is
P-valid over S(N).

It is important to note that counter-abstraction can be obtained in a fully automatic
way. Obviously, model checking techniques can easily check whether an abstracted
system satisfies abstract properties. The only step in the process that requires user in-
tervention (and ingenuity) is in crafting the functions used by the Planner.

In Section[3.1] we demonstrate the power of the approach by verifying the liveness
of a probabilistic N-process mutual exclusion algorithm. Previous attempts to verify
the same protocol were either manual [PZ864] or automatic for N < 10 [KNPOO].

4.3 Network Invariants

The method of network invariants was first mentioned in [SG89], further de-
veloped in (who also coined the name “network invariant™), and elaborated in
[KM93] into a working method. The formulation here follows and [KPSZ02],
which take into account the fairness properties of the compared systems and support
proofs of liveness properties.

In order to apply the method to PDSs, it is necessary to refine the model, so that it
allows for “environment” actions. Roughly speaking, the set of variables includes a spe-
cial subset consisting of the variables owned by the system. The system then takes steps,
alternating between environment steps that can change all but the owned variables.

It is also necessary to define the observable behavior of a system. To that end, the set
of variables is assumed to includes a set of observables—variables that are externally
observable. The observables are denoted by O.

A vy-observation of S is a projection of a y-fair computation of S onto O. We
denote by Obs,(S) the set of all y-observations of S. Systems S¢ and S4 are said to
be comparable if they have the same sets of observable variables,. System S 4, is said to
be a y-abstraction of the comparable system Sc, denoted S¢ T, Sa, if Obs,(Sc) C
Obsy(S 4). The abstraction relation is reflexive, transitive, and compositional, that is,
whenever S¢ T, Sa then (S¢||Q) T (Sal|@). It is also property restricting, that is,
if S T, S4 then S4 =, p implies that S¢ =+ p.

Suppose we are given two comparable systems, a concrete D, and an abstract
D,, and wish to establish that D, C, D,. Without loss of generality, we assume
that V, NV, = 0, and that there exists a 1-1 correspondence between the concrete
observables O, and the abstract observables O, .

In Fig. Bl we present a rule for proving that S, y-abstracts S, . The rule assumes the

identification of an abstraction mapping o : (U = £,(V,,)) which assigns expressions
over the concrete variables to some of the abstract variables U C V. For an abstract
assertion ¢, we denote by ¢[a] the assertion obtained by replacing the variables in U
by their concrete expressions.
The Abstraction Rule resembles the abstraction rule of [KPSZ072]], with the addition of
Premise A6. This premise must, in general, be verified for every assignment U to the
abstract variables V4. The following condition suffices to guarantee premise A6 and is
met in many abstractions:

For every abstract requirement (1, t1,t2) € P,,, there exists a concrete require-
ment (1%, t$) € P, where r[a] = 79, t1[a] = t{ and t2]a] = 1§
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Al. 0, — 3V, :0,][q]

A2.D. | O(pe  — 3V, :pala]le’])

A3.D. E (a — O, =0,)

A4.D, E OO Jal, for every J € J,,
A5.D, E OOplal — O qlal, for every (p,q) € C,
A6.D, = OOV =)o) A rla] A OV, tila)) —

A
N O O((Va = U)la] A rla] A Otilal),

1
for every (r,t1,¢1) € P, and every assignment U over Vi

Fig. 3. Abstraction Rule

Given a parameterized system S(IV), the network invariant method calls for devising
a network invariant T — a finite state PDS, intended to provide an abstraction for
the (open) parallel composition of any k processes of the parameterized system. The
method then calls for confirming that 7 is indeed an abstraction, and model checking
that when composed with a single process it satisfies a property of that process. The
first step, that of designing 7, calls for some ingenuity of the verifier. As we showed
in [KPSZ02], the task can be often quite simple. The third step can be achieved us-
ing SYMPMC. The second step, confirming that 7 is indeed a good abstraction, calls
for establishing the two v-abstractions (P[1]|| - - - ||P[m]) T, Z and (Z||P[i]) C, Z,
where m is a small constant (usually in the range [1..3]) independent of N, and P[i] is
a generic copy of the system’s process.

5 Examples

In this section we present two examples, one for each of the methodologies we de-
scribed in the previous section. To demonstrate the power of the ‘“Planner and Counter
abstraction” approach, we take the probabilistic mutual exclusion protocol of [PZ86b].
To demonstrate the power of the “SYMPMC and network invariant” approach, we take
the Lehman and Rabin’s Courteous Philosopher protocol [LR8T].

5.1 Verifying Probabilistic Mutual Exclusion Using a Planner

A flow diagram of the protocol, as well as its SPL code, are in Fig.El The usual “trying
section” consists of two parts: A “waiting room” in which a process waits for a “door”
to open in order to be admitted to the “competition”, and the competition. Once the
door closes, no new process can enter the competition. Processes in the competition flip
coins: Losers, those who flip tails, wait until there are no winners. A process that flips
heads, and finds out that it is the only one to have done so (and there are no processes in
the critical or exit region), enters the critical section. Otherwise, it waits until all winners
join it, and they all proceed to flip coins again. Once a process leaves the critical region,
it examines if there are processes in the competition. If there are, it just goes back to its
idle state. Otherwise, it opens the door and waits until all processes in the waiting room
enter the competition before it goes back to the idle state.
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In the original protocol each process has a variable y that can take on eight values,
according to the location(s) of the process. We omit it here, and instead present a version
that includes locations only, and is amenable to counter-abstraction. Each process ¢ can
perform, in a single atomic step, a test consisting of a boolean combination of formulae
of the form 35 # ¢ : w[j] € L for L C [0..15]. We denote such a test by some € L, and
its negation by none € L. The only probabilistic transition is at location /.

in n : integer where n > 2
n
| Pr
i=1

[loop forever do

{y : non-critical

¢y . skip
Uy : await none € {4..13} V some € {14,15}
£3 : skip
R 5 Uy pr_goto {55, 58}
: : U5 : if none € {5,6,10..15} then goto /1,
lg = skip
{7 : await none € {5,6,10..15}
Competition and then goto /4
______________ ls : await none € {4..7,10..15}
— Kg : gOtO £4
Critical ElO : Critical

competition
empty

ly1 : if none € {49} goto l13
612 : gOtO Eo

613 : Skip

{14 : await none € {2,3}
_£15 : gOtO KO

OpenDoor

Fig. 4. A Probabilistic Mutual Exclusion Protocol

The mutual exclusion property of the protocol, stating that it is never the case that
two or more processes are in {1 at the same time, is easy to model check, for example
using the methodology of [APRT01]] or counter-abstraction. The liveness property of
the protocol is Vi : w[i] = 1 — (w[i] = 10), and we wish to show its P-validity for
every N > 2.

We take £ = 1 and define a planner planner, which determines the result of the
next probabilistic choice at 4 whenever activated. This planner is defined by

planner, :  none € {5,6,10..15}

This planner directs the next branch to /5 if there is no process in any of the locations
H = {5,6,10..15}, and to £ otherwise.

The intuition behind this planner is that a process can enter the critical section, from
location /5, only if there are no other processes in H-locations. When there are pro-
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cesses in H-locations, we want to reduce the number of processes that are likely to join
them, which planner, accomplishes by returning “0” and thus forcing processes from
{4 to enter £s. When there are no processes in H-locations, we want the first process
that can to enter (s, so that it can enter the critical section. Thus, planner, returns “1”
in such cases. This planner design can obviously be counter abstracted, hence, we suc-
ceeded to use TLV to establish the livelock-freedom property of the protocol given by:
O : wli] =1 — $(Fi: wfi] = 10)).

Once livelock freedom has been established, it is the structure of the protocol that
guarantees individual liveness, by restricting the number of times a process in the com-
petition can overtake another — once a process ¢ is trying to access the critical section
(enters /5. g), every other process can enter the critical section at most twice before ¢
does, which trivially implies the individual accessibility or the protocol B

We also established the individual liveness property of the protocol directly us-
ing TLV and “counter abstraction save one” ([PXZ02]) using the same planner. See
http://www.cs.nyu.edu/zuck/pubs/pme for TLV code.

5.2 Verifying the Courteous Philosophers Using SYMPMC

The success of the planner strategy in parameterized systems depends on having a single
strategy for random draws that will allow every process to achieve its liveness property.
The [LR8T]] Courteous Philosophers Algorithm is an example where we cannot use a
planner: any planner strategy that allows one philosopher to eat may preclude its neigh-
bours from eating. Hence, to automatically verify The [LR8T] Courteous Philosophers
Algorithm, we use the network invariant approach.

The network invariant we obtained is essentially the one derived in and
we omit it here for space reasons. There is, however, a crucial difference: In
we replaced the probabilistic requirements by compassion requirements. Here, with
the aid of the revised Abstraction Rule and SYMPMC, we could work directly with
~-fairness and did not need to (manually) devise adequate compassion requirements
replacing the probabilistic choices. Thus, the resulting network invariant is significantly
simpler and execution time is much shorter.

6 Conclusion and Future Work

The paper deals with the problem of automatic proof of P-validity of liveness proper-
ties over parameterized systems. We started with a discussion of the non-parameterized
case, and described two new approaches to the problem: Planners that convert a proba-
bilistic system into a non-probabilistic one and allow one to treat P-validity as regular
validity, and model checking over ~y-fair computations, which is sound and complete
for simple temporal properties. We then outlined the two approaches of automatic ver-
ification of liveness properties of parameterized systems, counter abstraction and net-
work invariants, and showed how the network invariant method can be combined with

3 Bounded overtaking property is a safety property and thus it can be established by ignoring
the probabilistic transitions of the protocol.
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SyMPMC. We demonstrated our techniques by providing automatic proofs for two non-
trivial protocols. The first by Planner & counter-abstraction, the second by SYMPMC &
(extended) network invariants.

Strictly speaking, neither method combination we used in our examples is fully au-
tomatic, they both require user input. On one hand the design of a Planner or a Network
Invariant may require user ingenuity; on the other hand, most systems are verified by
their own designers, who have a pretty good intuition about the appropriate Planner/net-
work invariant.

We are currently working on extending counter-abstraction with ~y-fairness. If suc-
cessful, this will provide a fully automatic proofs of P-validity of parameterized system
for the cases that the method of counter-abstraction is applicable.
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A Soundness of the Planner Approach

We prove the soundness of the planner method by reducing its soundness to that of
a-fairness, which was established in [PZ864].

Let @ : (V,0,p,P,J,C) be a PDS. We make two simplifying assumptions: (1)
‘P contains exactly one requirement, R = (7, ¢1, t2), and (2) there is only one location
from which R is taken. The proof below is easy to generalize once the two assumptions
are removed, at the cost of additional indices.

Let o = sq,... be a fair computation of () and let ) be a past temporal formula,
that is, a formula whose only temporal operators are past operators. Computation o is
a-fair with respect to 1 if either R is taken only finitely many times from -prefixes in
o, or each mode of R is taken infinitely many times from -prefixes in o. For a set X’
of temporal formula, o is X'-fair if it is a-fair with respect to every ¢ € X.

An immediate corollary of the analysis presented in [PZ864] is:

Corollary 2. . Let X be a set of past formulae and ¢ be a temporal formula. Then:
o = ¢ forevery X-fairo = is P-valid over Q.

Consider now the PDS Q7 obtained from ) by a transforming it with a Planner
planner, which is set to make k consecutive “planned” choices. We proceed to construct
a set of past formulae A’ such that every A'-fair computation of () is a V-projection
of some computation of (),.. Thus, for every temporal formula ¢ over V, if all ),
computations satisfy ¢, then all X'-fair computations of () also satisfy . It then follows
from Corollary 2l that ¢ is P-valid. It thus remains to construct X’ and show that every
X-fair computation of ) has a computation of (), with the same V -projection.

For ¢« = 1,2, let p; be the state assertion characterizing the r-states for which
planner recommends choosing i. Define chose : (t1 V t3) A O r. Formula chose
characterizes all the states immediately following a probabilistic choice. Next, define
gc: V=i o(ti AN O(r A p;)). Formula ge (standing for good-choice) characterizes all
the states following a probabilistic choice which is compatible with the choice recom-
mended by the planner at this state. Finally, define

’(/)0 : T
Yiy1 : (—chose) S (ge N O y) fori =0,...,k—1

Obviously, ¥; characterizes a point in the computation such that the last ¢ probabilistic
choices are compatible with the recommendations of the planner. As the set of past
formulae, we take X' : {10, ..., ¥k}

It remains to show that every X'-fair computation of () has a computation of @),
with the same V -projection. Let o be a X'-fair computation of (), and assume that o
has infinitely many R-transitions. By induction on ¢ = 1,..., %, (which is similar to
the proof of the Borel-Cantelli Lemma) it follows that infinitely many times, o makes &
consecutive choices which are compatible with the recommendation of the planner. It is
easy now to construct a computation of (), in which the planner is activated whenever
o is to start a sequences of good choices, and is activated nowhere else.

The soundness of the Planner strategy follows.
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Abstract. We introduce a second-order polymorphic m-calculus based
on duality principles. The calculus and its behavioural theories cleanly
capture some of the core elements of significant technical development
on polymorphic calculi in the past. This allows precise embedding of
generic sequential functions as well as seamless integration with impera-
tive constructs such as state and concurrency. Two behavioural theories
are presented and studied, one based on a second-order logical relation
and the other based on a polymorphic labelled transition system. The
former gives a sound and complete characterisation of the contextual con-
gruence, while the latter offers a tractable reasoning tool for a wide range
of generic behaviours. The applicability of these theories is demonstrated
through non-trivial reasoning examples and a fully abstract embedding
of System F, the second-order polymorphic A-calculus.

1 Introduction

Genericity is a useful concept in software engineering which allows encapsulation
of design decisions such that data-structures and algorithms can be changed more
independently. It arises in two distinct but closely related forms: one, which we
may refer to as universal, aids generic manipulation of data, as in lists, queues,
trees or stacks. The other existential form facilitates hiding of structure from
the outside, asking for it to be treated generically. In both cases, genericity
partitions programs into parts that depend on the precise nature of the data
under manipulation and parts that do not, supporting principled code reuse and
precise type-checking. For example, C++ evolved from C by adding genericity
in the form of templates (universal) and objects (existential).

It is known that key aspects of genericity for sequential functional com-
putation are captured by second-order polymorphism where type variables, in
addition to program variables, can be abstracted and instantiated. In particu-
lar, the two forms of genericity mentioned above are accounted for by the two
forms of quantification coming from logic, V and 3. Basic formalisms incorpo-
rating genericity include System F (the second-order A-calculus) [8, 28] and ML
[18]. Centring on these and related formalisms, a rich body of studies on type
disciplines, semantics and proof principles for genericity has been accumulated.

The present work aims to offer a m-calculus based starting point for repo-
sitioning and generalising the preceding functional account of genericity in the
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broader realm of interaction. We are partly motivated by the lack of a general
mathematical basis of genericity that also covers state, concurrency and nonde-
terminism. For example, the status of two fundamental concepts for reasoning
about generic computation, relational parametricity [28] and its dual simulation
principle [1} 19 27], is only well-understood for pure functions. But a math-
ematical basis of diverse forms of generic computation is important when we
wish to reason about software made up from many components with distinct
behavioural properties, from purely functional behaviour to programs with side
effects to distributed computing, all of which may exhibit certain forms of gener-
icity.

The m-calculus is a small syntax for communicating processes in which we
can precisely represent many classes of computational behaviours, from purely
sequential functions to those of distributed systems [5] [7, 7} 32, [33]. Can we find
a uniform account of genericity for diverse classes of computational behaviour
using the m-calculus? This work presents our initial results in this direction,
concentrating on a polymorphic variant of the linear/affine m-calculus with state
[7) 12, 32, B3]. It turns out that the duality principle in the linear/affine type
structure naturally extends to second-order quantification, leading to a powerful
theory of polymorphism that allows precise embedding of existing polymorphic
functional calculi and unifies some of the significant technical elements of the
known theories of genericity.

Summary of Contributions. The following summarises the main technical
contributions of the present paper.

1. Introduction of the polymorphic linear/affine m-calculus based on duality
principles, as well as its consistent extension to state and concurrency. One
of the central syntactic results is strong normalisability for linear polymor-
phic processes.

2. Theory of behavioural equivalences based on a generic labelled transition
system applicable to both sequential and concurrent polymorphic processes.
We apply the theory to non-trivial reasoning examples as well as to a fully
abstract embedding of System F in the linear polymorphic 7-calculus.

3. A sound and complete characterisation of the contextual congruence by a
second-order logical relation for linear/affine polymorphic processes, leading
to relational parametricity and a simulation principle for extensional equal-
ity. The theory offers a tractable reasoning tool for generic processes as we
demonstrate through examples.

Related Work. Originally the second-order polymorphism for the A-calculus
was discovered by Girard [8] and Reynolds [28] with a main focus on universal
abstraction. Later Mitchell and Plotkin [T9, [27] relates its dual form, existential
abstraction, to data hiding. Exploiting a duality principle, the present theory
unifies these two uses of polymorphism, data-hiding and parametricity, into a
single framework, both in operation and in typing. The unification accompanies
new reasoning techniques such as generic labelled transition.
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Turner [30] is the first to study (impredicative) polymorphism in the -
calculus, giving a type-preserving encoding of System F. His type discipline
is incorporated into Pict [23]. Vasconcelos [31] studies a predicative polymor-
phic typing discipline and shows that it can type-check interesting polymorphic
processes while allowing tractable type inference. Our use of a duality principle
(whose origin can be traced back to Linear Logic [9]) is the main difference from
those previous approaches.

Pierce and Sangiorgi [22] study a behavioural equivalence for Turner’s calcu-
lus and observe that existential types can reduce the number of transitions by
prohibiting interactions at hidden channels. Lazic, Nowak and Roscoe [15] show
that when programs manipulate data abstractly (called data independence), a
transition system with a parametricity property can be used for reasoning, lead-
ing to efficient model checking techniques. The generic labelled transition unifies,
and in some cases strengthens, these ideas as dual aspects of a single framework.
The use of duality also leads to lean and simple constructions.

Pitts studies contextual congruences in PCF-like polymorphic functional cal-
culi and characterises them via syntactic logical relations [25, 26], cf. [24]. His
work has inspired constructions and proof techniques for our corresponding char-
acterisations. The present relational theory for the m-calculus treats several ele-
ments of Pitts’ theories (for example call-by-name and call-by-value) in a uniform
framework. Duality also substantially simplifies the constructions.

Recently, several studies of the semantics of polymorphism based on games
and other intensional models have appeared. Hughes [13] presents game seman-
tics for polymorphism in which strategies pass arenas to represent type pass-
ing and proves full abstraction for System F. His model is somewhat complex
due to its direct representation of type instantiation. Murawski and Ong [21]
substantially simplify Hughes approach, but do not obtain full abstraction for
impredicative polymorphism. Abramsky and Lenisa [3] [4] give a fully abstract
model for predicative polymorphism using interaction combinators. Treatment
of impredicative polymorphism is left as an open issue. In view of the relation-
ship between 7-calculi and game semantics [7, [11], [14], it would be interesting to
use typed processes from the present work to construct game-based categories.

Structure of the paper. Section P informally illustrates key ideas with exam-
ples. SectionBlintroduces the syntax and typing rules. SectionMgives a sound and
complete characterisation of a contextual congruence by a second-order logical
relation. Section [Bl studies a generic labelled transition and the induced equiv-
alence. Section [0l discusses non-trivial applications of two behavioural theories,
including a fully abstract embedding of System F. The full technical develop-
ment of the presented material is found in [6].
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2 Generic Processes, Informally

This section introduces key ideas with simple examples. We start with the fol-
lowing small polymorphic process (which is essentially a process encoding of
the polymorphic identity), using the standard syntax of the (asynchronous) 7-
calculus.

Fla(yz).2(y) >z VX (X(x)T)!

In this process Z(y) is an output of y along the channel z and !z(yz).Z(y) is
a replicated input, repeatedly receiving two names y and z at x. After having
received y and z, it sends y along z.

The typing z : Vx.(X(x)!)! assigns Vx.(X(x)")" to z. X is a type variable: X
indicates the dual of X. (X)! sends a name of type X exactly once, while (X(x)')*
indicates the behaviour of receiving two names at a replicated input channel,
one used as X and the other as (X)!. Finally, VX universally abstracts X, saying
X can be any type. Here VX binds X and its dual simultaneously. The operational
content of typing a channel with a type variable is to enforce that y cannot be
used as an interaction point (which would require a concrete type). Hence y with
a variable X only appears as a value in a message.

Next we consider the process which is dual to the above agent. Let t(y) def

ly(araz2).Z{a1), not{cw) d:ef!c(alagz).wmgalz') and B &' VX (XX(x)1)! (which
are, respectively, truth, negation and the polymorphic boolean type).

F Z(y2) (ty)]z(w).&(c)not{cw)) b z: 3x.(x(X) 1), e: (B)! (1)

This process sends y and z (respectively representing the truth and the continu-
ation) via z, where T(yz)P stands for (v yz)(Z(yz)|P). Then it receives a single
name at z and sends its negation via e. To understand the typing, let’s look at
the situation before existential abstraction:

FZ(yz)(t{y)|z(w).e(c)not{cw)) > x: BB)")?,e:(B)! (2)

We now abstract B and its dual at = simultaneously, obtaining 3x.(x(X)!)? (3x
binds both X and X). Thus existential abstraction hides the concrete type B.

The types VX.(X(x)")" and 3x.(x(X)!)? are dual to each other and indicate
that composition of two processes is possible. When composed, the process in-
teracts as follows. Below and henceforth we write id(z) for lz(yz).Z(y).

— id{z) } (v y)(t{y)[e(c)not(cy))

Here f{c) dg!c(azyz).?(y) (representing falsity) and ~ is the standard weak bisim-
ilarity. As this interaction indicates, a universally abstracted name, after its re-
ceipt from the environment, can only be used to be sent back to the environment
as a free name. The dual existential side can then count on such behaviour of
the interacting party: in the above case, the process on the right-hand side can
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expect that, via z, it would receive the name y as a free name which it has
exported in the initial reduction, as it indeed does in the second transition.

This duality plays the key role in defining generic labelled transitions, which
induce behavioural equivalences more abstract (larger) than non-generic ones
and which are applicable to the reasoning over a wide range of generic behaviours.
We use an example of a generic transition sequence of the process in ().

Ty2) (e(y) 2(w) 2(c)not(cw)) " X t(y)fe(c)not(ey)
A crucial point in this transition is that it does not allow a bound input in the
second action, because the protocol at existentially abstracted names is opaque.
The induced name substitution then opens a channel for internal communication.
In contrast, the process in (), different from (IJ) only in type, has the following
transition sequence.

) 222 ) e (ot (cw).

T(yz) (t{y)|z(w).€(c)not{cw
Note that we have a bound input in the second action; the transition sequence
is now completely controlled by type information, without sending/receiving
concrete values. Here the duality principle dictates existential/universal type
variables correspond to free name passing, while concrete types (which rigorously
specify protocols of interaction by their type structure) correspond to bound
name passing.

This way, the duality in the type structure is precisely reflected in the duality
in behaviour. This duality principle is also essential in the construction of the
second-order logical relations, for proving the strong normalisability of linear
polymorphic processes and for various embedding results.

3 A Polymorphic w-Calculus

3.1 Processes

In this section we formally introduce a polymorphic version of the affine -
calculus [7] and its extensions to linearity [32} [33] and state [12].

Let x,y,... range over a countable set N of names. ¥/ is a vector of names.
Then processes, ranged over by P,Q, R, ..., are given by the following grammar.
P o= 2(@).P | z@).P | T@) | PIQ | (vz)P [0

Names in round parenthesis act as binders, based on which we define the alpha
equality =, in the standard way. We briefly illustrate each construct. z(y).P
inputs via  with a continuation P. Its replicated counterpart is !z(¢).P. (%)
outputs i along z. In each of these agents, the initial free occurrence is subject,
while each carried name in an input/output is object. The parallel composition
of P and @ is P|Q and (v z) P makes x private to P. 0 is the inaction, indicating
the lack of behaviour. The structural equality = is standard [I7] (without the
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replication rule !P = P|!P), which we omit. The reduction relation — are
generated from:

z(§)-P|T(z) — P{Z/7} le(9).P |T(Z) — '2(y).P | P{Z/4}

closing under parallel composition and hiding, taking processes modulo =.

3.2 Types

Below we introduce polymorphic extensions of different classes of first-order type
disciplines, starting from the affine sequential polymorphic typing [7]. Following
[Tl B2] B3] we use the set of action modes, which are:

| Affine input (at most once), 1 Affine output (at most once),
! Server at replicated input, ? Client requests to !,

as well as |, which indicates non-composability at affine channels. |,! are in-
put modes, while 1,7 are output modes. Input/output modes are together called
directed modes. p,p’, . .. (resp. py, Tesp. p,) denote directed (resp. input, resp. out-
put) modes. We define p, the dual of p, by: | =1, 1 =7? and p = p.

Let X, X, ... range over a countable set of type variables. We fix a bijection X
which is self-inverse (i.e. X = X) and irreflexive (i.e. X # X). Each X is assigned
a directed action mode p, written XP, so that the mode of X is always dual to
that of X. Channel types are given as follows:

Tu=T1 |70 | {11, 70) Tru=XP| ()P | VX | IXeTr T i=XPO | (F)PO | VX7 | 3X.To

71 and 71y are called input type and output type, respectively, which are together
called directed types. Note quantification is given only on directed types. For
each directed 7, the dual of T, 7, is the result of dualising all action modes, type
variables and quantifiers in 7. In (7,7’), we always assume 7" = 7. Following
[7) 2] 32] [33], we assume the sequentiality constraint on channel types, i.e. |-type
carries only 7-types while a !-type carries ?-types and a unique T-type, dually
for T /7. We set md(x?) = p, md((7)?) = p and md(¥X.7) = md(3IX.7) = md(7),
as well as md((r, 7)) = ! if md(7) =! and md({r, 7')) =] if md(7) =|. We often
write 7P if md(7) = p.

Quantifications bind type variables in pairs, so that both X and X in 7 are
bound in VX.7 and 3X.7. This extends to type substitution (which should always
respect action modes), e.g. (X(x)1)![r/x] is (F(7)1)*. ftv(7) is the set of free type
variables in 7, automatically including their duals. 7 is closed if ftv(7) = 0.

3.3 Typing

We present a polymorphic type discipline based on implicit typing. The full ver-
sion [6] explores different presentations and variants, including explicitly typed
ones. The sequents have the form F4 P> A, where A is an action type, a finite
map from names to channel types, and ¢ is an I0-mode, which is either 1 or o.
In k4 P> A, A assign types to free names in P, while ¢ indicates either P has
an active thread (o) or not (1). We use the following operations and relations:
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(Par) (Res) (Weak)
(Zero) Fo, Pi> Ay (1=1,2) Fo PrAjz:T md(7) € {?,]}
- Al < Ao ¢1X¢2 md(T)G{!,I} |—¢ PprA™”®

F1 0> 0 Foi 060 P1‘P2>A1@A2 Fo (ux)PDA |—¢PI>A,$:T

(In')  (x: ¢ ftv(A)) (In')  (x; ¢ ftv(A)) (Out) (xi ¢ ftv(7))
o Poij:7, 1247 o Poif:7, 247" 7 = 7ilps JXi]

Fraz(f).Poa: V()N A Frlz(@).Poa:VR(F)LA o) v x:IR(F)PG §: 77

Fig. 1. Polymorphic Sequential Typing

— ® on IO-modes is a partial operation given by: t®@1=1and 1®Go=001=0
(note 0 ® o is not defined). When ¢1 ® ¢ is defined we write ¢1 < ¢o.

— © on channel types is the least commutative partial operation such that: (1)
107 = (1,77) and (2) 7O7 =7 and (7, 7) ©7 = (T, 7) (md(7) = 7). Then
A < Biff 7’ ©7" is defined whenever z:7' € Aand z: 7" € B. If A < B, then
weset A© B=(A\B)U (B\A)U{x:7 |z:7 € A,z:7" €e Byr=7 071"}

@1 = ¢o ensures that a well-typed process has at most one thread, while A < B
guarantees determinism. A, B is the union of A and B, assuming their domains
are disjoint; A™ means A such that = € fn(A); and pA indicates md(A) C {p}.

The typing rules are given in Figure [0, which follow structure of processes
except (Weak). In (Out), we assume y; = y; implies 7; = 75, p; = p; and X; = X;.
7 is the pointwise dualisation of 7. In comparison with the first-order affine typing
[7], the only difference is introduction of quantifiers in (In'*) and (Out), each
with a natural variable condition. This prefix-wise quantification, close to the
one adopted in [30], quantifies only input types (resp. output types) universally
(resp. existentially). More general forms of polymorphic typing exist, which are
studied in [6]: this form however has the merit in that it is syntactically tractable
while harnessing enough expressive power for many practical purposes. Below
we list simple examples of polymorphic processes (expressions are from Section
), followed by a basic syntactic result. Henceforth —» stands for = U —*.

Example 1. 1. Let ]Id:efx:VX.(i? (x"NY. Then Fy id(z) > x: L.

2. k1 t{z)>x: B, b f(z) > 2 : B and F; not(zry) > x : B,y : B. Further let
if 2 then P else P, L T (b1b92) (101 (Fa). Py |!bo(Ta). Pa|2(b) b(Ta
Fo Pio>v: 7% a:71. Then tq if = then P, else P>z : B, ¥
can check if x then Py else Py |t{z) — Pi|t{z)|(v b2)lb2(Va).
where = is the standard (untyped) weak bisimilarity.

)) assuming
77 a:7!. We
P, = Pit(z)

Proposition 1. (subject reduction) 4 P> A and P — P’ imply b4 P'> A.
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3.4 Extension (1): Linearity

The first-order linear typing [32] refines the affine type discipline [7] by adding
causality edges between typed names in an action type. Edges prevent circular
causality. For example, a.b|b.@ is typable in the affine system, but not in the
linear one. Its second-order extension simply adds prefix-wise quantification to
[32]. Thus, in Figure [, the input prefix rules become, with z:7— A denoting
the result of adding a new edge from z:7 to each maximal node in A:

(In!) (x; ¢ ftv(A, B)) (In')  (x; ¢ ftv(A))
bo Poij: 7, 1A, 2B o P ij: 7, 2A®

Fra().P o> (2:VX.(F)t — A), B Flz (7). Poz:VX.(F) — A

Further < and ® in (Par) are refined to prohibit circularity of causal chains
following [32]. The resulting system preserves all key properties of the first-order
linear typing, but with greater typability. We state one of the central results.

Theorem 1. (strong normalisability) Let 4 P>A in linear polymorphic typing.
Then P is strongly normalising with respect to —.

3.5 Extension (2): State and Concurrency

The integration of imperative features and polymorphism is an old and challeng-
ing technical problem [I0, [T6, 29]. Here we present a basic extension of affine
polymorphic processes to stateful computation. Following [12], we add a con-
stant process Ref(zy), called reference agent. For interacting with reference, we
need selection Tin;(Z) which selects, in the case of reference, either read (i = 1)
or write (i = 2). For reduction we have:

Ref(zy)|Tini (¢) — Ref{xy)|c(y) Ref(zy)|Tina(zc) — Ref(zz)|c

The first rule describes reading of the content y, the second one writing of a new
content z. A significant property of reference agents is that, in combination with
replication, they can represent a large class of stateful computation [2] 12].

For types, we add the mutable replication mode !,, and its dual ?,;, as well
as adding [&;70;]PT for input types and [@®;71;]P0 for output types. For example,
the type of a reference with values of type 7 is [(7)"&7()1]™, which we write
ref(7). There are several ways to incorporate polymorphism into mutable types.
Here we present a most basic form. Let us say VX.7 (resp. IX.7) is simple when
md(7) # !y (resp. md(7) # 7). We then restrict the set of polymorphic types
which we consider to the simple ones, and introduce the following typing rules.

(Ref) (Sel) (In')
md(r) € {1, 1} - Fo Po g7, BiA™
F1Ref(zy) b z:ref(r),y:7 o Ting () b 2: [@: )0, 5: 7 Frile(§).Poz:(F)'™ A

Note (In*) allows a replicated prefix to suppress ?-actions, unlike (In'). Also
note the subject of a reference/!\-typed replication is never universally ab-
stracted, in accordance with restriction to simple types. In spite of this limitation,



Genericity and the m-Calculus 111

a wide variety of imperative polymorphic programs are typable via encoding: for
example, all benchmark programs in Leroy’s thesis [16] as well as Grossman’s
integrations of struct with existentials [I0] are typable. This is due to the
distinction between two replicated types, ! and !,,. For further discussions, see
[6]. For incorporating concurrency, we simply ignore all IO-modes in each rule.
Section [ presents equational reasoning for stateful polymorphic processes.

4 Contextual Congruence and Parametericity

This section presents a sound and complete characterisation of the contex-
tual congruence by a second-order logical relation for the affine polymorphic
m-calculus. As a consequence we obtain relational parametricity [28] and simula-
tion principle [19, 27], the two fundamental principles for polymorphic A-calculi.

The contextual congruence for affine polymorphic processes is defined fol-
lowing its first-order counterpart [7]. Write O for ()T and write P |}, when
P —* (v2)(T(y)|P’') with ¢ {Z}. Then Zy3 is the maximum typed congru-
ence over polymorphic processes satisfying

Fo P 2y3 Poox:0 & (P & P lls).

for all Fg P o> x:0. We write P 233’4) Q@ if P and @ are related by =y3 under
A, ¢ (and often omit ¢ or A, ¢). We can easily check that = U — C 3.

We first consider logical relations in a simple shape. Given closed types 11 2
with md(m) = md(r2) € {1,!}, a typed relation R : 71 < 75 is a family of binary
relations {MR }zen over typed processes such that: (1) if PR, P then ¢ Pipx: 7
with ¢ =1 (resp. ¢ =o0) if md(7;) =! (resp. md(7;) = 1) and (2) the family is
closed under injective renaming, i.e. PR,Q iff P(;f)%y Q(;g)

Given a typed relation R : 71 + 72, the dual of R at xu, written R, is a
relation from processes of type x:71, u: O to those of type x:73, u: O, satisfying:
PiRL P, iff (va)(Pi|R1)Ju < (v 2)(Pe|Ra) ), for each R1R, Rs. The resulting
relations, called typed co-relations, are also taken modulo injective renaming, so
that we simply write S+ for the dual of %M. Symmetrically we define the dual
of a co-relation, returning to a typed relation. A | | -closed relation is a typed
relation closed under double negation, i.e. % such that R+ = R.

We can now define logical relations as interpretation of open types under a
relational environment, i.e. a function which maps type variables to L 1-closed
relations respecting action modes. The interpretation is written (7)) where  is

a relational environment.

((f 201 e (@ De--(TNe(@)e) ((Tm) e = (T )e-(T))e)!
(e Eex) () EVXAR(M)exmms  (3XT)e CIXAR () gxmm -

Above, the right-hand side of each definition uses a type-respecting function
on typed relations, given in the following (definitions are presented for simpler
shapes for legibility, with obvious generalisations).
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(R}
()] <

{ )\Qﬂ‘ilyQ D PoZ(yz) o Q Ra, P oT(yz)oQ'}
def}
'

(P,
(T(y) 0 Q, T(y) 0 Q') | QR QI+
(P, P') |vm' PRR], P'}

(P, P')| 3R PRR], P' } 4,

x

where all mentioned processes, substitutions etc. should be appropriately typed.
PoQ denotes (v fn(P)Nfn(Q))(P|Q). R[X] indicates a type-respecting map over
typed relations!q These rules can be read quite like logical relations for functions:
for example, the first rule says that, if a pair of “resources” are related, then the
corresponding pair of “results” should also be related. In fact, the construction
yields, via encoding, logical relations in the usual sense for both call-by-name and
call-by-value polymorphic PCF-like calculi, cf. [25] 26]. Since each rule returns
a L 1-closed relation whenever its arguments are, ((7))¢ is always L _L-closed.

The above logical relation only relates processes with a single free name. For
equating processes with multiple free names, we extend logical relations to action
types which are connected in the following sense.

Definition 1. (A, ¢) is connected if one the following holds.

— ¢ =1 and A contains, in its range, either a unique !-type and zero or more
?-types, or a unique |-type, a unique T-type and zero or more 7T-types.
— ¢ =0 and A contains a unique T-type and zero or more ?-types.

If (A, ¢) is connected, the name with the unique T/! type is ils principal port.

Connectedness has both practical and theoretical significance. First, in many
practical examples including the embedding of programming languages, it is
often enough to consider processes of connected types. Second, any process of
an arbitrary action type can always be decomposed canonically into connected
processes, so that results about connected processes often easily extend to non-
connected processes. We now generalise the logical relation to connected types.

Definition 2. Let (A, @) be connected with principal port x: 7 and let fn(A)\

{z} ={yj}jes. Then %f’¢ is a relation on processes of type (A, ¢) which relates
P and P’ iff, for each & (H]EJ P; denotes a parallel composition of {P;};c),

(V7 € J. Qi (Ayi)ew; Q) © (WP HjesQ;) (T)ew (v H)(P' | HjesQ5)-

Note that 257 (with ¢ given corresponding to 7) coincides with ((7)),. The
following result is proved closely following the development by Pitts [25] [26].

Theorem 2. (characterisation of %y3) %é"ﬁ = géf for each connected (A, @).

Corollary 1. 1. (parametricity) P =257 Q if and only if P((7)x—nQ for
each L1 -closed R.

2. (simulation) P =25%7 Q if and only if P((7))x—nQ for some L1 -closed K.

3 In detail: R[x] should map, for fixed 7 and 7’ such that ftv(7) U ftv(r’) C {x}, each
R’ : p < p’ of mode md(X) to a typed relation R[R'] : T[p/x] « 7'[p'/X].
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The construction and results extend to the whole set of affine polymorphic pro-
cesses, see [6]. The same characterisation result also holds for linear polymorphic
processes, where we use a || -closure based on convergence to a specific boolean
value (this convergence is also used for defining the contextual congruence, which
is necessary since linear processes are always converging). In Section [f] we give
reasoning examples which use these results. The corresponding characterisation
results for non-functional polymorphic behaviour (including state [24] and con-
trol) are left as an open issue.

5 Generic Transitions and Innocence

This section discusses another basic element of the present theory, a generic
labelled transition system and the induced process equivalence. While our pre-
sentation focusses on the affine polymorphic m-calculus, the construction equally
applies to linear, stateful and concurrent polymorphic processes, with the same
soundness result. The duality principle strongly guides the construction. The set
of action labels (I,1’,...) are given by:

L u= z((g)w) [ Z((@)w) | T

In the first two labels, names in  are pairwise distinct and ¢ is a (not necessarily
consecutive) subsequence of @ (called objects) and distinct from x (called sub-
ject). Names in ¢ occur bound, while all other names occur free. () and z(¥)
stand for z((¢)y) and x((€)y), respectively and similarly for output actions.
Transitions use an extended typing where type variables in action types are
annotated by quantification symbols (as X¥ and X7, called universal type variable
and ezistential type variable, respectively). The original free type variables and
V-quantified variables are naturally V-annotated, while 3-quantified variables are
J-annotated. Free 3-type variables are introduced by the following added rule:

by P> AlT/x7]
}—¢ Pr A

(3-Var)

which we assume to be applicable only as the last rule(s) in a derivation. As an
example of typing, we have kg t(y)|z(w).2(c)not{cw) by : X2,z : (X), e : (B)T,
abstracting away the type which is both for the resource at y and for the value of
the input via z. Using annotated type variables, the following predicates decide if
the shape of action labels conforms to a given action type. In brief, they say that
free output (resp. input) corresponds to universal type variables (resp. existential
type variables), cf. Section 2] @ below denotes a sequence of quantifiers.

Definition 3. 1. AF 7 always.

2. AF z{(2)W) : O(F)P* when {Z} Nfn(A) = 0 and A(z) = 0(T)P* s.t. w; € {Z}
iff A(w;) =7; where ; is an existential type variable.

3. A+ Z{((2)) : 0(7)P° when {Z} Nf(A) =0 and A(z) = 0(7F)P° s.t. w; €{Z}
iff A(w;) =7; where ; is a universal type variable.
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We can now introduce the transition rules (for expository purposes we focus on
key instances). We start from the standard bound input.

(BnY) Fra@).PoA "D ko PoAfe, 77 (AF (@) 0P

This may introduce (output-moded) V-type variables, which are used as follows.

(FOut') Foz@oA 22 rovA/z  (AFTG :0E))
We can now infer by id(z) > x:1 w(ﬁ)ﬁ(_w)h id(z)>2:1 (using a replicated version
for input). Next we consider the dual situation, starting from bound output.

(BOUt') FoZ(H) b A "2 b1 [z — g7 o Afa,2: 7 (AFT(): 0F))
Here [z; — y;]™ is the standard copy-cat agent [7] [12] [14] [32, [33]. For example,
[a — b](()T)! d:ef!a(y).l_)(y’)y’.y. This rule is best seen in view of the semantic
equality Z(y) =2 T(2)I1;[z; — y;]™. Again this rule may introduce (input-moded)
J-type variables, used by:

(FIn') 1 z(7).P> A =4 o P{Z/y} > AJx © Z:X (A@Z':§3 Fx(z’}:@()_(a)l)

In the side condition, we compose types for opaque resources to appear in a later
derivation. The rule says an input may receive channels for opaque resources

which have been exported and which are, therefore, free. We can now infer

o T(y2) (t)] 2 (w).R) o 2:T, e (B)T 220 ey | R{y/w} o y: (X7, e: (B)

Since a type may carry both type variable(s) and concrete type(s), the general
rule for linear input (resp. output) combines (BIn!) and (FIn') (resp. (BOut')
and (FOut')). Similarly we have rules for replicated input/output, as well as
standard composition rules. For the generated transition relation we can check,
under the extended typing:

Proposition 2. If -, P> A and by P> A~y Qo B then by Qb B.

Define the weak bisimilarity ~v3 induced by generic transitions in the standard
way. The proof of the following is then straightforward.

Proposition 3. (soundness) ¢4 P ~y3 Q> A implies -y P Zy3 Q> A.

The result extends to the linear/stateful extensions in §3.4/5. Further the ana-
logue of Corollary [I(1) (parametricity) easily holds for ~y3. We can also show
polymorphic transition sequences of a typed process can be characterised by an
innocent function as in the first-order affine processes [7]. Again as in [[], finite
generic innocent functions are always realisable as syntactic processes.

6 Reasoning Examples

This section discusses equational reasoning based on the theories in Sections H]
and B and outlines a fully abstract embedding of System F.
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Inhabitation Results. We begin with an inhabitation result for I using generic
transitions. Let §2(x) def‘x(yz) (v ab)(la(w).b(w) |!b(w).a{w)|@(c)c.z(y)) (which
diverges after the initial input; from now on, the notation 2(x) is used for
denoting such processes regardless of types). We prove that ;1 P>z :1 implies
either P ~y3 id(z) or P ~vy3 2(x). Let k1 P> x: 1. Then we have b1 P> x:
I w2 Fo P'ox:I,y:X", z: (xV)!. By inspecting the action type, if P’ ever has an
output, it can only be Z(y), in which case P =3 id{x). If not then P ~y3 2(z).
Since id(z) 2v3 £2(x), these two are all distinct inhabitants of the type. Similarly
we can check x : B is inhabited by t{x), f(x) and £2(z). In the linear typing, we
obtain the same results except we lose 2(x) by totality of transition.

Boolean ADTs. Next we show a simple use of logical relations for equational
reasoning, taking abstract data types of opaque booleans (similar to those dis-
cussed in [22,[25]). The data type should export a “flip”, or negation operation
and allow reading (which means turning an opaque boolean to a concrete one).
Two simple implementations in the A-calculus with records are:

M pack bool {bit =T, flip = A\x:bool.—x, read = Az:bool.x } as bool
M pack bool {bit = F, flip = Ax:bool.~x, read = Az:bool.~z} as bool
where bool %' Ix.{bit: X, flip: X — X,read : X — bool}. M and M’ can be
encoded as (using a call-by-value translation of products, cf. [32]):

booL(u) ' (mimams)(Q1]Q2|Qs) ool (u) = W(mimama) (Q4]Q51Q%)
where Q1 = t(m1), Q2 s (b2) 20 )not(b'b), Qs g (bz).2(b), Q4 % f(my),
Q4 = Q2 and Q4 et Img(bz).Z(b")not(b'b). We can easily check these processes are
typable under w:3x.B[X], where B[x] = def XEE)H'E@BHH!.

We now show Fr bool{u) Zy3 bool’(u) >z : IX.B[X]. By Corollary M(2), it
is enough to establish bool(u)((B[X]))z x—mbool’(u) for some L |-closed R. By
definition this means we have to verify:

Q1R Q1 QRM))},Q%,  Qs(R((B)")s,, Q5.

Take R < {(t{z), f(x)), (f(z),t(x)), (2(x),2(x))} (processes are taken up to
=y3). Then R is L L-closed (by the inhabitation result for B). R obviously relates
Q1 and Q). The key case is Q3(R((B))")},,Q%, which means, by definition,
Q3 oms(zw) oS ((B))], Qs oms({zw) oS’ for any SRS’. The case when (S, S’) =
(£2(x), £2(x)) is trivial. Let (S, S") = (t(z), f(z)). We can check both Q303 (xw)o
S and Q% oz (zw) o S’ reduce to, hence are yz-equivalent to, wW(b) o t(b). Now
we use Theorem Pl Similarly when (S,5") = (f(z),t(z)). Reasoning for Q2 and
QY is similar.

Simple Boolean Agent. In Section 2, we have seen the behaviour of S def
Z(y2) (t{y)|z(w).2(b)not{bw)) under z: I, e: (B)!. Noting this process is typable
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in the linear typing, we show that S and S’ def e(b)f(by are contextually con-
gruent as linear polymorphic processes. Since S and S’ have different visible
traces, the use of some extensionality principle is essential. By the character-
isation result along the line of Theorem [ in the linear setting, it suffices to
show (v x)(S|P)((B)").(v z)(S'|P) for each 1 Py z:1. But if by P> :1 then
P 2y3 id{x) by inhabitation. We can then check (v x)(S|P) Zy3 (v z)(S|id(z)) ~
S' = (va)(S'id(z)) 23 (v x)(S’|P), hence done.

Diverging Functions. Another example which needs extensionality, but this
time in the context of affine sequential processes, is the equality of two diverging
functions treated by Pitts [25] (the example is attributed to Stark). Assume we
are given the following two call-by-value functions:

' “etrec f=Xg.fgin f
G L etrec f=Mg.if gT then (if gF then fg else T) else fg in f

Let nully d:erX.X, By dzerX.(X:>X:>X) and o = 3IX.((X=B,)=B,). Then we

can check F & pack nully, F/ as a and G def pack B),G’ as « are well-typed
after existential abstraction. To show F' and G are equal, we first encode them
as affine polymorphic processes. In the standard encoding (with recursion being
translated using copy-cats), F' and G are represented by, respectively, u(x){2(x)
and w(z) P where (using some shorthand notations):

P N2(g2).(@(Tw)w(b).if bthen [g(Fw )w/(b).if w’ then else 2(u)z(T)] else2(u)),
both typable under : 3x.(7)! with 7 = ((x'(B)')?(B)")". We can then show
P 2y3 Q2(z) using a logical relation ((%(B)Y)?(B)T)}, where $R, is the universal
relation over u:B. Detailed reasoning is given in [6].

State and Concurrency. We apply transition-based reasoning to a simple
concurrent ADT, a cell with a boolean value. It allows three operations, share,
read and write. The first returns the access pointer to the cell, while the latter
two read/write a boolean value from it. The data type of this agent is:

ce11(B] ' 3x.((x))" (X(B))™ (XBO)™)'.

Below we give two implementations. The first is centralised in that all clients
have access to a single container; while, in the second, each client has a different
proxy which it uses to access the “real” cell. Let

cell(ul) ' a(srw) (S| R|W)  cell' (ul) L a(srw)(S' | R | W) |

where § d:(Efls(z)z(l% R d:ef!r(cz).éinl(e)e(:r).?(x) and W d:ef!w(cbz).éim(bz),

while S s(2).2(c)le(z)).Z(0), R Lir(cz)zle)e(r').riny (f) f(x).Z(z) and



Genericity and the m-Calculus 117

w' dzef!w(cbz).E(w)w(r).?im(bz). Then both cell{ul) and cell (ul) are typable
under u:Cell[B],:ref(B), with ref(r) &f (7)1 &7 ()T] "

To show these two typed processes are ~y3g-equivalent, we first note that
neither manipulates boolean values non-trivially (they are data independent in
the sense of [15]), hence both are also typable under u:Cell[y"],l:ref(v¥). By
parametricity of ~y3, it suffices to consider a bisimulation under this typing,
which radically reduces the number of transitions. We now construct a relation
R from the following tuples:

F (S| R|W | Ije; — 'f0)) R (S| R \W' | Iilei(2).2(1))
> 52 () ) 7 (R )M (BT, 850

together with their derivatives ([6] gives details). Note that IT;[c; — I] on the
left-hand side is generated since S is in fact not allowed to do a free output via
z (because [ is not typed by a universal type variable; though it is typed by an
existential variable). Observing that ¢; :X? prohibits each ¢; from being used as
the subject of an action, while permitting its use as an object of a free input
(via r and w) that in turn triggers appropriate internal reduction, we can verify
R is a bisimulation.

Fully Abstract Embedding of System F. Using the characterisation of
polymorphic transitions by innocence mentioned in Section Bl we can embed
System F (the second-order A-calculus) fully abstractly in linear polymorphic
processes. The contextual equality over A\-terms is defined in the standard way
[20], using observables at the polymorphic boolean type. We write M, N, ... for
polymorphic A-terms, «, 3, . .. for their types, and =y for the contextual equality.
We can use different encodings to reach the same result: for example we can use
Turner’s call-by-value encoding [30] (other encodings, including those based on
call-by-name, are discussed in [6]). The mapping of types becomes:

a" (@) x*Ex (a= ) E @) (Yxa) Fyx(@))

Write [M : a], for the encoding of a polymorphic A-term M : o. Then, setting
3 to be the contextual congruence over linear polymorphic processes discussed
at the end of Section [, we obtain:

Theorem 3. (full abstraction) Let b Mj o:a. Then My =y My : « if and only
if b1 [My:a]y Zva [Ma:a], >uia®.

The proof uses definability arguments based on innocence as in [7] (with addi-
tional treatment of contravariant universal types), see [6] for details.
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Abstract. Lossy channel systems (LCS’s) are systems of finite state
automata that communicate via unreliable unbounded fifo channels. We
propose a new probabilistic model for these systems, where losses of
messages are seen as faults occurring with some given probability, and
where the internal behavior of the system remains nondeterministic, giv-
ing rise to a reactive Markov chains semantics. We then investigate the
verification of linear-time properties on this new model.

1 Introduction

Verification of channel systems. Channel systems [BZ83| are systems of finite
state automata that communicate via asynchronous unbounded fifo channels.
They are a natural model for asynchronous communication protocols, used as
the semantical basis of protocol specification languages such as SDL and Estelle.
Lossy channel systems [Fin94, [AJ96D] are a special class of channel systems
where messages can be lost while they are in transit, without any notification.
These lossy systems are the natural model for fault-tolerant protocols where the
communication channels are not supposed to be reliable.

Surprisingly, while channel systems are Turing-powerful [BZ83], several veri-
fication problems become decidable when one assumes channels are lossy: reach-
ability, safety properties over traces, inevitability properties over states, and
fair termination are decidable for lossy channel systems [Fin94, [CEP906, [AJ96D]
MS02].

This does not mean that lossy channel systems are an artificial model where,
since no communication can be fully enforced, everything becomes trivial. To
begin with, many important problems are undecidable: recurrent reachability
properties are undecidable [AJ96a], so that model checking of liveness properties
is undecidable too. Furthermore, boundedness is undecidable [May00], as well as
all behavioral equivalences [SchlT]. Finally, none of the decidable problems listed
in the previous paragraph can be solved in primitive recursive time [Sch(2]!

Probabilistic losses. When modeling real-life protocols, it is natural to see mes-
sage losses as some kind of faults having a probabilistic behavior. This idea led

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 120-35] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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to the introduction of a Markov chain model for lossy channel systems [PNO7].
Essentially the same model allowed Baier and Engelen to show that qualitative
model checking is decidable, i.e. it can be decided whether a linear-time property
holds almost surely, that is, with probability 1 [BE99]. This is a smart way of
using randomization to circumvent the undecidability of temporal model check-
ing in the non-probabilistic case. However, this result has several limitations:
(11) it requires that the channel system itself is seen as choosing probabilistically
between its transitions, (12) it assumes that there is a fixed probability p that
“the current step is a loss”, and (13) it only gives decidability for p > 0.5, an
unrealistically large value (using a slightly different model, [ABP.I00] shows that
decidability is lost if p is not large enough).

Our contribution. We propose an improved approach that addresses the above-
mentioned limitations. Our first idea is to use a more realistic probabilistic model
for losses, where any message has a fixed probability 7 > 0 of being lost during
the current step, independently of other messages possibly in transit at the same
time. We call it the local-fault model (and refer to the proposal by [PN97| as
the global-fault model). In our local-fault model, qualitative model checking is
decidable whatever the value of 7 (thus our solution to limitation (12) solves (13)
as well).

Our second idea attacks limitation (11): we move from Markov chains to
reactive Markov chains (or, equivalently, Markovian decision processes) as the
probabilistic model for lossy channel systems: this allows combining a probabilis-
tic behavior for losses with a nondeterministic behavior for the channel system.
The verification problems we investigate are whether a linear-time property holds
almost surely under any scheduling policy (the adversarial viewpoint). We show
that, while the problem is undecidable in general, there exist some decidable
subcases (natural subsets of temporal properties). Furthermore, the problem be-
comes decidable when we restrict ourselves to finite-memory scheduling policies
only. Finally, it turns out that these verification problems are insensitive to the
precise value of the fault rate 7.

Since our decision procedures reduce probabilistic model checking to the
kind of reachability questions that have been successfully verified in practice
(e.g. [AAB99]), we believe our ideas will provide a nice way of verifying live-
ness properties on channel systems with probabilistic losses: the approximations
“almost surely” and “under any finite-memory scheduling policy” are very rea-
sonable and only retract minimally from the rigid “surely” and “for all scheduling
policies” that are the standard goals in algorithmic verification.

Related work. Verifying probabilistic lossy channel systems combines issues from
the verification of infinite-state systems and from the verification of probabilistic
systems [ These two fields are technically quite involved and it seems that, to
date, the only joint instance that has been investigated are the probabilistic lossy

! Here we do not mean systems where the timings are probabilistic like, for example,
continuous time Markov chains [BKH99].
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systems. We already explained how our work is a continuation of [PN97, [BE99,
ABPJ00] and depart from these earlier papers. The local-fault model has been
independently proposed by Abdulla and Rabinovich [AR03] who proved a result
essentially equivalent to our Theorem [5.4] (but did not investigate adversarial
verification).

Outline of the paper. Section[2 sets the necessary background on the verification
of infinite Markov chains. Channel systems are presented in Section [3] before
we discuss probabilistic losses in Section [l and study probabilistic lossy systems
(PLCS’s) in Section [fl Nondeterministic PLCS’s are defined in Section [§ and
their verification is studied in Section [ For lack of space, many proofs have
been omitted in this extended abstract: they can be found in the full version.

2 (Reactive) Markov Chains and Their Verification

We assume some familiarity with Markov chains and only introduce the notations
we need in the rest of the paper (we mostly follow [Var99]).

Definition 2.1. A Markov chain is a tuple M = (W, P, Py) of a countable set
of configurations W = {o,...}, a transition probability function P : W? s
[0,1] such that } ey P(o,0") = 1 for all 0 € W, and an initial probability
distribution Py : W+ [0, 1].

M is bounded when there exists e > 0 s.t. P(o,0’) > 0 entails P(o,0’) > e
(i.e. probabilities are not arbitrarily low). M is finite when W is. Finite Markov
chains are bounded.

A run of M is an infinite sequence m € W« of configurations. The set of runs
W is turned into a probability space in the standard way: the measure p of
events is first defined on basic cylinders with:

p({m | m starts with oo, 01,...,0,}) def Py(09)P(0g,01) - P(op—1,0m) (1)
and is then extended to the Borel field they generate (see [Var99, Pan01]).
Underlying any Markov chain M is the transition system (the directed graph)
G where there is a transition ¢ — ¢’ iff P(o,0’) > 0. This explains why we
often rely on standard graph-theoretic terminology and write statements like “o
is reachable from og”, etc., for notions that do not depend on the precise values
of the transition probability function. E.g. the measure () is non-zero iff oq is
a possible initial configuration and o9 — 01 — ... — 0y, is a path in Gjy.

2.1 Reactive Markov Chains

Reactive Markov chains [Var99], called “concurrent Markov chains” in [Var&5]
HSP83|, were introduced for modeling systems whose behavior has both proba-
bilistic and nondeterministic aspects. They are a special (and equivalent) form
of Markovian decision processes [Der70)], where the system nondeterministically
picks what will be its next step, and the outcome of that step follows some
probability law.
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Definition 2.2. A reactive Markov chain (a RMC) is a tuple M = (W, N, P, Py)
s.t. (W, P, Py) is a Markov chain, and N C W is the subset of nondeterministic
configurations.

The configurations in W \ N are called probabilistic. For a nondeterministic o,
the exact value of P(o,0’) > 0 has no importance (apart from being positive):
it just means that, when in o, ¢’ is a possible next configuration.

The behavior of a RMC M = (W, N, P, P) is driven by the nondetermin-
istic choices and the probabilistic behavior. This is formalized by introducing
the notion of a scheduler (also called adversary, or (scheduling) policy) that is
responsible for the nondeterministic choices. Formally, a scheduler for M is a
mapping v : W*N — W such that u(og...0,) = o’ implies P(o,,0’) > 0.
The intuition is that, when the system is in a nondeterministic configuration
on, u selects a next configuration ¢’ among the allowed ones, based on the his-
tory og...o, of the computation (we do not consider more general notions of
adversaries).

Combining a RMC M with a scheduler u gives a bona fide Markov chain
MY = (W, P“ PY%) describing the stochastic behavior of M against u. Intu-
itively, M* is obtained by unfolding M into a tree, with W the set of non-empty
histories H, and pruning branches that do not obey u. Formally, for any z € W+

P(o,0') ifo &N,
PY(zo,z00’) < {1 if o € N and u(zo) = o,
0 otherwise,

and P“(zo,yo’) = 0 when y # zo. Finally, P} is like Py on histories having
length 1, and zero on longer histories. It is readily verified that M™ is indeed a
Markov chain.

2.2 Verification for Markov Chains

We address verification of linear-time properties that can be expressed in tem-
poral logic (TL), or second-order monadic logic on runs (MLO), and that do not
refer to quantitative information.

Classically such properties can be given under the form of a Biichi automaton
that recognizes exactly the correct runs, so that TL model checking reduces to
repeated reachability of control states in a product system. This approach does
apply to Markov chains if the property is represented by a deterministic w-
automaton: then the product system is again a Markov chain.

Since deterministic Biichi automata are not expressive enough for TL or
MLO, we shall assume the properties are given by deterministic Street au-
tomata. Then, in order to check TL or MLO properties on Markov chains,
it is enough to be able to check simpler behavioral properties of the form

2 When describing the behavior of some MY, it is customary to leave the histories
implicit and only consider their last configuration: this informal way of speaking
makes M*" look more like M.
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a = A\, (O0A; = O0A]) where, for i = 1,...,n, 4;,A, C W (ie. ais a
Street acceptance condition). A run m = 09, 01,... satisfies such a condition,
written 7 |= a, if for all ¢ = 1,...,n, either o; € A; for finitely many j, or
o; € A} for infinitely many j. The following is standard:

Theorem 2.3. Let M be a countable Markov chain and a be a Street acceptance
condition. Then {m | m = a} is measurable.

We let pps(e) denote this measure and say that M satisfies a with probability
p when ppr(a) = p. We often consider the probability, written P(M,o = «)
or u,(«), that a given configuration o satisfies a property «: this is defined
as pup(a) for a Markov chain M’ obtained from M by changing the initial
distribution.

We say that M satisfies « almost surely (resp. almost never, possibly) when M
satisfies o with probability 1 (resp. with probability 0, with probability p > 0).

Remark 2.4. These notions are inter-reducible: M satisfies o almost surely iff it
satisfies -« almost never iff it is not the case that it satisfies -« possibly. ad

2.3 Verification for Markov Chains with a Finite Attractor

Verifying that a finite Markov chain almost surely satisfies a Street property is
decidable [CY95], Var99]. However, the techniques involved do not always extend
to infinite chains, in particular to chains that are not bounded.

It turns out it is possible to extend these techniques to countable Markov
chains where a finite attractor exists. We now develop these ideas, basically by
simply streamlining the techniques of [BE99]. Below we assume a given Markov
chain M = (W, P, Py).

Definition 2.5 (Attractors). A non-empty set W, C W of configurations is
an attractor when

P(M,o =00W,) =1 forallc e W (2)
The attractor is finite when W, is.

Assume W, C W is a finite attractor. We define G (W,,) as the finite directed
graph (W,,~») where the vertices are the configurations from W, and where
there is an edge o ~ ¢’ iff, in M, ¢’ is reachable from o by a non-empty path.
Observe that the edges in Gy (W,) are transitive.

In Gy (W,), we have the usual graph-theoretic notion of (maximal) strongly
connected components (SCC’s), denoted B, B’,.... A trivial SCC is a singleton
without the self-loop. These SCC’s are ordered by reachability and a minimal
SCC (i.e. an SCC B that cannot reach any other SCC) is a bottom SCC (a
BSCC). Observe that, in G (W,), a BSCC B cannot be trivial: since W, is an
attractor, one of its configurations must be reachable from B.

For a run 7 in M, we write limyy, (7) for the sets of configurations from W,
that appear infinitely often in 7. Necessarily, if limy, (7) = A then the config-
urations in A are inter-reachable and A is included in some SCC of G (W,).
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Lemma 2.6. If p, ({7 | limw, (7) = A}) > 0 then A is a BSCC of G (W,).
Assume the BSSC’s of G (W,) are By, ..., Bx. Lemma[2.6 and Eq. () entail

o ({m | i, (7) = B1}) + -+ po({m | limw, (1) = Be}) = 1. (3)

Therefore, for a BSCC B, o € B entails pu,({7 | limy, (7) = B}) = 1. Hence
too ({7 | limyy, (7) = B}) > 0 iff B is reachable from oy.

It is now possible to reduce the probabilistic verification of Street properties
to a finite number of reachability questions:

Proposition 2.7. Assume W, is a finite attractor of M. Then for any o € W,
P(M,o = N\ (O0A; = 0O0A})) > 0 iff there exists a BSCC B of Gp(W,)
such that o = B and, for alli=1,...,n B> A; implies B > Al

2.4 Verification for Reactive Markov Chains

Verifying reactive Markov chains usually assumes an adversarial viewpoint on
schedulers. Typical questions are whether, for all schedulers u, M™ satisfies «
almost surely (resp. almost never, resp. possibly)? Cooperative viewpoints (ask-
ing whether for some u, M" satisfies o almost surely ...) are possible but less
natural in practical verification situations. We consider them since they appear
through dualities anyway (Remark 224]) and since presenting proofs is often easier
under the cooperative viewpoint.

Technically, since we still use properties referring to states of W, one defines
whether a path in M* satisfies a property by projecting it from (W+)* to W*
in the standard way [Var99].

One sometimes wants to quantify over a restricted set of schedulers, e.g. for
checking that M almost surely satisfies a for all fair schedulers (assuming some
notion of fairness) [HSP83| [Var85]. Such a problem can usually be translated into
an instance of the general adversarial problem by stating the fairness assumption
in the «a part.

However, not all restrictions can be transfered in the property to be checked.
In particular we shall consider the restriction to finite-memory schedulers: this is
a convenient way of ruling out infeasible or exaggeratedly malicious schedulers.
Several definitions are possible: here we say that u is finite-memory if there is
a morphism h : W* — H that abstract histories from W* into a finite monoid
H and such that u(oyg...o0,) = u'(h(co,...,0n),0,) for some v’ : H x X — W.
Thus H is the finite memory on which v’, the true scheduler, is based. When H
is a singleton, u is memoryless.

3 Channel Systems

Perfect channel systems. In this paper we adopt the extended model of channel
systems where emptiness of channels can be tested for

3 Our undecidability proofs do not rely on the extension.
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Definition 3.1 (Channel system). A channel system (with m channels) is a
tuple S = (Q,C, X, A, 0¢) where

-Q ={r,s,...} is a finite set of control locations (or control states),

- C ={c1,...,cm} is a finite set of m channels,

- Y ={a,b,...} is a finite alphabet of messages,

- ACQx Acte x Q is a finite set of rules, where Acte 1o (Cx {71} x2)U
(C x {=¢€7?}) is a set of actions parameterized by C' and X,

~ 09 € Q x X*Y is the initial configuration (see below).

A rule § € A of the form (s,¢,?,a,7) (resp. (s,¢,! a,r)) is written “s L
(resp. “s e r”) and means that S can move from control location s to r by
reading a from (resp. writing a to) channel c. Reading a is only possible if ¢ is
not empty and its first available message is a. A rule of the form (s,¢,= £?,71)

. . c=e"? . .
is written “s — r” and means that .S can move from s to r if channel ¢ is empty.

Formally, the behavior of S is given via a transition system: a configuration
of S is a pair ¢ = (r,U) where r € Q is a control location and U € £*“ is a
channel contents, i.e. a C-indexed vector of X-words: for any ¢ € C, U(c) = u
means that ¢ contains u. For s € Q we write s for the set {s} x X*¢ of all
configurations based on s.

The possible moves between configurations are given by the rules of S. For

. 5 .
0,0 € W, we write 0 —perf 0’ (“pert” is for perfect steps) when:

Reads: 6 € A is some s 2% r, o is some (s,U), U(c) is some aj ... ap, with a; =
a, and o' = (r,U{c — az2...a,}) (using the standard notation U{c — u'}
for variants).

Writes: 6 € A is some s 2% r, o is some (s,U), U(c) is some v € X*, and
o' = (r,U{c+ u.a}).
Tests: 6 € A is some s == r, o is some (s,U), U(c) = ¢, and o’ = (r,U).

Idling: Finally, we have idling steps o gperf o in any configuration.

We write En(o) for the set of rules enabled in configuration o. We consider idling
as a rule and have 0 € En(o) for all o. For § € En(o), we further write Succs(o)
to denote the (unique) successor configuration ¢’ obtained by applying ¢ on o.
We often omit the superscript d in steps and only write 0 —pers 0.

Remark 3.2. Allowing the idling rule is a definitional detail that smoothes out
Definitions Bl and [61] (deadlocks are ruled out). It also greatly simplifies the
technical developments of section [ (the possibility of idling gives more freedom
to scheduling policies). O

Lossy channel systems. In the standard lossiness model, a lossy step is a perfect
step possibly preceded and followed by arbitrary message losses. Here we
allow losses only after the perfect step. This simplifies the construction of the
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probabilistic model and does not modify the semantics in any essential way &
unlike, e.g., the notion of front-lossiness used in [Fin94, [CEP96|[ABPJ00 [SchOT].

Formally, we write u C v when u is a subword of v, i.e. u can be obtained
by erasing any number of letters (possibly zero) from v. When u C v, it will
be useful to identify the set p C {1,...,|v|} of positions in v where letters
have been erased, and we use the notation “u T, »” for that purpose. E.g.
aba Cy; 5 5) baabba. Observe that, in general, u C v can be explained by several
distinct erasures p, o/, ...

The subword ordering extends to channel contents and to channel systems
configurations in the standard way:

vcv & U(c) C V(e) for all c € C,

(r,U) C (s, V) Wy —sandUCV.

Erasures extend too: we still write U £, V but now p C C x N.

It is now possible to define the lossy steps of channel systems: we write

o iloss o' when ¢’ C ¢” for some ¢” s.t. o gperf o". Perfect steps are a special
case of lossy steps (they have ¢/ = ¢”). Below we omit writing explicitly the
“loss” subscript for lossy steps, and are simply careful of writing —per¢ for all
perfect steps.

As usual, ¢ = ¢’ denotes that o’ is reachable from o. We write o * o' when
o' is reachable via a non-empty sequence of steps. The reachability problem for
lossy channel systems is, given S, o and ¢’ to say if ¢’ is reachable from o in S.
It is know that this problem is decidable (even if testing channels for emptiness
is allowed) [A.J96D, [CEP96, May00).

A set A C W of configurations is reachable from o if some ¢’ € A is. This is
denoted ¢ = A. One can decide whether o = A just by looking at the minimal
elements of A. Since C is a wqo, any A C W only has a finite number of minimal
elements. Therefore it is decidable whether o = A.

4 The Local-Fault Model for Probabilistic Losses

Earlier proposals for probabilistic lossy channels assume there is a fixed proba-
bility that the next step is the loss of a message [PN97, BE99]. We argued in the
introduction that this model is not very realistic. We prefer a viewpoint where
the fixed fault rate is associated with every single message. Then, the probability
that a given message is lost at the next step is not influenced by the presence or
identity of other messages

4 The modification only has to do with where we separate a step from its predecessor
and successor steps, i.e. with the granularity of the operational semantics.

5 This agrees with the actual behavior of many lossy fifo links where each message is
handled individually by various components (switches, routers, buffers, ...). Admit-



128 Nathalie Bertrand and Philippe Schnoebelen

Formally, we assume given a fixed fault rate 7 € [0,1] that describes the
probability that any given message will be lost during the next step. From 7,
one derives p.(U,U’), the probability that channels with contents U will have
contents U’ after one round of probabilistic losses:

p(UU) = Y Al (4)

ps.t.UC,U

Then p-(U,U") > 0iff U' C U (assuming 0 < 7 < 1), and >, p-(U,U’) =1 for
any U. It will be convenient to extend this probability distribution from channel
contents to configurations with

def {pT(U, V)if s =r, (5)

pr((s,U), (r, V) = 0 otherwise.

Example 4.1. Assume we have a single channel ¢ that contains u = aab. Assume
7 =0.1. Then

pr(aab, ) = 3 = 0.001 pr(aab,aa) = 7(1 —7)% =0.081
p-(aab,b) = 72(1 —7) = 0.009 p-(aab,ab) = 27(1 — 7)2 = 0.162

p-(aab,a) =272(1 —7) = 0.018  p(aab,aab)= (1—7)> =0.729

Observe that Y ,pr(u,u’) = 1. The difference between, e.g., p-(u,a) and
pr(u,b), comes from the fact that, starting from wu, there are two distinct ways
of getting a by losses, while there is only one way of getting b. ad

5 Probabilistic Lossy Channel Systems

A probabilistic lossy channel system (PLCS) is a tuple S = (Q,C, X, A, 0¢, D)
s.t. (Q,C, X, A, 0¢) is a channel system, and D : (AU {0}) — (0,00) is a weight
function of its rules.

Definition 5.1 (Markov chain semantics of PLCS’s). The Markov chain
MY associated with a PLCS S as above, and a fault rate T € (0,1) is MZ -

(W, P, Py) where W is the set of configurations of S, Py(op) o 1, and where
P(o,0’), the probability that S moves from o to o’ in one step, is given by

> D(5) x pr(Suces(0),0”)

def S€EEn(o)
> D)

d€EEN(o)

P(o,0") (6)

tedly, there are situations calling for yet other models: e.g. [ABPJ00] assumes losses
only occur when a message enters the queue.
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It is readily seen that MZ is indeed a Markov chain. It is usually infinite and
not bounded.

An important consequence of the local-fault model is that the more messages
are in the queue, the more likely some losses will make the number of messages

decrease. We formalize this by introducing a partition W = Wy + Wy +--- +

W, + - - - of the set of configurations of Mg given by W, def {oc e W | |o| =n},

with |(r, U)| Lf >-.|U(c)|. Then for any S and 7 we have
Lemma 5.2. For all e > 0 there is a rank I € N s.t. for alli > I and o € W;

> {P(o,0’) | o e WoUW L U---UW; 1} >1—e. (7)
Corollary 5.3. In MZ, Wy is a finite attractor.

Theorem 5.4. (Decidability of model checking for PLCS’s) The prob-
lem of checking whether MY almost-surely (resp. almost-never, resp. possibly)
satisfies a Street property « is decidable.

Proof. Since reachability is decidable for lossy channel systems, the graph
Guz(Wo) can be built effectively. Since Wy is a finite attractor, the graph can
be used to check whether P(M,o¢ = a) > 0 by using the criterion provided by
Proposition 7] (again, using decidability of reachability). Thus it is decidable
whether M7 possibly satisfies a. Now, by Remark[Z4] this entails the decidabil-
ity of checking whether « is satisfied almost surely (resp. almost never). ad

Remark 5.5. From this algorithm, we deduce that, for a PLCS S, whether
P(MZ,0f | «) = 1 does not depend on the exact value of the fault rate 7
or the weight function D of S. a

6 Lossy Channel Systems as Reactive Markov Chains

Seeing LLCS’s as Markov chains requires that we see the nondeterministic choice
between enabled transitions as being made probabilistically (witness the D
weight function in PLCS’s).

However, it is more natural to see these choices as being made nondeter-
ministically: this nondeterminism models the lack of any assumption regarding
scheduling policies or relative speeds (in concurrent systems), or the lack of any
information regarding values that have been abstracted away (in abstract mod-
els), or the latitude left for later implementation decisions (in early designs).
In all these situations, it is not natural to assume the choices are probabilistic.
Even if, for qualitative properties, the exact values in the weight function are not
relevant (Remark [5.H), the probabilistic viewpoint enforces a very strong fair-
ness hypothesis on the nondeterministic choices, something which is not suitable
except perhaps for concurrent systems.
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For these reasons, it is worthwhile to go beyond the Markov chain model and
use reactive Markov chains. Below, a nondeterministic probabilistic lossy channel
system (a NPLCS) is simply a LCS where losses are probabilistic so that the
semantics is given under the form of a RMC instead of a transition system.

Definition 6.1. (Reactive Markov chain semantics of NPLCS’s) The
RMC associated with a NPLCS S and a fault rate 7 is MZ = (Wi U
W_, Wy, P, Py) where Wy and W_ are two copies of the set Q x *¢. Py selects
00,+, the initial configuration, and P is given by

P((q.U)+, (¢, U")-) > 0 iff (0.U) —pert a',U"), (8)

Thus positive configurations are nondeterministic and implement perfect steps
of S, reaching negative configurations where message losses are probabilistic.
Note that the precise value of P(o4,0” ) in (B) is not relevant.

Since the probabilistic configurations are only used as some intermediate
steps between nondeterministic configurations, it is tempting to omit mention-
ing them altogether when discussing the behavior of NPLCS’s. Indeed, in the
next sections, we rarely write configurations with the “—” or “4+” subscript they
require: unless explicitly stated, we always refer to the nondeterministic config-
urations.

7 Model Checking NPLCS’s

Model checking for NPLCS’s is trickier than model checking PLCS’s, and the ex-
istence of the finite attractor does not always allow reducing to a decidable finite
problem. The decidability results we provide below rely on the finite attractor
and downward-closure of reachability sets.

We considered the general case (checking for a Street property) as well as
restricted cases where only properties of the form ¢A (reachability), A (in-
variant), A, O0A; (conjunction of Biichi properties), and \/, OTA,. Below we
adopt the simplifying assumption that all sets A used in properties either are
singletons or have the form 1{s1, ..., s} for a set of control states sq,. .., sg.

We exhibit some decidable cases and some undecidable ones. Most problems
are studied under a cooperative “Ju?...” form because this is easier to reason
about, but all results are summarized in the adversarial form in Fig. Bl below.

7.1 Some Decidable Problems

We start by consider properties of the simple form o = ¢ A. We say a set X C @
is safe for a if (r,e) x A for all z € X. Here the notation “oc —x "
denotes reachability under the constraint that only control states from X are
used (the constraint applies to the endpoints o and ¢’ as well). This coincides
with reachability in the LCS S| x obtained from S by deleting control states from
Q\ X, and is thus decidable.
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Lemma 7.1. There exists a scheduler u such that P(MZ", (s,e) = OA) =1 iff
s belongs to a safe X.

Corollary 7.2. It is decidable whether there exists a scheduler u s.t.
P(MZ", (s,e) = 0A) = 1.

We now consider properties of the special form a = A, 00A;. We say

x € Q is allowed if for alli = 1,...,n, (x,e) = A;. Otherwise z is forbidden. Tt
is decidable whether x is allowed or forbidden.

Lemma 7.3. Assume all states in S are allowed. Then there exists a scheduler
u s.t. P(MZ"(s,e) = a) =1.

Lemma 7.4. Assume x is forbidden and define S —x as the LCS where control
state x has been removed. Then the following are equivalent:
1. There exists a scheduler u s.t. P(Mg"(s,e) = o) = 1.

2. x # s and there exists a scheduler u' s.t. P(M;f;<s7s> Ea)=1.

Corollary 7.5. It is decidable whether there exists a scheduler wu s.t.
P(MS", (s,e) = Ay O0A;) = 1.
7.2 An Undecidable Problem

Theorem 7.6. The problem of checking whether, given a NPLCS S and a Street
property a, P(MZ" |= o) =1 for all schedulers u, is undecidable.

The proof is by reduction from the boundedness problem for LCS’s, shown un-
decidable in [May00].

S’
(outclear) (_clean)~ 7

cleaning gadget

Fig. 1. The NPLCS S’ associated with LCS S

Let S =(Q,{c}, X, A, 0p) be a single-channel LCS that does not use empti-
ness tests, and where oy = (rg, ). We modify S to obtain S’; a new LCS. Fig. I
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where S is in the dashed box, illustrates the construction: S’ is obtained by
adding three control states retry, success and fail, rules allowing to jump from
any S-state r € Q to retry or successE and some additional rules between the
new states, as depicted in Fig.[1l. The “?X” label is a shorthand for all 7a where
a € X. We further insert a cleaning gadget (not described) that allows to move
from retry to ro (in a non-blocking way) but empties the channel in the process:
this ensures we only jump back to S via its initial configuration (rg, ).
If we now see S’ as a NPLCS with some fault rate 7, we have

Proposition 7.7. S is unbounded iff P(ME", oo = OO Tsuccess AOOretry) > 0
for some scheduler u.

Since boundedness of LCS’s is undecidable, we obtain Theorem [Z.6] even for
NPLCS’s without emptiness tests [l

7.3 More Decidability with Finite-Memory Schedulers!

The scheduler we build in the proof of Proposition [[7 is not finite-memory.
By contrast, all the schedulers exhibited in the proofs in Section [[T] are finite-
memory, so that these decidable problems do not depend on whether we restrict
schedulers to the finite-memory ones only.

This observation suggests investigating whether some of our undecidable
problems remain undecidable when we restrict to finite-memory schedulers. It
turns out this is indeed the case.

We consider a NPLCS S and a Biichi property o = A, JOA;. For finite-
memory schedulers, cooperative possibly and cooperative almost-sure are related
by the following fundamental lemma:

Lemma 7.8. There exists a finite-memory scheduler u s.t. P(M{™", (s,€)

a) > 0 iff there is some s € Q and a finite-memory scheduler u' s.t (s,) =
(s',e) and P(MZ" ,(s',e) = a) =1.

Combining with Corollary [[5] and the decidability of reachability, we obtain:

Corollary 7.9. It is decidable whether there exists a finite-memory scheduler u
s.t. P(MS", (s,e) = Aiey O0A;) > 0.

Hence the impossibility stated in Theorem [l can be circumvented with:

Theorem 7.10. The problem of checking whether, given a NPLCS S and a
Street property a, P(MZ" = ) =1 for all finite-memory schedulers u, is decid-
able.

5 Via some internal rule where no reading or writing or test takes place. Since such
rules are easily simulated by writing to a dummy channel, we simplified Def. B and
omitted them.

7 Observe that, because of the idling rule, formulae of the form [0)A where A is
some 1{s1,...,sn}, lead to decidable adversarial problems! This is an artifact and
undecidability reappears as soon as we consider slightly more general sets A, e.g.

A Tsuccess \ (success,e).
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8 Conclusions and Perspectives

When verifying lossy channel systems, adopting a probabilistic view of losses it
is a way of enforcing progress and ruling out some unrealistic behaviors (under
probabilistic reasoning, it is extremely unlikely that all messages will be lost).
Progress could be enforced with fairness assumptions, but assuming fair losses
makes verification undecidable [A.I96a, IMS02]. It seems this undecidability is an
artifact of the standard rigid view asking whether no incorrect behavior exists,
when we could be content with the weaker statement that incorrect behaviors
are extremely unlikely.

We proposed a model for channel systems where at each step losses of mes-
sages occur with some fixed probability 7 € (0,1), and where the nondeterminis-
tic nature of the channel systems model is preserved. This model is more realistic
than earlier proposals since it uses the local-fault model for probabilistic losses,
and since it does not require to view the rules of the system as probabilistic.
(Picking a meaningful value for 7 is not required since the qualitative properties
we are interested in do not depend on that value.)

We advocate a specific approach to the verification of these systems: check
that properties hold almost surely under any finite-memory scheduling policy. It
seems this approach is feasible: these adversarial model checking questions can
be reduced to the decidable reachability questions that are usually verified on
channel systems.

Several questions remain unanswered, and they are good candidates for fur-
ther work:
1. Fig. @ summarizing our results on the decidability of adversarial verification
when there is no restriction to finite-memory schedulers, should be completed. In
the table, “D” and “U” stand for decidable and undecidable. Some decidability
results are trivial and labeled with “d”.
2. Allowing idling makes our decidability proofs much easier (Remark [3:2). We
believe this is just a technical simplification that has no impact on decidability,
but this should be formally demonstrated.
3. On theoretical grounds, it would be interesting to try to extend our work and
consider RMC models of LCS’s where the probabilistic states are not limited to
message losses but could accommodate probabilistic choices between some rules.
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Abstract. In experiments with a resolution-based verification method
for cryptographic protocols, we could enforce its termination by tagging,
a syntactic transformation of messages that leaves attack-free executions
invariant. In this paper, we generalize the experimental evidence: we
prove that the verification method always terminates for tagged proto-
cols.

1 Introduction

The verification of cryptographic protocols is an active research area, see [1-
22]. Tt is important since the design of protocols is error-prone, and testing
cannot reveal potential attacks against the protocols. In this paper, we study
a verification technique based on Horn clauses and resolution akin to [4]524].
We consider a protocol that is executed in the presence of an attacker that
can listen to the network, compute, and send messages. The protocol and the
attacker are translated into a set of Horn clauses such that: if the fact att(M)
is not derivable from the clauses, then the protocol preserves the secrecy of the
message M in every possible execution. The correctness verified is stronger than
the one required since the executions possible in the Horn clause model include
the ones where a send or receive instruction can be applied more than once in
the same session. In practice, the difference between the correctness criteria does
not show (no false alarm arised in our experiments).

The verification technique consists of the translation into Horn clauses, fol-
lowed by the checking of the derivability of facts att(M) by a resolution-based
algorithm. It has the following characteristics.

— It can verify protocols with an unbounded number of sessions.

— It can easily handle a variety of cryptographic primitives, including shared-
key and public-key cryptography (encryption and signatures), hash func-
tions, message authentication codes (mac), and even a simple model of Diffie-
Hellman key agreements. It can also be used to verify authenticity [5].

— It is efficient (many examples of protocols of the literature are verified in less
than 0.1 s; see [5]).
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The resolution-based verification algorithm has one drawback: it does not ter-
minate in general. In fact, in our experiments, we detected infinite loops during
its application to the Needham-Schroeder shared-key protocol [4] and several
versions of the Woo-Lam shared-key one-way authentication protocol [5]. It is
always possible to modify the algorithm to make it work on those cases and any
finite number of other cases, but that will not affect its inherent non-termination
property (inherent by the undecidability of the problem that it tries to solve).
In this paper, we investigate an alternative: tagging the protocol.

Tagging consists in adding a unique constant to each message. For instance,
to encrypt the message m under the key k, we add the tag co to m, so that
the encryption becomes sencrypt((co,m), k). The tagged protocol retains the
intended behaviour of the original protocol; i.e., the attack-free executions are
the same. Under attacks, it is possibly more secure. Therefore, tagging is a feature
of a good protocol design, as explained e.g. in [2]: the receiver of a message uses
the tag to identify it unambiguously; thus tagging prevents type flaws that occur
when a message is taken for another message. (This is formally proved in [16] for
a tagging scheme very similar to ours.) Tagging is also motivated by practical
issues: the decoding of incoming messages becomes easier. For all these reasons,
tags are already present in protocols such as SSH.

In our experiments (including the protocols mentioned above), we obtained
termination after tagging the protocol. In this paper, we give the theory behind
the experiments: the resolution-based verification algorithm always terminates
on tagged protocols. More precisely, on protocols where tags are added to each
use of a cryptographic primitive, which may be among: public-key cryptography
where keys are atomic, shared-key cryptography (unrestricted), hash functions,
and message authentication codes (mac’s).

This means that we show termination for a class of protocols that includes
many relevant examples.

2 Horn Clauses Representing a Protocol

This section and the next one recapitulate the necessary background on the
translation and the algorithm, using material from [4].

Cryptographic protocols can be translated into Horn clauses, either by hand,
as explained in [4]24], or automatically, for instance, from a representation of
the protocol in an extension of the pi calculus, as in [1].

The terms in the Horn clauses stand for messages. The translation uses one
predicate att. The fact att(M) means that the attacker may have the term M.
The fundamental property of this representation is that if att(M) is not derivable
from the clauses, then the protocol preserves the secrecy of M.

The clauses are of two kinds: the clauses in Rprimitives that depend only
on the signature of the cryptographic primitives (they represent computation
abilities of the attacker) and the clauses in Rpyot that one extracts from the
protocol itself.
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Tuples:

Constructor: tuple (M, ..., My)

Destructors: projections ithy, ((Mi, ..., My)) — M;

Shared-key encryption:

Constructor: encryption of M under the key N, sencrypt(M, N)

Destructor: decryption sdecrypt(sencrypt(M, N), N) — M

Public-key encryption:

Constructors: encryption of M under the public key N, pencrypt(M, N)
public key generation from a secret key N, pk(NV)

Destructor: decryption pdecrypt(pencrypt(M, pk(N)),N) — M

Signatures:

Constructor: signature of M with the secret key N, sign(M, N)

Destructors: signature verification checksignature(sign(M, N), pk(N)) — M

message without signature getmessage(sign(M,N)) — M

Non-message-revealing signatures:

Constructors: signature of M with the secret key N, nmrsign(M, N)
constant true

Destructor: signature verification nmrchecksign(nmrsign(M, N), pk(N), M) — true

One-way hash functions:

Constructor: hash function hash(M).

Message authentication codes, keyed hash functions:

Constructor: mac of M with key N, mac(M, N)

Fig. 1. Constructors and destructors

Attacker Clauses (“Rprimitives”) The protocols use cryptographic primitives of
two kinds: constructors and destructors (see Figure [[). A constructor f is used
to build up a new term f(Mj, ..., M,). For example, the term sencrypt(M, N)
is the encoding of the term M with the key N (by shared-key encryption).
A destructor g applied to terms My, ..., M, yields a term M built up from
subterms of My, ..., M,. It is defined by a finite set def(g) of equations written as
reduction rules g(My, ..., M,) — M where the terms M, ..., M,,, M contain only
constructors and variables. For example, the rule sdecrypt(sencrypt(M, N), N) —
M models the decoding of the term sencrypt(M, N) with the same key used for
the encoding.

The attacker can form new messages by applying constructors and destruc-
tors to already obtained messages. This is modeled, for instance, by the following
clauses for shared-key encryption.

att(x) A att(y) — att(sencrypt(z,y)) (sencrypt)
att(sencrypt(z, y)) A att(y) — att(z) (sdecrypt)

The first clause expresses that if the attacker has the message x and the shared
key y, then he can form the message sencrypt(x,y). The second clause means
that if the attacker has the message sencrypt(z,y) and the key y, then he can
obtain the message = (by applying the destructor sdecrypt and then using the
equality between sdecrypt(sencrypt(x,y),y) and x according to the reduction rule
for sdecrypt).
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We furthermore distinguish between data and cryptographic constructors
and destructors and thus, in total, between four kinds of primitives. The set
DataConstr of data constructors contains those f that come with a destruc-
tor g; defined by g;(f(x1,...,2,)) — x; for each i = 1,... n; i.e. g; is used
for selecting the argument of f in the i-th position. It is generally sufficient
to have only tuples as data constructors (with projections as destructors). All
other constructors are said to be cryptographic constructors; they form the set
CryptoConstr. We collect all clauses like the two example clauses above, for each
of the four cases, in the set Rprimitives Of clauses or rules defined below.

Definition 1 (Program for Primitives, Rp;imitives). The program for prim-
itives, Rprimitives, 1S the union of the four sets of Horn clauses corresponding to
each of the four cases of cryptographic primitives:

— ReryptoConstr 18 the set of clauses att(z1)A... Aatt(x,) — att(f(z1,...,2n))
where [ is a cryptographic constructor.

— RbataConstr i the set of clauses att(x1) A ... Aatt(z,) — att(f(z1,...,2,))
where f is a data constructor.

— RcryptoDestr 18 the set of clauses att(Mi) A ... Aatt(M,,) — att(M) where g
is a cryptographic destructor with the reduction rule g(My, ..., M,) — M.

— RpataDestr 18 the set of clauses att(f(x1,...,2xn)) — att(z;) where f is a
data constructor and i =1,...,n.

Protocol Clauses (“Rprot”) We note Rprot the set of protocol clauses. These
include clauses that directly correspond to send and receive instructions of the
protocol and clauses translating the initial knowledge of the attacker.

In a protocol clause of the form

att(My) A ... Aatt(M,) — att(M)

the term M in the conclusion represents the sent message. The hypotheses cor-
respond to messages received by the same host before sending M. Indeed, the
clause means that if the attacker has M, ..., M,, he can send these messages
to a participant who is then going to reply with M, and the attacker can then
intercept this message.

If the initial knowledge of the attacker consists of the set of terms Sy
(containing e.g. public keys, host names, and a name N that represents all names
that the attacker creates), then it is represented by the facts att(M) where M
is a term in Stuit.

We explain protocol clauses on the example of the Yahalom protocol [8]:

Message 1. A— B: (A,N,)

Message 2. B —S: (B,{A4, Ny, N} k,.)

Message 3. S — A:  ({B,Kab, Na, No} oy {A Kab } 3.
Message 4. A — B: ({A, Kab}Kbs’ {Nb}Kab)

In this protocol, two participants A and B wish to establish a session key K,
with the help of a trusted server S. Initially, A has a shared key K, s to com-
municate with S, and B has a shared key K to communicate with .S. In the
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first message, A sends to B his name A and a nonce (fresh value) N,. Then B
creates a nonce N, and sends to the server his own name B and the encryption
{A, No, Ny} k,. of A, N, Ny, under the shared key K. The server then creates
the new (fresh) session key K, and sends two encrypted messages to A. The
first one { B, Kb, No, Nb } . gives the key K, to A, together with B’s name and
the nonces (so that A knows that the key is intended to communicate with B).
The second message cannot be decrypted by A, so A forwards it to B (message
4). B then obtains the session key K. The second part of message 4, { Ny} k., ,
is used to check that A and B really use the same key K,;: B is going to check
that he can decrypt the message with the newly received key. We encode only
one principal playing each role, since others can be included in the attacker.
Message 1 is represented by the clause

att((host(Kas), Na)) (Msgl)

meaning that the attacker gets host(Kas) and Na when intercepting message 1.
In this clause, the host name A is represented by host(Kas). Indeed, the server
has a table of pairs (host name, shared key to communicate between that host
and the server), and this table can be conveniently represented by a constructor
host. This constructor takes as parameter the secret key and returns the host
name. So host names are written host(k). The server can also match a term
host(k) to find back the secret key. The attacker cannot do this operation (he
does not have the key table), so there is no destructor clause for host. There is
a constructor clause, since the attacker can build new hosts with new host keys:

att(k) — att(host(k)) (host)
Message 2 is represented by the clause:
att((a,na)) — att((host(Kbs), sencrypt((a, na, Nb(a, na)), Kbs))) (Msg2)

The hypothesis means that a message (a, na) (corresponding to message 1) must
be received before sending message 2. It corresponds to the situation in which
the attacker sends (a,na) to B, B takes that for message 1, and replies with
message 2, which is intercepted by the attacker. (a and na are variables since B
accepts any term instead of host(Kas) and Na.) The nonce N, is represented by
the function Nb(a,na). Indeed, since a new name is created at each execution,
names created after receiving different messages are different. This is modeled by
considering names as functions of the messages previously received. This model-
ing is slightly weaker than creating a new name at each run of the protocol, but
it is correct: if a secrecy property is proved in this model, then it is true [I]. The
introduced function symbols will be called “name function symbols”. (In mes-
sage 1, the fresh name Na is a constant because there are no previous messages
on which it would depend.)
Message 3 is represented by the clause:

att((host(kbs), sencrypt((host(kas), na, nb), kbs)))
— att((sencrypt((host(kbs), Kab(kas, kbs, na, nb), na,nb), kas), (Msg3)
sencrypt((host(kas), Kab(kas, kbs, na,nb)), kbs)))
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using the same principles. At last, message 4 is represented by
att((sencrypt((b, k, Na, nb), Kas), mb)) — att((mb, sencrypt(nb, k)))  (Msg4)

The message sencrypt((host(Kas), k), Kbs) cannot be decrypted and checked by
A, so it is a variable mb.

The goal of the protocol is to establish a secret shared key K,; between
A and B. If the key was a constant, say K,,, then the non-derivability of the
fact att(K,p) from the Horn clauses presented so far would prove its secrecy.
However, K, as received by A, is a variable k. We therefore use the following
fact. The key K,p received by A is secret if and only if some constant secretA
remains secret when A sends it encrypted under the key K. Thus, we add a
clause that corresponds to the translation of an extra message of the protocol,
Message 5. A — B : {secretA}g,,.

att((sencrypt((host(Kbs), k, Na, nb), Kas), mb))

— att(sencrypt(secretA, k)) (Msg5)
Now, the secrecy of the key K,; received by A can be proved from the non-
derivability of the fact att(secretA) from the set of clauses Rprimitives U Rprot-

For the Yahalom protocol, the translation yields the union of the following
sets of Horn clauses. RcryptoConstr contains (sencrypt) and (host), RcryptoDestr
contains (sdecrypt), RpataConstr contains the tuple construction and RpataDestr
the tuple projections (both not listed), and Rpyot contains (Msgl), (Msg2),
(Msg3), (Msg4) and (Msgb) and three clauses translating the initial knowledge,
att(N), att(host(Kas)), and att(host(Kbs)).

3 The Resolution-Based Verification Algorithm

To determine whether a fact is derivable from the clauses, we use a resolution-
based algorithm explained below. (We use the meta-variables R, H, C, F for rule,
hypothesis, conclusion, fact, respectively.)

The algorithm infers new clauses by resolution as follows: From two clauses
R=H — Cand R = FAH' — C’ (where F is any hypothesis of R’), it infers
Rop R = cH ANoH' — oC’, where C and F are unifiable and o is the most
general unifier of C and F. The clause Ropr R’ is the combination of R and R/,
where R proves the hypothesis F' of R’. The resolution is guided by a selection
function sel. Namely, sel(R) returns a subset of the hypotheses of R, and the
resolution step above is performed only when sel(R) = @) and F € sel(R’).

We can use several selection functions. In this paper, we use:

() if all elements of H are of the form att(x), x variable

sel( ) {{F} where F' # att(x), F € H, otherwise
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The algorithm uses the following optimizations:

— Decomposition of data constructors: decomp takes a clause and returns a
set of clauses, built as follows. For each data constructor f, decomp re-
places recursively all facts att(f (M, ..., My,)) with att(My) A ... Aatt(M,).
When such a fact is in the conclusion of a clause, n clauses are created,
with the same hypotheses and the conclusions att(M),. .., att(M,,) respec-
tively. With decomposition, the standard clauses for data constructors and
projections can be removed. The soundness of this operation follows from
the equivalence between att(f(Mi,...,M,)) and att(M;) A ... Aatt(M,) in
the presence of the clauses att(x1) A ... A att(x,) — att(f(z1,...,2,)) and
att(f(xly D) xn)) — att(xi) in RDataConstr and 7zDataDestr-

— Elimination of duplicate hypotheses: elimdup takes a clause and returns the
same clause after keeping only one copy of duplicate hypotheses.

— Elimination of hypotheses att(z): elimattz eliminates hypotheses att(z) when
x does not appear elsewhere in the clause. Indeed, these hypotheses are
always true, since the attacker has at least one term.

— Elimination of tautologies: elimtaut eliminates all tautologies (that is, clauses
whose conclusion is already in the hypotheses) from a set of clauses.

— simplify groups all these simplifications. We extend elimdup and elimattz
naturally to sets of clauses, and define simplify = elimtaut o elimattz o
elimdup o decomp.

— condense(R) applies simplify to each clause in R and then eliminates sub-
sumed clauses. We say that H; — C7 subsumes Hy — C5 if and only if there
exists a substitution o such that cC; = Cy and o Hy C Hs. If R contains
clauses R and R’, such that R subsumes R’, R’ is eliminated. (In that case,
R can do all derivations that R’ can do.)

We now define the algorithm saturate(Rg). Starting from condense(Ry), the
algorithm adds clauses inferred by resolution with the selection function sel
and condenses the set of clauses at each iteration step until a fixpoint is reached.
When a fixpoint is reached, saturate(Ro) consists of the clauses R in the fixpoint
such that sel(R) = (). By adapting the proof of [4] to this algorithm, it is easy
to show that, for any Ry and any closed fact F', F is derivable from Rap =
Ro U RpataConstr U RDataDestr if and only if it is derivable from saturate(Rg) U
RDataConstr~

Once the clauses of saturate(Rg) have been computed, we use a standard
backward depth-first search to see if a fact can be derived from saturate(Ro) U
7zDataConstr- Taklﬂg RO = RCryptoConstr U RCryptoDestr U RProt, if att(M) can-
not be derived from saturate(Ro) U Rpataconstr then the protocol preserves the
secrecy of M.

The optimizations enable us to weaken the conditions that guarantee termi-
nation. For instance, the decomposition of data constructors makes it possible
to obtain termination without tagging each data constructor application, while
other constructors such as encryption must be tagged. In the Yahalom protocol,
for example, without decomposition of data constructors, the algorithm would
resolve the clause with itself, immediately yielding an infinite loop.
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Another consequence of the optimizations is that not all terms in a clause can
be variables. Indeed, when z € {z1,...,2,}, the clause att(z1) A ... Aatt(z,) —
att(z) is eliminated since it is a tautology. When = ¢ {x1,...,x,}, all hypotheses
are eliminated, so the clause becomes att(x) and all other clauses are eliminated
since they are subsumed by att(z), so the algorithm stops immediately: all facts
can be derived. Thus, when sel(R) = (}, the conclusion of R is not of the form
att(x). Therefore, the above selection function prevents resolution steps in which
att(x) is unified with another fact (actually, with any other fact, which can lead
to non-termination).

4 Sufficient Conditions for Termination

We are now collecting the formal properties of sets of Horn clauses (logic pro-
grams, or programs for short) that together entail termination. The properties
for protocol programs hold for the translation of every protocol. The properties
for plain protocol programs hold for the translation of protocols with a restriction
on their cryptographic primitives and on their keys (this restriction is satisfied
by many interesting protocols, including Yahalom for example). The properties
for tagged protocol programs hold for the translation of those protocols after
they have been tagged. The derivability problem for plain protocol programs is
undecidable (as can be easily seen by a reduction to two-counter machines). The
restriction to tagged programs makes the problem decidable, as will follow.

Given a clause R of the form att(My) A... Aatt(M,,) — att(Mp), we say that
the terms My, My, ..., M, are the terms of R, and we denote the set of terms
of R by terms(R).

Definition 2 (Protocol program). A protocol program is a set of clauses
Ran = Rprimitives U Rprot (where Rprimitives 15 @ program for primitives) that
comes with a finite set of closed terms Sy such that:

C1. For all clauses R in Rproy, there exists a substitution o such that
terms(cR) C Sy.

C2. Every two subterms of terms in Sy of the form a(...) with the same name
function symbol a are identical.

C3. The second argument of pencrypt in Sy is of the form pk(M) for some M.

The terminology “argument of f in Sy” refers to a term M such that
f..,M,...) is a subterm of a term in Sy. To see why these conditions are
satisfied by a translation of a protocol, let us consider the intended messages
of the protocol. These are the exchanged messages when the attacker does not
intervene and when there is no unexpected interaction between sessions of the
protocol. We denote by My, ..., My the closed terms corresponding to these mes-
sages. Each participant does not necessarily have a full view of the messages he
receives; instead, he accepts all messages that are instances of patterns represent-
ing the information he can check. The terms My, ..., M} are particular instances
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of these patterns. So the protocol is represented by clauses R such that there ex-
ists o such that terms(cR) C {Mj, ..., My }. Defining So = { My, ..., My }USmit,
we obtain Cl1.

For instance, the intended messages for the Yahalom protocol are

= (host(Kas), Na)

= (host(Kbs), sencrypt((host(Kas), Na, My, ), Kbs))

= (sencrypt((host(Kbs), Mk, Na, My, ), Kas), sencrypt((host(Kas), M), Kbs))
M4 = (sencrypt((host(Kas), Mk ), Kbs), sencrypt(My,, Mk))
M5 = sencrypt(secretA, M)

with My, = Nb(host(Kas), Na) and Mg = Kab(Kas, Kbs, Na, My, ). It is easy to
check that the clauses (MsgI)—(Msgh) satisfy the condition C1.

Condition C2 models that each name function symbol is created at a unique
occurrence in the protocol. Condition C3 means that, in its intended behaviour,
the protocol uses public-key encryption only with public keys.

Definition 3 (Plain protocol program). A plain protocol program is a pro-
tocol program Ran with associated set of closed terms Sy, such that:

C4. The only constructors and destructors are those of Figure[d, plus host.
C5. The arguments of pk and host in Sy are atomic constants.

Condition C5 essentially means that the protocol only uses pairs of atomic keys
for public key cryptography, and atomic keys for long-term secret keys.
Tagging a protocol is a simple syntactic annotation of messages. We add a
tag to each application of a primitive sencrypt, pencrypt, sign, nmrsign, hash, mac,
such that two applications of the same primitive with the same tag have the
same parameters. For example, after tagging the Yahalom protocol becomes:

Message 1. A — B : (A, N,)

Message 2. B — S : (B {c1,A, No, No}k,.)

Message 3. S — A: ({c2, B, Kap, No, No} c,.., {¢3, A, Kap } .,
Message 4. A — B : ({c3, A, Kab } k.5 {4, No } K,,)

If the original protocol translates to a plain protocol program, its tagged version
translates to a tagged protocol program, as defined below.

Definition 4 (Tagged protocol program). A tagged protocol program is a
plain protocol program Ray with associated set of closed terms Sy such that:

C6. If f € {sencrypt, pencrypt,sign, nmrsign, hash, mac} occurs in a term in
So or in terms(R) for R € Rprot, then its first argument is the tuple
(c, My,...,M,,) for some constant ¢ and terms M, ..., M,.

C7. Every two subterms of terms in Sy of the form f((c,...),...) with the same
primitive f € {sencrypt, pencrypt, sign, nmrsign, hash, mac} and the same tag
c are identical.
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The condition that constant tags appear in terms(R) (Condition C6) means
that honest protocol participants always check the tags of received messages
(something that the informal description of a tagged protocol leaves implicit)
and send tagged terms. The condition also expresses that the initial knowledge
of the attacker consists of tagged terms.

5 Termination Proof

Instead of giving the termination proof in one big step, we first consider a special
case (Section B.1]), and then describe the modification of the first proof that yields
the proof for the general case (Section B.2).

The special case is defined in terms of the sets Paramsyk and Paramsnest of
arguments of pk resp. host in Sy, namely by the condition that these sets each
have at most one element.

This restriction is meaningful in terms of models of protocols: it corresponds
to merging several keys. In the example of the Yahalom protocol, this means
that, in the clauses, the keys Kas and Kbs should be replaced with a single
key, ko (so the host names A = host(Kas) and B = host(Kbs) are replaced
with a single name host(kg)). When studying secrecy, merging all keys of honest
hosts in this way helps to model cases in which one host plays several roles in
the protocol. The secrecy for the clauses with merged keys implies secrecy for
the protocol without merged keys. However, this merging is not acceptable for
authenticity [5]. This is why we also consider the general case in Section [5.2]

5.1 The Special Case of One Key

We now define weakly tagged programs by the conditions that we use in the
first termination proof. In the special case, these conditions are strictly more
general than tagged protocol programs. This plays a role to deduce termination
for protocols that are not explicitly tagged (see Remark [)).

A term is said to be non-data when it is not of the form f(...) with f in
DataConstr. The set sub(S) contains the subterms of terms in the set S.

The set tagGen contains the non-variable non-data subterms of terms
of clauses in Rpyy and of terms Mi,...,M, in clauses of the form
att(f(Ma, ..., My)) Aatt(x1) A... Aatt(zy,) — att(z) in condense(RcryptoDestr)
(this is the form required in W1 below). This set summarizes the terms that
appear in the clauses and that should be tagged.

Definition 5 (Weakly tagged programs). A program Ran of the form
Ran = Rprimitives U Rprot (Where Rprimitives 1S @ program for primitives) is
weakly tagged if there exists a finite set of closed terms Sy such that:

W1. All clauses in the set R’CryptoDestr = condense(RcryptoDestr) are of the form
att(f(My, ..., My)) Aatt(z1) A ... Aatt(x,) — att(z)

where f € CryptoConstr, z is one of My,..., My, and f(My,...,M,) is
more general than every term of the form f(...) in sub(So).
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W2. For all clauses R in Rprot, there exists a substitution o such that
terms(ocR) C Sp.

W3. If two terms My and My in tagGen unify, Ny is an instance of My in
sub(Sy), and Ny is an instance of My in sub(Sy), then N1 = Ns.

Condition W3 is the key of the termination proof. We are going to show
the following invariant: all terms in the generated clauses are instances of terms
in tagGen and have instances in sub(Sp). This condition makes it possible to
prove that, when unifying two terms satisfying the invariant, the result of the
unification also satisfies the invariant; this is because the instances in sub(Sp) of
those two terms are in fact equal. Condition W1 guarantees that this continues
to hold if only one of the two terms satisfies the invariant and the other stems
from a clause in Ry piopestr

Proposition 1. A tagged protocol program where Paramshest and Paramsgg
each have at most one element, is weakly tagged.

Proof. For condition W1, the clauses for sdecrypt, pdecrypt, and getmessage are:

att(sencrypt(z, y)) A att(y) — att(z) (sdecrypt)
att(pencrypt(z, pk(y))) A att(y) — att(z) (pdecrypt)
att(sign(z,y)) — att(x) (getmessage)

and they satisfy condition W1 provided that all public-key encryptions in Sy are
of the form pencrypt(My, pk(Ms)) (that is C3). The clauses for checksignature
and nmrchecksign are

att(sign(z,y)) A att(pk(y)) — att(x) (checksignature)
att(nmrsign(z,y)) A att(pk(y)) A att(z) — att(true) (nmrchecksign)

These two clauses are subsumed respectively by the clauses for getmessage (given
above) and true (which is simply att(true) since true is a zero-ary constructor),
so they are eliminated by condense, i.e., they are not in R,y piopestr- (This is
important, because they do not satisfy condition W1.)

Condition W2 is identical to condition C1. We now prove condition W3. Let

S1={f((ci,z1,. . Tpn), @, 2h) |
f € {sencrypt, pencrypt, sign, nmrsign, hash, mac} }
U{a(z1,...,2,) | @ name function symbol}
U {pk(z), host(z)} U {c | ¢ atomic constant}

By condition C4, the only term in tagGen that comes from clauses of 7'\’,’Crypt0Destr
is pk(z). Using condition C6, all terms in tagGen are instances of terms in S;
(noticing that tagGen does not contain variables). Using conditions C2, C5, C7,
and the fact that Paramspk and Paramspest have at most one element, each term
in S; has at most one instance in sub(Sp).
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If My and Ms in tagGen unify, they are both instances of the same element
M’ in S (since different elements of S; do not unify with each other). Let Ny
and Ny be any instances of M; and My (respectively) in sub(Sp). Then N7 and
Ny are instances of M’ € S7 in sub(Sp) so N1 = Na. Thus we obtain W3. O

Remark 1. The Yahalom protocol is in fact weakly tagged without explicitly
adding constant tags (after merging the keys Kas and Kbs). Indeed, since differ-
ent encryptions in the protocol have a different arity, we can take sencrypt((x1,
..., Ty),2") in S7 in the proof above, and use the same reasoning as above to
prove the condition W3. This shows both that type flaws cannot happen in the
original protocol, and that the algorithm also terminates on the original proto-
col. We can say that the protocol is “implicitly tagged”: the arity replaces the
tag. This situation happens in some other examples, and can partly explain why
the algorithm often terminates even for protocols without explicit tags.

A term is top-tagged when it is an instance of a term in tagGen. Intuitively,
referring to the case of explicit constant tags, top-tagged terms are terms whose
top function symbol is tagged. A term is fully tagged when all its non-variable
non-data subterms are top-tagged.

We next show the invariant that all terms in the generated clauses are non-
data, fully tagged, and have instances in sub(Sp). Using this invariant, we show
that the size of an instance in sub(Sp) of a clause obtained by resolution from R
and R’ is smaller than the size of an instance of R or R’ in sub(Sp). This implies
the termination of the algorithm.

Let us define the size of a term M, size(M), as usual, and the size of a clause
by size(att(My)A. .. Aatt(M,,) — att(M)) = size(M)+. . .+ size(M,,)+ size(M).
The hypotheses of clauses form a multiset, so when we compute size(cR) and
the substitution o maps several hypotheses to the same fact, this fact is counted
several times in size. Intuitively, the size of clauses can increase during resolu-
tion, because the unification can instantiate terms. However, the size of their
corresponding closed instance in sub(Sp) decreases.

Proposition 2. Assuming a weakly tagged program (Definition [3]) and Ry =
R CryptoConstr UR CryptoDestr U Rprot , the computation of saturate(Ro) terminates.

Proof. We show by induction that all rules R generated from R either are in
RcryptoConstr U R’CryptoDestr, or are such that the terms of R are non-data, fully
tagged, and mapped to sub(Sy) by a substitution o, i.e., terms(cR) C sub(Sp).
First, we can easily show that all rules in condense(R) satisfy this property.
If we combine by resolution two rules in RcryptoConstr U R’CryptoDeStr, we in
fact combine one rule of Rcryptoconstr With one rule of Raryptobest:- The resulting
rule is a tautology by condition W1, so it is eliminated immediately.
Otherwise, we combine by resolution a rule R such that the terms of R
are non-data and fully tagged, and there exists a substitution o such that
terms(oR) C sub(Sp), with a rule R’ such that one of 1., 2., or 3. holds.
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1. The terms of R’ are non-data and fully tagged, there exists a substitution ¢’
such that terms(o’R") C sub(Sp), and sel(R’) = 0 (in which case sel(R) # ().

2. R e RcryptoConstr-

3. R eR

!/
CryptoDestr*

Let R” be the rule obtained by resolution of R and R’. We show that the terms of
R’ are fully tagged, and there exists a substitution ¢’ such that terms(c” R") C
sub(Sp) and size(c” R") < size(oR).

Let My, ..., M, be the terms of R, att(My) being the atom of R on which we
resolve. In all cases, the terms of R’ are M’,x1,...,x, , the variables 1, ..., Z,
occur in M’ and are pairwise distinct variables, and att(M’) is the atom of R’
on which we resolve. (In case[d], because sel(R') = 0 and by the optimizations
elimattz and elimdup; in case Bl by definition of constructor rules; in case Bl
by W1.) The terms My and M’ unify, let o, be their most general unifier.
Then the terms of R” are oux1,...,0,Tn,0,Mi,...,00,M,. By the choice of
the selection function, the terms My and M’ are not variables.

We know that oMy, ..., oM, are in sub(Sy). We show that there exists o’
such that oMy = o’ M’.

— In case [[] there exists o’ such that o’ M’ € sub(Sp). The terms My and M’
are non-data fully tagged, so all their non-variable non-data subterms are
top-tagged. In particular, since they are not variables, My and M’ themselves
are top-tagged, i.e., My is an instance of some Ny € tagGen and M’ is an
instance of some N{§ € tagGen. Since My and M’ unify, so do Ny and N{,
o'M’ is an instance of N{ in sub(Sp), oMy is an instance of Ny in sub(Sy),
so by condition W3, ¢’ M’ = oM.

— In case 2l M’ is of the form f(x1,...,2, ). Since My is not a variable and
unifies with M’, My has root symbol f, so 0 My is an instance of M’.

— In case[3, by condition W1, M’ is more general than every term in sub(Sp)
with the same root symbol, hence the instance oMy of the term M, that is
unifiable with M’ and thus has the same root symbol.

The substitution equal to ¢ on the variables of R and to ¢’ on the variables
of R’ is then a unifier of My and M’. Since o, is the most general unifier, there
exists o’ such that ¢”0, is equal to o on the variables of R, and to ¢’ on the
variables of R’. Thus the terms of ¢ R"” are ¢'x1,...,0'x,,0My,...,0M,. The
terms o'z, ...,0'x, are subterms of o’ M’ = oM, which is in sub(Sp), so they
are also in sub(Sp). So all terms of o” R are in sub(Sp).

Moreover, size(c”’ R") < size(c’R). Indeed, x1,...,2, occur in M’ and are
different variables. So o’x1, ..., 0"z, are disjoint subterms of ¢’ M’, and M’ does
not consist of only a variable, so size(o'z1) + ... + size(c'xy) < size(c' M') =
size(oMy), and size(c” R") < size(cMp) + ... + size(ocM,,) = size(oR).

We show that the terms of R” are fully tagged.

— In case [ since o, is the most general unifier of fully tagged terms, we can
show that, for all x, o, is fully tagged, so for all fully tagged terms M, we
can show that o, M is fully tagged, so the terms of R” are fully tagged.
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— In case] for x among x1, ..., %, , 0,7 is a subterm of My, so is fully tagged.
The terms o, M, ...,0,M, are equal to My, ..., M,, also fully tagged.

— Incasel3, M’ = f(M],..., M) and My = f(M},..., M), so o, is also the
most general unifier of the pairs (M7, M), ..., (M},, M) of fully tagged
terms. So we conclude as in case [[]

Finally, the terms of R’ are fully tagged, terms(c”R"”) C sub(Sp), and
size(c” R") < size(oR).

Then it is easy to show that all rules Ry € simplify(R') obtained after
simplification of R” have non-data fully tagged terms and satisfy terms(c”’ Rs) C
sub(Sp), and size(c”' Rs) < size(ocR). Indeed, all rules in decomp(R") satisfy this
property. (The decomposition of data constructors transforms fully tagged terms
into non-data fully tagged terms.) This property is preserved by elimdup and
elimattz.

Therefore, for all generated rules R, there exists o such that size(cR) is
smaller than the maximum initial value of size(cR) for a rule of the protocol.
There is a finite number of such rules (since size(R) < size(ocR)). So the algo-
rithm terminates. m|

The termination of the backward depth-first search for closed facts is easy
to show, for example by a proof similar to that of [4]. Essentially, the size of
the goal decreases, because the size of the hypotheses of each clause is smaller
than the size of the conclusion. (Recall that all terms of hypotheses of clauses
of saturate(Ro) U RpataConstr are variables that occur in the conclusion.) So we
obtain:

Theorem 1. The resolution-based verification algorithm terminates for weakly
tagged programs and closed facts.

As a corollary, by Proposition[], we obtain the same result for tagged protocol
programs, when Paramsnost and Paramsyk have at most one element.

5.2 Handling Several Keys

The extension to several arguments of pk or of host requires an additional step.
We define a homomorphism A from terms to terms that replaces all elements
of Paramspk and of Paramshes: with a special constant ko. We extend h to
facts, clauses, and sets of clauses naturally. For the protocol program h(Rprot),
Paramspk and Paramsnes: cach have at most one element. So by Proposition [
when Rp,ot is a tagged protocol program, h(Rpyot) is a weakly tagged program.

Let Rprot be any program such that h(Rpyot) is a weakly tagged program.
We consider a “less optimized algorithm” in which elimination of duplicate hy-
potheses and of tautologies are performed only for facts of the form att(z) and
elimination of subsumed clauses is performed only for the condensing of rules
of ReryptoDestr- We observe that Theorem [I] holds also for the less optimized
algorithm, with the same proof, so this algorithm terminates on h(Rpyot). All
resolution steps possible for the less optimized algorithm applied to Rp,ot are
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possible for the less optimized algorithm applied to h(Rpyot) as well (more terms
are unifiable, and the remaining optimizations of the less optimized algorithm
commute with the application of h). Then the less optimized algorithm termi-
nates on Rpyot- We can show that then the original, fully optimized algorithm
also terminates.

In particular, the algorithm terminates for all tagged protocol programs and
for implicitly tagged protocols, such as the Yahalom protocol without tags by
Remark [T

Theorem 2. The resolution-based verification algorithm terminates for tagged
protocol programs and closed facts.

We recall that a tagged protocol program may be obtained by translating a
protocol after tagging, and that the algorithm checks the non-derivability of the
closed fact att(M), which shows the secrecy of the message M.

Although, for tagged protocols, the worst-case complexity of the algorithm
is exponential (we did not detail this result by lack of space), it is quite efficient
in practice. It remains to be seen whether there exists a smaller class containing
most interesting examples, and for which the algorithm is polynomial.

6 Related Work

The verification problem of cryptographic protocols is undecidable [13], so one
either restricts the problem, or approximates it.

Decision procedures have been published for restricted cases. In the case
of a bounded number of sessions, for protocols using public-key cryptogra-
phy with atomic keys and shared-key cryptography, protocol insecurity is NP-
complete [23], and decisions procedures appear in [11/19]23]. When messages are
bounded and no nonces are created, secrecy is DEXPTIME-complete [13]. Strong
syntactic restrictions on protocols also yield decidability: [10] for an extension
of ping-pong protocols, [3] with a bound on the number of parallel sessions, and
restricted matching on incoming messages (in particular, this matching should
be linear and independent of previous messages). Model-checking also provides
a decision technique for a bounded number of sessions [18] (with additional con-
ditions). It has been extended, with approximations, to an unbounded number
of sessions using data independence techniques [6722], for sequential runs, or
when the agents are “factorisable”. (Essentially, a single run of the agent has to
be split into several runs, such that each run contains only one fresh value.)

On the other hand, some analyses terminate for all protocols, but at the
cost of approximations. For instance, control-flow analysis [20] runs in cubic
time, but does not preserve relations between components of messages, hence
introduces an important approximation. Interestingly, the proof that control flow
analysis runs in cubic time also relies on the study of a particular class of Horn
clauses. Techniques using tree automata [I5] and rank functions [I7] also provide
a terminating but approximate analysis. Moreover, the computation algorithm
of rank functions assumes atomic keys.
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It has been shown in [I6] that tagging prevents type flaw attacks. It may
be possible to infer from [I6] that the depth of closed terms can be bounded in
the search for an attack. This yields the decidability by exhaustive search, but
does not imply the termination of our algorithm (in particular, because clauses
can have an unbounded number of hypotheses, so there is an infinite number of
clauses with a bounded term depth).

As for the approach based on Horn clauses, Weidenbach [24] already gave
conditions under which his algorithm terminates. These conditions may give
some idea of why the algorithm terminates on protocols. They do not seem to
apply to many examples of cryptographic protocols.

Other techniques such as theorem proving [21] in general require human
intervention, even if some cases can be proved automatically [9/T2]. In general,
typing [1JT4] requires human intervention in the form of type annotations, that
can be automatically checked. The idea of tagging already appears in [I4] in a
different context (tagged union types).

7 Conclusion

We have given the theory behind an experimental observation: tagging a protocol
enforces the termination of the resolution-based verification technique used. Our
work has an obvious consequence to protocol design, namely when one agrees
that a design choice in view of a-posteriori verification is desirable.

Our termination result for weakly tagged protocols explains only in part
another experimental observation, namely the termination for protocols without
explicit tags. Although many of those are weakly tagged, some of them are not
(for instance, the Needham-Schroeder public key protocol). The existence of a
termination condition that applies also to those cases is open.
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Abstract. Explicit substitutions (ES) were introduced as a bridge be-
tween the theory of rewrite systems with binders and substitution, such
as the A-calculus, and their implementation. In a seminal paper P.-
A. Mellies observed that the dynamical properties of a rewrite system and
its ES-based implementation may not coincide: he showed that a strongly
normalising term (i.e. one which does not admit infinite derivations) in
the A-calculus may lose this status in its ES-based implementation. This
paper studies normalisation for the latter systems in the general setting
of higher-order rewriting: Based on recent work extending the theory of
needed strategies to non-orthogonal rewrite systems we show that needed
strategies normalise in the ES-based implementation of any orthogonal
pattern higher-order rewrite system.

1 Introduction

This paper studies normalisation for calculi of explicit substitutions (ES) im-
plementing higher-order term rewrite systems (HORS). The latter are rewrite
systems in which binders and substitution are present, the A-calculus [Bar84] be-
ing a typical example. A recent approach to the implementation of HORS is the
use of ES [ACCLI1, [BBLRD96, [KR95, [DG01]. ES were introduced as a bridge
between HORS and their concrete implementations. Their close relation with
abstract reduction machines [ACCL91] [HMP96, BBLRDY6| allows us to speak
of ES-based implementations of HORS. The idea behind these implementations
is that the complex notion of substitution is promoted to the object-level by
introducing new operators into the language in order to compute substitutions
explicitly. This allows HORS to be expressed as more fine-grained (first-order)
rewrite systems in which no complex substitution nor binders are present. Such
a process may be applied to any HORS [BKROI]. As an example Fig. [[l shows
the rules of Ao [ACCL91], a calculus of ES implementing the A-calculus (based
on de Bruijn indices notation [dB72| in order to discard annoying issues related
to the renaming of Variable).

! Variables in terms are represented as positive integers. Eg. Az.z is represented as A1,
Ax. Ay.x as A2, and Ax.y as A2.

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 153-[68] 2003.
© Springer-Verlag Berlin Heidelberg 2003



154 Eduardo Bonelli

Terms X:=n|XX|AX | X]s]

Substitutions s:=id |1 | X -s|sos
AX)Y —paa X[V -id]
(XY)[s] mapp  X[s]Y]s] (X-s)ot  —mmp  X[t]-(sot)
AX)[s] —ram  AX[1-(so1)] idos —1dL s
X[s][t] —cios X[sot] (s1082) 083 —ass s10(s2083)
1[X . 5} — VarCons X T © (X : 8) 7 ShiftCons S
1[4d] —Varrd 1 Toid —Shifld |

Fig. 1. The Ao calculus

An obstacle which arises when using ES for implementing HORS is that
results on normalisation which hold in the higher-order rewriting setting may
not be preserved in its implementation. A well-known example of this mismatch
is due to Mellies [Mel95]: he exhibited a strongly normalising (typed) term in the
A-calculus for which the Ao-calculus introduces an infinite derivation. However,
the problem is not confined to the setting of A-calculus but rather affects any
HORS. For example the following well-typed Haskell program:

map (\x — (map id [ map id [truel 1)) [ map id [true] ]

(where id abbreviates \x — x) is easily seen to be strongly normalising (and
reduces to [[[truelll), however its ES-based implementation (cf. Ex. 2)) may
introduce infinite derivations for it in a similar way to [Mel95] (see [Bon03]).

This mismatch calls for careful consideration of normalising strategies in
the context of ES-based implementations of HORS. This paper studies normal-
isation in the latter systems based on needed strategies, a notion introduced
in [HL91]. Needed strategies are those which rewrite redexes which are “needed”
(cf. Section 2:2) in order to attain a normal form, assuming it exists. For eg.
the underlined redex in 1[2 - (A1) 1 - id] is not “needed” in order to achieve a
normal form since there is derivation, namely 1[2 - (A1) 1 - id] — varcons 2, that
never reduces it. In fact the infinite Ao-derivation of the aforementioned Haskell
program takes place inside a substitution s in a term of the form 1[X - s].

The literature on needed strategies for HORS has required the systems
to be orthogonal [HL9Il Mar92, [GKKOOB. A system is orthogonal if no con-
flicts (overlap) between redexes may arise. Neededness for orthogonal systems
does not suffice in our setting since HORS (even orthogonal ones) are im-
plemented as non-orthogonal systems in the ES-based approach. For eg., al-
though the A-calculus is orthogonal, Ao is not, as witnessed by the critical pair:
(AX)[s]Y[s] «—app (AX)Y)[s] = Beta X[Y - id][s]. However, recently an exten-
sion has been introduced for non-orthogonal systems [Mel96] [Mel00]. Motivated
by this work on needed derivations for non-orthogonal systems we prove the fol-
lowing new result: all needed strategies in ES-based implementations of arbitrary

2 An exception is [00s99] however only weakly orthogonal systems are studied.
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orthogonal pattern HORS normalise. This extends the known result [Mel00] that
needed strategies in Ao normalise.

As an example of (one of) the issues which must be revisited in the extended
setting of HORS is a result [Mel00| Lem.6.4] which states that if the first redex in
a standard Ao-derivation occurs under a “A” symbol, then the whole derivation
does so too. A standard derivation is one in which computation takes place
in an outside-in fashion (Def. [[). What makes “\” so special in this regard
in the Ao-calculus is that creation of redexes above “)\”, from below it, is not
possible. We introduce the notion of contributable symbol in order to identify
these special symbols in the ES-based implementation of arbitrary higher-order
rewrite systems (under our definition “A” is uncontributable), and prove an
analogous result.

Structure of the paper. Section [2 reviews the FRSy, higher-order rewrit-
ing formalism and the theory of neededness for orthogonal systems together with
Mellies’ extension to non-orthogonal ones. Section B identifies the Standard-
Projection Proposition as the only requirement for an orthogonal pattern HORS
to verify normalisation of needed strategies. Section Hl is devoted to verifying
that the latter holds for HORS. We then conclude and suggest possible future
research directions.

2 Setting the Scene

2.1 The ERSg Formalism and Its ES-based Implementations

The FERS;, formalism. FRSg, is a higher-order rewriting formalism based
on de Bruijn indices notation [BKRO00]. Rewrite rules are constructed from
metaterms; metaterms are built from: de Bruijn indices 1,2,..., metavariables
X1,Y1, Z;, ... where [ is a label (i.e. a finite sequence of symbols) over an alphabet
of binder indicators a, 3, . . ., function symbols f,g,h, ... equipped with an arity
n with n > 0, binder symbols A\, u,v,&, ... equipped with a positive arity, and
a metasubstitution operator M[N]. Terms are metaterms without occurrences
of metavariables nor metasubstitution. A rewrite rule is a pair of metaterms
L — R such that: the head symbol of L is either a function or a binder symbol,
all metavariables occurring in R also occur in L (disregarding labels), and there
are no metasubstitutions in L. An FRS4, R is a set of rewrite rules. The \o-
calculus of Fig. [[lis an ERSy (as well as all first-order rewrite systems). Two
other examples are:

Ezample 1 (ERSg, rewrite rules).

app()‘XmYe) 7 Bap XQ[[YG]]

map(§Xa, ml) —map.1 nil

map(fxfh CO’(lS(}/e, Ze)) _>ma.p.2 cons(Xa [[Kﬂ7 map(§X0u Ze))

A rewrite step is obtained by instantiating rewrite rules with valuations; the
latter result from extending assignments (mappings from metavariables to terms)
to the full set of metaterms and computing metasubstitutions M[N] by the
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usual de Bruijn substitution [BKRO0]. The labels in metavariables are used to
restrict the set of valuations to “good” ones. For example, the classical ng, rule
is written A(app(Xa,1)) —4, Xe. The X, and X, indicate that a valuation
is good if it assigns X, and X, some term ¢ in which 1-level indices do not
occur free, for otherwise this index would be bound on the LHS and free on
the RHS. Another example is imply (3VX g, V3X3a) — Comm true where a good
valuation must verify that if ¢ is assigned to X,g then the term resulting from
t by interchanging 1 with 2-level indices must be assigned to Xg, [BKRO0].

A redex r is a triple consisting of a term M, a valuation, and a position? p in
M such that M at position p is an instance of the LHS of a rewrite rule via the
valuation; the induced rewrite step is written M —, N. Letters 7, s,t,... stand
for redexes. We use — for the rewrite step relation induced by an FRSg, R
and —»x for its reflexive-transitive closure. A derivation is a sequence of rewrite
steps; we use |¢| for the length (number of rewrite steps) of a derivation ¢;
letters ¢, @, ... stand for derivations. If r1,...,7, are composable rewrite steps
then ry;...;r, is the derivation resulting from composing them. Derivations that
start (resp. end) at the same term are called coinitial (resp. cofinal).

ES-based implementations of HORS. Any FRSg may be implemented
as a first-order rewrite system with the use of ES [BKROIl Bon01]. The im-
plementation process (cf. Rem. [[) goes about dropping labels in metavariables
and replacing metasubstitution operators e[e] in rewrite rules with explicit sub-
stitutions e[e - id]. Also, new rules - the substitution calculus - are added in
order to define the behavior of the new explicit substitutions; roughly, this cal-
culus is in charge of propagating substitutions until they reach indices and then
discarding the substitutions or replacing the indices. In this paper we use the
o-calculus [ACCLYI]| as substitution calculud], its rules have been presented
in Fig. [ (disregarding Beta); it is confluent [ACCLIT] and strongly normalis-
ing [CHR92]. If R is an ERS, then we write RES for its ES-based implementa-
tion and refer to it as an implementation (of R).

Ezample 2.

(ﬂdb)ES:/\o
mapf_s = map.15> U map.25 U o where:
map(§X, nil) — ES(map.1) Ml
map(§X, cons(Y, Z)) — gs(map.2) cons(X[Y - id], map(X, Z))

Two basic properties of ES-based implementations of HORS are Simulation
(if M —x N then for some M’, M —ges M’ —, o(IN), where o(NN) denotes the
o-normal form of N) and Projection (M —gxes N then o(M) - o(N)). For eg.
map (€ (cons(1, nil)), cons(2, nil)) —map.2 cons(cons(2, nil), map(&(cons(1, nil)), nil))
may be simulated in its ES-based implementation as:

3 As usual, positions are paths in (terms represented as) trees [D.J90, BNOS].

4 The rules App and Lam in Fig. [ are present because Ao implements Bg; in the
general case we would have f(X1,...,Xn)[s] —runc, f(X1[s],...,Xn]s]) for each
function symbol f and &(X1,..., Xn)[s] —ginde E(X1[1- (s01)],..., Xu[l- (s01)])
for each binder symbol &.
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(&(cons(1, nil)), cons(2, nil))
— ES(map.2) cons(cons(1, nil)[2 - id], map(&(cons(1, nil)), nil))
— Funceons  cONS(cons(1[2 - id], nil[2 - id]), map(&(cons(1, nil)), nil))
— Varcons  cons(cons(2, nil[2 - id]), map(§(cons(1, nil)), nil))
( (2, nil), map(&(cons(1, nil)), nil))

map

— Func, cons(cons

nil

Remark 1. We restrict attention to a subset of FRSy;, namely the class of Pat-
tern ERSq(PERSgy). This corresponds to the usual requirement that LHS
of rules be higher-order patterns in other rewrite formalisms [Mil91), [Nip91]
KOvR93]. R is defined to be a pattern ERSy, if its ES-based implementation
does not contain explicit substitutions on the LHS. For example, 14, is trans-
lated to A(app(X[1],1)) —Esm,) X And Comm to imply(IVX,V3X[2-1- (T
o 1)]) — true BKRO1]. Thus 74, and Comm are not pattern ERSg; those of
Ex. M are. The former exhibit the fact that when translating to an ES-based set-
ting, higher-order matching may not always be coded as syntactic matching. The
“occurs check” imposed by 714, or the “commutation of indices check” imposed
by Comm are complex features of higher-order matching that require further
machinery (matching modulo the calculus of ES) in order to be mimicked in a
first-order setting. This is why we consider pattern FRSgy;.

2.2 Standardisation and Neededness

The notion of standard derivations in rewritinéﬁ may be formalised using the
redex-permutation approach [Klo80, Mel96]. We revisit this approach very briefly.

Given two non-overlapping redexes r, s in some term M we define the notion
of a redex residual of r after contracting s (written r/s) with an example. In
M = (AA(22))((A1)2)3 —p5, (A((A1)3)((A1)3))3 = N, the residuals of r =
((A\1)2) in M after contracting the underlined redex s are the two copies of
(A\1)3 in N. Note that s has no residuals in N (i.e. for any s, s/s = ), and
also that r/s is a finite set of redexes. The outermost redex in N is said to
be created since it is not the residual of any redex in M. If Uy, is a finite set
of non-overlapping redexes (r,s € Uy implies r does not overlap s) in M and
s is a redex in M, then Uy/s = {v|Fu € Upy,v € u/s}. The residuals of r
after a derivation r1;...;7, coinitial with it is defined as ((r/r1)/r2).../rn. A
development of Uy is a derivation ¢ = rq;...;7y 8.t 7 € Upg /(715 .. ;7i—1) for
i € 1..n and Ups/¢ = ( (if this last condition is not satisfied we say ¢ is a partial
development of Upyr). A well-known result called Finite Developments states that
all partial developments are finite [Bar84, [00s94]. This allows one to prove the
following:

Proposition 1 (Parallel Moves or Basic Tile Lemma [Bar84, [HL91]).
Given two non-overlapping redexes r,s in some term M, the divergence result-
ing from contracting v and s may be settled by developing their corresponding
residuals (Fig. [@(a)). Moreover, for any w in M, u/(r;s/r)=u/(s;1/s).

5 In the sequel we restrict attention to left-linear rewrite systems: variables occur at
most once in LHSS.
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N P ﬁ ~L ., y 7~ ;
N2 N2
(c: disjoint case) (d: nested case - s nests )

Fig. 2. Tiles

Fig.[2A(b) shows two basic tiles in the A-calculus, where K = A\2. As depicted,
these basic tiles may be “glued” in order to construct tilings between some
coinitial and cofinal derivations ¢ and ¢, in which case we write ¢ = ¢ and
say that ¢ and ¢ are Lévy-Permutation Equivalent [Lév78, [Klo80, Mel96]. For
example, s1;71;72 = T3; S2; 72, however I([1) —g, I1# I(I1) —p, I1, where
I = Al. Moreover, by comparing the relative positions of  and s ((1) disjoint,
left tile in Fig. B{b) and (2) nested - a redex s nests r when the position of s is
a prefix of the position of r - right tile in Fig. Z(b)) we can orient these tiles as
indicated in Fig. 2(c,d) and define standard derivations.

Definition 1 (Standard derivation).

1. Let r,s be cointial redexes. If they are disjoint, then r;s/r<s;r/s models
a reversible tile; if s nests r, then r;s/r > s;r/s models an irreversible
one. A reversible step (=) is defined as ¢1;1;5/T; 2 = P15 8;7/5; do where
r;s/rs;r/s; an irreversible one (:1>) as ¢1;r;8/1r; a2 =N @1; 8,1/ 8; ho where
r;s/rt>s;1/s. = denotes the least reflexive-transitive closure of = U = and

~ is the least equivalence relation containing = .

2. Two coinitial and cofinal derivations ¢, are Lévy-permutation equivalent,
if ¢ = ¢ where = is the least equivalence relation containing = .

3. A derivation ¢ is standard if it is minimal in the following sense: there is

no sequence of the form ¢ = ¢pg = ... = ¢p_1 = ¢, where k > 1.

For example r3; 74 is standard, but r3; so; 75 is not. The standardisation the-
orem states that every derivation may be standardised into a unique standard
derivation by oriented tiling:

Theorem 1 (Standardisation [Lév78, [Bar84, HLI1, Mel96]).

1. (Existence) For any ¢ there exists a standard derivation ¢ s.t. ¢ = .
2. (Unicity) If o1 = ¢ and g2 = ¢ and @12 are standard, then p1 >~ @s.
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Let std(¢) stand for the (unique modulo ~) standard derivation in the =-
equivalence class of ¢. For example, std(s1;71;7r2) = std(rs; s2;r2) = 73374 in
Fig. 2(b).

Standard derivations are used to show that needed strategies are normalising
in orthogonal systems. A rewrite system is orthogonal if any pair of coinitial
redexes r,s do not overlap. Define r in M to be a needed redex if it has at
least one residual in any coinitial derivation ¢, unless ¢ contracts a residual of
r [Mar92]. For example, for the rewriting system {f(X.,b) — ¢, a — b} the
right occurrence of a in f(a,a) is needed but not the left one. A needed rewrite
strategy is one that only selects needed redexes. By defining a measure |M| as
“the length of the unique standard derivation (modulo ~) to M’s normal form”
it may be shown [HLI1l Mel96] that if M —, N for some needed redex r, then
|M|>|N|; hence needed strategies normalise in orthogonal rewrite systems. This
measure is well-defined since in orthogonal systems any two coinitial derivations
to (the unique) normal form may be tiled [HLII] [Mel96].

In the case of non-orthogonal systems the notion of needed redex requires
revision. Indeed, in R = {a —, a, a —, b} the derivation to normal form
¢ : a —, b leaves no residual of r. However one cannot conclude that r is not
needed since although 7 is not reduced in ¢ a redex which overlaps with r has.
Thus the notion of needed redex is extended to needed derivations as follows:

Definition 2 (Needed derivations in non-orthogonal systems [Mel00]).
¢ : M — N is needed in a non-orthogonal rewrite system if |std(¢;)|>|std(v)]
for any term P and any derivation v : N — P.

Note that now a —, a is needed in the aforementioned example. The con-
cept of needed redexes is extended to that of derivations since, in contrast to
orthogonal systems, terms in non-orthogonal ones may not have needed redexes.
For example, in {zor(true, X.) — true,zor(X., true) —pg true, 2 —q true}
the term zor(£2, £2) has no needed redexes [KIo92].

Needed derivations get us “closer” to a normal form, however the afore-
mentioned measure for orthogonal systems is no longer well-defined: there may
be two or more =-distinct normalising derivations. Eg. ¢1 : a —, a —, b,
P2 :a —ya —ra—sb ¢3:a—ra—,a—,.a—sb, ... etc. are =-distinct
normalising derivations since each r-step creates a new copy of a. In [Mel00] such
badly-behaved systems are discarded by requiring the following property to be
fulfilled: A normalisation coneﬁ for a term M is a family {¢; : M — N | i € I}
of normalising derivations such that every normalising derivation ¢ : M — N is
Lévy-permutation equivalent to a unique derivation v; (i.e. 3li € Ips s.t. ¢ = ;).
A rewrite system enjoys finite normalisation cones (FNC') when there exists a
finite normalisation cone for any term M.

Redefining the measure of a term [M] to be “the length of the longest standard
derivation in M’s cone to M’s normal form” allows one to show [Mel00] that

5 This definition differs slightly from [Mel00, Def.4.8] since we make use of the fact
that ES-based implementations of orthogonal HORS are confluent [BKRO1].
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if  : M — N is a needed derivation, then |M|>|N|; hence needed strategies
normalise in non-orthogonal rewrite systems satisfying FNC.

3 FNC for ES-based Implementations of HORS

It is therefore of interest to identify conditions guaranteeing that ES-based im-
plementations of HORS enjoy finite normalisation cones. In [Mel00] the FNC
property is shown for Ao; this result relies on two conditions: (1) if ¢ is a stan-
dard derivation in Ao ending in a o-normal form (cf. Sect. H), then o(¢) is
standard in the A-calculus, and (2) needed strategies are normalising for the
A-calculus; o(¢) is obtained by mapping each Ao-rewrite step in ¢ to its “corre-
sponding” or “projected”, if any, rewrite step in A (see Stage 2, Sect. H). Eg. if
@ (1 1D)[(A1)2-id] = peta (11)[1[2- id] - id] then o(¢) takes the form:

(A1) 2) (A1) 2) =54 2((A1)2) —p,, 22

In this paper we show that the FNC property holds for the ES-based imple-
mentation of arbitrary orthogonal PERSg,. This generalizes [Mel00, Thm.7.1],
proved for the A-calculus. The proof follows the same lines as in [Mel00]; it relies
on our meeting requirement (1), namely

Proposition 2 (Std-Projection Proposition). Let R be a left-linear PERS .
Every standard derivation ¢ : M — N in RES with N in o-normal form is pro-
jected onto a standard derivation o(¢) : o(M) — N in R.

Here is how FNC follows from the Std-Projection Proposition:

Proposition 3. The ES-based implementation of any orthogonal PERSz R
verifying the Std-Projection Proposition enjoys FNC: every closed RES-term has
FNC.

Proof. Suppose, on the contrary, that there exists a closed RES-term with an in-
finite number of normalising RE>-derivations, modulo Lévy-permutation equiva-
lence. We may construct an infinite tree whose nodes are the standard derivations
M — N which may be extended to normalising derivations M — N —» P where
nodes are ordered by the prefix ordering, and by Ko6nig’s Lemma (since every
RES term contains finite redexes) deduce the existence of an infinite derivation
dso- Moreover, since o is strongly normalising we know that ¢, has an infinite
number of RES-steps.

Let ¢ be of the form M — M; — My — .... Every finite prefix ¢; : M —
M; of ¢oo may be extended to a standard normalising path x; : M - M; - N
(see below, left). And, by Prop. 2] each o(x;) : 0o(M) - o(M;) - o(N) = N is
a standard and normalising R derivation.

Since R is orthogonal all the normalising derivations o(x;) : 0(M) — o(N) =
N must be Lévy-permutation equivalent. Thus we have: o(x1) = o(x2) =
o(x3) = o(xa) = .... And from Thm. [[(2) and the fact that ¢ ~ ¢ implies
[él=l¢l we deduce that: |o(x)|=lo(x2)=lr(xs)|=lo (xa)= ...
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We reach a contradiction from the fact that there are an infinite number of
RES redexes in ¢, and that Prop.[d projects RE® redexes to unique R-redexes
(see Stage 2, Sect. [d): For every i > 0 there is a j > ¢ such that |o(x;)|>]o(x:)|-
See below, right, where the squiggly arrow o(r;) is the identity if r; is a o redex
and is an R redex if r; is an RES redex.

M— My — 2 My —2 > (M) o(r) o(M) o(r2) U(Mz)%...
’R,ES

NN
N o(N)=N

4 The Std-Projection Proposition

We now concentrate on the proof of the Std-Projection Proposition which pro-
ceeds by contradiction and is developed in three stages. Before continuing how-
ever, we remark that it is non-trivial. In fact, in the general case in which N is
not required to be a o-normal form it fails:

X+ (AADD[AD)e - id] = peta (MDD [Le - id] - id) — pera (11)[1 - id)[L]c - id] - id]

X is a standard Ao-derivation, however o(x) : (A(11))((Al)c) —g (A(11))c —3 cc
is not standard in the A-calculus.

Let x be any standard RES derivation. The idea of the proof, inspired from
[Mel00], is to show that every reversible (resp. irreversible) step in the projection
a(x) of x may be mimicked by 1 or more reversible (resp. reversible steps followed
by 1 or more irreversible) steps in x, the ES-based derivation. Hence we may
conclude by reasoning by contradiction. Stage 1 of the proof shows why the
projection of an RE® step results in a unique R step if x ends in a o-normal
form, Stage 2 uses this fact to prove that reversible steps may be mimicked as
explained above and Stage 3 considers irreversible steps.

Stage 1 (Substitution Zones)

First of all, note that y consists of two kinds of rewrite steps: RS steps and
o steps. We argue that it is not possible for a RES step to take place inside a
substitution if x ends in a og-normal form. The reason is that in that case the
RES-redex would occur inside some term P in P - s and hence under the “”
symbol. Since y is standard, redexes reduced below a “.” symbol cannot create
redexes above it, and since N is a pure term we arrive at a contradiction. We
formalise this argument below (Lemma [2]).

Definition 3. Given an implementation RE> with I' the set of function and
binder symbols, we define g € I of arity n as uncontributable in RES if

1. either, g does not occur on the LHS of any rule in RES,
2. or, g occurs on the LHS of a rule in RE> only under the form g(Xi,.., X,)
(i.e. it occurs applied to metavariables).

A symbol in I which is not uncontributable is called contributable.
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Example 3. The A-symbol is an example of an uncontributable symbol in the
Ao-calculus, i.e. in (ﬁdb)gs. Whereas, the application symbol is contributable
in Ao due to the Beta-rule. Also, for any PERSg R the cons-symbol “” is
uncontributable in RE®S since it is only the rules of o that govern the behaviour
Of 44.”.

The notion of uncontributable symbol attempts to capture those symbols
from which reduction below it cannot create/erase redexes above it. Note that,
although similar, this concept does not coincide with that of constructor symbol
in a constructor TRS [Kl092]: given a constructor TRS there may be constructor
symbols which are contributable (e.g. “s” in f(s(s(z))) — z) and likewise there
may be uncontributable symbols that are not constructor symbols (e.g. “f” in
f(z) = a).

We say that a derivation ry;...;r, preserves a position p when none of the
redexes r; is above p.

Lemma 1. Let RES implement R. Suppose that a position p is strictly above a
redex P —, Q. Every standard derivation ¢ = r;1 preserves p when:

1. either, p is a g-node for g an uncontributable symbol in RES,
2. or, p is a g-node for g a function or binder symbol in RES and ) is a o-
derivation.

Proof. Given the standard derivation ¢ = r;1 and the position p strictly above
r two cases may arise: either ¢ preserves p (in which case we are done) or
otherwise ¢ may be reorganized modulo ~ into a derivation ¢1;u;v;¢p2 such
that ¢, preserves the position p, the position p is strictly above a redex u, and
a redex v is above p. We shall see that the latter case results in a contradiction.
Note that the derivation u;v cannot be standard, unless u creates v. Now, in at
least the following two cases creation is not possible:

1. When p is the position of an uncontributable symbol in RES. This follows
from the fact that contraction of a redex below an uncontributable symbol
may not create a redex above it.

2. When the position p is a function or binder symbol node and u is a o-redex
then an RES-redex must have been created, in other words, the only possible
pattern of creation is when w is a Func g-redex for some function symbol f or
a Bind¢-redex for some binder symbol £ and v is an RES-redex. For example,
the pair M = g(h(c)[id]) = punc, g(h(c[id])) — ¢ where R = {g(h(X)) — ¢},
p = ein M, the position at which v occurs in N is € and the position at which
u occurs in M is 1. Note that it is not possible for u to be an RES-redex
and v a o-redex since o-redexes above function or binder symbols cannot be
created from below them.

The following key lemma states that the left argument of a “” symbol de-
termines an “enclave” in a standard RE>-derivation to o-normal form.
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Lemma 2. Let RES implement R and let ¢ : M — N be a standard RES-
derivation with N in o-normal form. Then no RE>-redex ever appears in the left
argument of a substitution P - s.

Proof. By contradiction. Suppose there exists an r; contracted in ¢ = ry;...;7r,
inside the left argument P of a substitution P -s. Since the “-” symbol is uncon-
tributable, then by Lemmal[l](1) the derivation r;;...;r, preserves p. Since N is
a pure term (i.e. has no explicit substitutions) we arrive at a contradiction.

Stage 2 (Reversible Steps)

So now we know that every RES redex contracted in y does not occur inside
a substitution and hence that it has a unique correspondent R-redex in o(x).
This means that if o(x) = R1;...; Ro, then there is a function p : {1,...,0} —
{1,...,n} which associates to any R-redex Ry in o(x) the unique RFS-redex
Tp(k) ID X = 71;...;7y to which it corresponds.

It should be mentioned that there are a number of subtle issues regarding the
notion of “correspondence” that must be considered. Due to lack of space these
issues have been relegated to the manuscript [Bon03], however we comment on
them briefly.

— First of all, observe that it does not coincide with that of the residual
relation since RES-redexes may be lost when traversed by substitutions:
For example, the Beta-redex in M is lost in the following o-derivation:
M = ((AP) Q)[id] —app (AP)[id] Q[id] — Lam (A(P[1-id o T])) Q[id]. There-
fore, an appropriate notion of correspondent for tracing R redexes through
o derivations must be defined.

— Secondly, since o rewriting may duplicate terms it must be proved that
the correspondents of redexes not occurring inside substitutions are indeed
unique.

— Finally, the following parametricity property for o showing the absence of
“syntactical coincidences” [HLIT] must be verified: if r,;) is a redex in M;
whose correspondent is R; in o(M;) then the definition of correspondent
should not depend on any particular o-derivation taking M; to o(M;).

Let Rj, and Ryy1 be two consecutive R-redexes in o(x). Note that the RES-
derivation ri;...;7j = Tpr)4£15 - -3 Tp(k41)—1 between 1,y and 7,x41) contracts
only o-redexes, as depicted below:

i— i - M; M;
Mi 1 To(k) ]\I TiseeT ij Tp(k+1) l+1
o(M;—1) — o(M;) o(M;) —— o(M;+1)
Ry, Riq1

We now show that every reversible standardisation step o(x) = w in R may be
mirrored as a non-empty series of reversible standardisation steps y = ... = ¢
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in RES, where o(¢) = w. It suffices to show that if Rj and Rj4; can be per-

o
muted using a reversible tile (Ry; Ry11<ORy; R ), then a number of reversible
steps may be applied to 7,x); 735 .. .3 755 Tpks1) yielding ¢ s.t o(¢) = Ry Ry .
However, first we need the notion of descendent of a position.

In the same way as the notion of residuals allow us to keep track of redexes
along derivations, the notion of descendent allows us to keep track of positions
(hence symbols) along derivations. Here is an example: if R = {f(X,b) — ¢}
and consider the rewrite step M = f(f(a,b),c¢) — f(c,¢) = N. The “f” at the
root in M descends to the “f” at the root in N and the inner “f” in M (and
the “b”) descends to the “¢” in N. The “a” in M, however, has no descendents
in N. The inverse of the descendent relation is called the ancestor relation.

Remark 2 (Origins of positions outside substitutions). Let r be an RF>-redex
in M occurring at a position p not inside a substitution. As already noted,
it has a unique corresponding R-redex R in o(M) occurring at some position
p’. Moreover, the following property on the ancestors of positions not inside
substitutions holds: for every position ¢’ in o(M) with ¢’ < p’ (where < is the
prefix order), we have g < p where ¢ is a position in M of the same symbol and is
the (unique) ancestor of ¢’ as illustrated below. The fact that ¢’ is unique follows
from the observation that ¢ may not create new function or binder symbols.

Let us now turn to the proof of this stage. Suppose two R-redexes Ry and
Ry41 can be permuted using a reversible tile, that is, Ry; Rg+1OR); R;<:+1' ‘We
construct an RES-derivation ¢ s.t. x ~ ¢ and (@) = Ry;...; R; R q; ... Rp.
By Lemmal[l(2), the derivation ;. ..;r; preserves the position of any function
or binder symbol strictly above 7,). And, in particular, the lowest function
or binder symbol g appearing above Ry : 0(P) — o(Q) and Rg41 in the term
o(P) which, by Remark [, is strictly above r,;) in P. Then the derivation
W = Tpk);Tis- 3T Tp(k+1) May be reorganized modulo =~ into a derivation g
such that o(¢’) = R}; R}, as follows: let p be the position of this occurrence
of g in P and assume P|,= g(Ni,..., Ny,) and suppose 7, occurs in N;, and
the head symbol of To(k+1) Occurs in N, for l1,l5 € 1..m and 11 # lo:

. First contract all the redexes in 7y;...;7; prefixed by p.l>

. Second contract 7,(x41),

. Third contract the (unique) residual of 7,),

. Finally contract the remaining redexes of 7;;...;r;, i.e. those prefixed by
pl,...;plo—1,plo+1,... ., p.m.

=W N
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Stage 3 (Irreversible Steps)

Finally, we show that also irreversible standardisation steps in R may be mim-
icked in the implementation: every irreversible standardisation step o(x) = w
in R may be mirrored as a non-empty series of standardisation steps y = ... =
¢ = ... ¢ with at least one irreversible step in RES, where o(¢) = w.

Hence the proof of Prop. [ concludes by reasoning by contradiction since
every standardisation step acting on the projected HO rewrite derivation may
be mimicked by projection-related standardisation steps of the same nature (re-
versible/irreversible) over derivations in the implementation.

Suppose two R-redexes Ry : 0(P) — o(Q) and Ri41 can be permuted using
an irreversible tile Ry; Ry41 > Rj; 1. Observe the following:

Observation: Let r be a redex in M at some position p, instance of a
rule L — R. The pattern of r is the subterm of M at position p where the
arguments of r (i.e. the terms substituted for the variables of L) are replaced by
holes. Similarly to Rem. ] all the symbols in the pattern of (the o-ancestor of)
R4 strictly above Ry in o(P) are present in P above the occurrence of Tp(k)-
Moreover, none of these symbols occurs embraced by a substitution operator.

This follows from two facts:

1. first, by Lemma[I], the derivation r;;...;7; preserves all these symbols (in
particular the lowest one), and

2. second, (41 is an R¥5-redex for R a PERSy;, (cf. Rem. ) hence its LHS
contains no occurrences of the substitution operator e[e].

We consider two cases for Stage 2, reasoning by contradiction in each one:
(A) The redex 7,y in P occurs under an uncontributable symbol g belonging to
the pattern of Ry 1, (B) All symbols above r, ) in P belonging to the pattern of
Ry41 are contributable. Note that the second case is not possible in the lambda
calculus since the (-redex pattern always has the uncontributable symbol A.

A. By Lemma [M{1) the derivation r;;...;r, preserves every uncontributable
symbol strictly above 7). Among these symbols is the symbol g involved
in the pattern of Ry41. The redex r, 1) is above the position of this symbol.
We reach a contradiction.

B. Suppose that the two R-redexes Ry and Rjy1 can be permuted using an
irreversible tile Ry; Ri4+1 > Ry; ¢; we shall arrive at a contradiction. Let p be
the occurrence of the unique o-ancestor of the head symbol g of Ry41 in P,
and P|,= g(My, .., My,). By Lemmal[ll(2) the derivation r;;...;r; preserves p.
Let [ € 1..m such that r,) occurs in M;. We may then reorganize modulo
=~ the derivation ¢ = 7,(); 745 ... ;753 Tp(e+1) Obtaining ¢’, as follows:

(a) First rewrite all redexes in 74;...;r; prefixed by p.1,p.2,....p.0 — 1p.l +
1,..,p.m in turn (i.e. first all those prefixed by p.1, then those by p.2, and
so on) and those disjoint to p.

(b) Second, rewrite all redexes prefixed by p.l but disjoint to the (unique)
residual of 7). At this moment the redex r,x11) must have emerged
since
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— by the Observation there are no substitution symbols in M; between
p and the position of ), and

— Tjt1 = Tp(k+1), 16 IS an RES_redex and hence its LHS contains no
occurrences of the substitution operator e[e].

(c) Thirdly, rewrite the (unique) residual of r,,, say r; (x)» followed by the
redexes in ry;...;7; prefixed by the occurrence of 7,4, i.e. those not
rewritten in Step 1 or Step 2.

(d) Finally, rewrite 7,(41)-

Note that 1)’ = 9];v% where 1] consists solely of o-rewrite steps (see Step

1 and 2, above) and ¢}, = T’p(k);rkl; o 3Tk Tp(k1) for some m < j — .

Applying m + 1 irreversible standardisation steps starting from 5 we may

obtain ¢ = T/p(k+1)§¢rp(k)§¢m15~-~§¢mm~ Finally, setting ¢ = ¢;v¢% we

may conclude.

This concludes the proof of Prop.[2l As a consequence we have:

Theorem 2. Let R be any orthogonal pattern ERSg,. All needed derivations
normalise in the ES-based implementation RES of R.

Remark 3. Although our interest is in normalisation we would like to point out
that Prop.[2lmay be seen as reducing standardisation for HORS to that of first-
order systems. Given a derivation x : M — N in an orthogonal pattern ERSg
R, we recast x in the ES-based implementation of R, then we standardise the
resulting derivation in the first-order setting [Bou8H] and finally we project back
to the HO-setting. The resulting R derivation ¢ shall not be just any standard
derivation from M to N, but also Lévy-permutation equivalent to x, in other
words, ¢ = x. This may be verified by proving that ¢ = ¢ implies o(p) = ().

5 Conclusions

We have addressed normalisation by needed reduction in the ES-based approach
to the implementation of HORS. Mellies [Mel95] observed that the implementa-
tion of a higher-order rewrite system by means of calculi of explicit substitution
may change its normalisation properties fundamentally; indeed a term possessing
no infinite derivations in the A-calculus may lose this property when shifting to
the Ao-calculus. Based on an extension of the theory of needed redexes to over-
lapping systems [Mel00] we have shown that all needed derivations normalise
in the ES-based implementation of any orthogonal pattern HORS; the latter
result has been established in the setting of the FRSy, formalism for higher-
order rewriting. The key property that has been addressed in order to apply
the aforementioned theory is to show that standard derivations in the ES-based
implementation of a HORS project to standard derivations in the higher-order
setting (Std-Projection Proposition). The fact that this key property is all that
is required owes to a simplified proof of [Mel00, Thm.7.1] (Prop. B]).
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In [BKROI] the ES-based implementation of HORS does not fix a particular
calculus of explicit substitutions. Instead a macro-based presentation encom-
passing a wide class of calculi of ES is used. The study of the abstract properties
that make the proof of the Std-Projection Proposition go through would allow
the results presented here to be made independent of ¢, the calculus of ES which
we have dealt with in this paper.

Further in this line, it would be interesting to insert the work presented here
into the axiomatic setting of Axiomatic Rewrite Systems as developed in [Mel96],
Mel(00]. This would require a formulation of calculi of ES based on abstract
axiomatic properties, work which we are currently undertaking.

Acknowledgements. To Delia Kesner, Alejandro Rios and the referees for
providing valuable suggestions.
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Abstract. We investigate expressiveness of a fragment of the ambient calculus,
a formalism for describing distributed and mobile computations. More precisely,
we study expressiveness of the pure and public ambient calculus from which the
capability open has been removed, in terms of the reachability problem of the
reduction relation. Surprisingly, we show that even for this very restricted frag-
ment, the reachability problem is not decidable. At a second step, for a slightly
weaker reduction relation, we prove that reachability can be decided by reducing
this problem to markings reachability for Petri nets. Finally, we show that the
name-convergence problem as well as the model-checking problem turn out to be
undecidable for both the original and the weaker reduction relation.

1 Introduction

The ambient calculus [3]] is a formalism for describing distributed and mobile compu-
tation in terms of ambients, named collections of running processes and nested sub-
ambients. A state of computation has a tree structure induced by ambient nesting. Mo-
bility is represented by re-arrangement of this tree (an ambient may move inside or
outside other ambients) or by deletion of a part of this tree (a process may dissolve the
boundary of some ambient, revealing its contents). Mobility is ruled by the capabilities
in, out, open owned by the ambients. The ambient calculus also inherits replication,
name restriction and asynchronous communication from the 7-calculus [16].

The ambient calculus is a very expressive formalism. It has been proved Turing-
complete in [5] by encoding Turing-machine computations. This encoding uses both
mobility features from the calculus as well as name restriction. However, several vari-
ants of the ambient calculus have been proposed so far [14,2]19] by adding and/or re-
tracting features from the original calculus. In [14], the safe ambient calculus introduces
some co-capabilities. They are used as an agreement on mobility between the moving
ambient (executing a capability) and the ambient where it will move to (executing the
corresponding co-capability). The boxed ambient calculus is another variant [2]; in this
calculus, the possibility to dissolve boundary of ambients has disappeared and is re-
placed by a more sophisticated communication mechanism.

Studying precise expressiveness of these different variants of the ambient calculus
is crucial as it may separate necessary features from redundant ones and it may also help
to design or improve algorithms to verify [[18/7l6] or analyze programs written
in these ambient formalisms.

* The authors are grateful to S. Tison and Y. Roos for fruitful discussions and thank the anony-

mous referees for valuable comments. This work is supported by an ATIP grant from CNRS.
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Some works aimed already to study expressiveness of ambient calculus: in [20], it
is shown that the m-calculus, a formalism based only on name communication, can be
simulated in the communication-free safe ambient calculus. In [7]], the pure and public
ambient calculus (an ambient calculus in which communication and name restriction
are omitted) is considered and proved to be still very powerful: for this restricted frag-
ment, the reachability problem (i.e. given two processes P and (), can the process P
evolve into the process  ?) can not be decided. Recently, in two different works [13]
and [3], it has been established that this fragment is actually Turing-complete. In [3],
the authors also showed that the ambient calculus limited to open capabilities and name
restriction is Turing-complete as it can simulate counters machines computations [17].
The name restriction is needed there as if omitted, divergence for reductions of pro-
cesses can be decided. In this latter paper, the following question is raised: what is the
expressiveness power of the ”dual” calculus, a calculus in which the open capability is
dropped whereas the in, out capabilities are preserved ?

In this paper, we investigate expressiveness of pure and public mobile ambients
without the open capability. Hence, the reduction of a process is limited to the rear-
rangement of its tree structure. To be more precise, we study the reachability problem
for such ambient processes. We show that for this calculus reachability for the reduction
relation between two processes can not be decided. To prove this result, we use a non-
trivial reduction to the acceptance problem of two-counters machines [17]. We figured
out that the major source of undecidability for this fragment comes from the defini-
tion of replication as part of the structural congruence relation (the structural congru-
ence aims to identify equivalent processes having different syntactic representations).
Indeed, we show that if this definition of replication is presented as an (oriented) reduc-
tion rule then the reachability for the reduction relation between two processes becomes
decidable. We prove this statement by reducing this problem to the reachability problem
of markings in Petri nets [13]]. Finally, we investigate two problems related to reacha-
bility. The first problem is the name-convergence problem [10]: a process converges to
some name 7 if this process can be reduced to some process having an ambient named
n at its top-level. We show that this problem is undecidable however the definition of
replication is presented. The second problem is the model-checking problem against the
ambient logic [4]. It is easy to show that the name-convergence problem can be reduced
to an instance of the model-checking problem. Thus, this latter is undecidable as well.

The paper is organized as follows: in Section 2, we give definitions for the ambient
calculus we consider here. Section 3 is devoted to the reachability problem for this
fragment. We give there a negative result: this problem is undecidable. In Section 4, we
consider a weak calculus based on a different reduction relation; we show that for this
particular case the reachability problem becomes decidable. Finally, in Section 5, we
consider other problems such as model-checking and name-convergence. We show that
for the two kinds of reduction we considered those problems are not decidable.

2 Definitions

We present in this section the fragment of the ambient calculus we consider all along
this paper. This fragment corresponds to the ambient calculus defined in [3]] for which
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both name restriction, communication and the open capability have been dropped. We
call this fragment in/out ambient calculus.

We assume countably many names ranging over by n, m, a, b, c, . . .. For any name
n, we consider capabilities o of the form in n and out n. The following table defines
the syntax of processes of our calculus.

Processes:
I 1
PQ,R:= processes

0 inactivity P|Q composition

n[P] ambient a.P action prefix

P replication

The semantics of our calculus is given by two relations. The reduction relation P —
@ describes the evolution of processes over time. We write —* for the reflexive and
transitive closure of —. The structural congruence relation P = ( relates different
syntactic representations of the same process; it is used to define the reduction relation.

The structural congruence is defined as the least relation over processes satisfying
the axioms from the table below:

Structural Congruence P = Q:

I
P=P (Str Refl) Plo=P (Str Par Zero)

P=Q=Q=P (StrSymm) P|Q=Q|P (Str Par Comm)
P=Q,Q=R=P=R (StrTrans) (P|Q)|R=P|(Q|R) (Str Par Assoc)
P=Q=P|R=Q|R (StrPar) \P=IP|P (Str Repl Copy)
P =Q = n[P] =n[Q] (StrAmb) 0=0 (Str Repl Zero)
P=Q = a.P=a@ (Str Action) !'P =P (Str Repl Repl)
P=Q='P=!Q (StrRepl) NP |Q)=!P|!Q (Str Repl Par)

L

The first column specifies that = is a congruence relation over processes. The second
one specifies properties of the replication and parallel operators: in particular, it states
that the parallel operator is associative-commutative and has 0 as neutral element.

The reduction relation is defined as the least relation over processes satisfying the
following set of axioms:

Reduction: P — @
1

nlinm.P | Q] | m[R] — m[n[P | Q] | R] (Red In)
m[nfout m.P | Q] | R] — n[P | Q] | m[R] (Red Out)
P-Q=P|R—-Q|R (Red Par)
P — Q = n[P] — n[Q)] (Red Amb)
P=PP—-QQ=Q =P —Q (Red =)

When writing processes, we may omit irrelevant occurrences of the inactive process
0. For instance, we may write n[| for n[0] and in a.out b for in a.out b.0.

3 The Reachability Problem for in/out Ambient Calculus

In this section we investigate the reachability problem for in/out ambient calculus:
”Given two processes P, ), does P —* ( hold ?”. We show that, despite the small
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fragment of the ambient calculus we consider, this problem is undecidable by defining
a reduction to the acceptance problem of two-counters machine [17].

A two-counters machine M is given by a four tuple (Q, ¢;, qr, A) where Q is a
finite set of states, ¢; € Q is the initial state, ¢y € Q is the final state; A is a finite
subset of (Q x {+, —, =} x {0, 1} x Q) called the transition relation. A configuration
of the machine M is given by a triple (g, co, ¢1) belonging to the set (Q, N, N) (where
N is the set of natural numbers); ¢g, ¢; are the two counters. The transition relation A
defines a step relation t- 4 over configurations as follows: (g, co,c1) Fam (¢, ¢p, )
iff one of the three statements is true for i, € {0,1} and i # j: (i) (¢,=,4,¢') in A,
ci=c;=0andc; = ¢}, (ii) (¢, +,4,¢') in A, ¢ = ¢;+1and ¢; = ¢, (iii) (¢, —, 1, )
inA, ¢ >0,¢,=c; —1and ¢ :c;.

Let 7, be the reflexive and transitive closure of . A two-counters machine
accepts anatural v if (g;,v,0) F3 (¢y,0,0).

Theorem 1. [17]] For an arbitrary two-counters machine M and an arbitrary natural
v, it is undecidable to test whether M accepts v.

We express the acceptance problem of a natural v by a machine M in terms of
an instance of the reachability problem in the in/out ambient calculus. We encode
within a process [(q, vo, v1)] the configuration of the machine (g, vo,v1) (the current
state and the values for the two counters) and the transition relation A of the machine.
The step relation of the machine is then simulated by the reduction of this process. It
should be noticed that not all the different reductions that could be performed by the
process indeed participate to the step relation; the process may engage some wrong
reduction steps. However, we show that in this case, the process either goes stuck in a
form that does not correspond to some valid representation of the machine or carries
on some reduction steps but without any possibility to resume into an encoding of the
two-counters machine. Let us now describe the process [(g, v, v1)]: we assume for
any state ¢ occurring in A, two ambient names ¢ and ¢;: ¢ represents the state of the
machine and ¢, is used to denote a possible transition of the machine being in the state
q- The process [(g, vo,v1)] is defined as

qling:] [ co[V(vo) | 'k[out co]] | e[V (v1) [ !k[out ei]] [ [A] | P

The ambient ¢[in ¢;] represents the current state of the machine; the ambients ¢y and ¢;
represent the counters with their respective values V' (vo) and V (v ). The parametrized
process V (v) encodes the value v recursively as: (i) V/(0) = n[lI | !D | ink | a[0]]
and (i7) V(v + 1) = n[lI | D | ink | b[0] | V(v)]. Intuitively, the value v of the
counter is given by the number of ambients 7 in the process V' (v) minus 1. The two
processes I and D are definedas I = in7.inn.0, D = in z.in z’.out 2z’.out n.0: the
process I is used to increment the counter and D to decrement it.

The process [A] represents the transition rules of the machine and is defined as
the parallel composition of the replicated processes encoding each transition rule. For-
mally, we have inductively [@] = 0 and [A U {(q,s,74,¢)}] = [A ~ {(q,s,7,¢)}] |
(g, s, 7,q")]. For each kind of transition rules:
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- [(¢;=,34,4)] = [d'[8]-(inn.in a.out a.out n.out ¢;.in g;)]|
= [(¢,+,5,4)] = @:[il7] Ny | in ¢'.out ¢".out ¢;]] with Ny =
nlouti.(!I | 1D | ink | b[0] | ¢'[0¢-ing;])] and 04 = inn.outn.outn.ini.outq.

- l(a,—,4,d")] = a:[d[B].inn.in b.out b.Z(]]
with Z,, = z[out d.z’[out z.¢/[out z".out n.out k.in ¢;]]]

where ﬂ;l is defined as the sequence of capabilities in q.out q.out ¢;.in c;.

Finally, the process P plays the role of some garbage collector (using that ! P | P is
structurally congruent to ! P): assuming that ¢', . . . , ¢ are the states of the two-counters
machine, the process P is defined as

k(0] | 1i[0] | tk[n[tI | 1D | d[0] | 2[0] | 2[0] | b[O]]] | gz [q"[0]] | - | lq;[q'[O]]

Note that at any step of the computation, because of the two subprocesses !k[out cg]
and !k[out ¢1] contained respectively in the ambients ¢( and ¢y, the process can always
perform a reduction step: a copy of k[out ¢;] can “jump” outside of the counter c;.
However, the resulting process k[0] is simply garbage-collected by the process Pg.
Hence, the process would simply reduce into itself; therefore, we will not take any
longer into account these irrelevant reduction steps.

Let us now describe how the process [(g, vo, v1)] may evolve into another process
[(q',vi,v})] according to the transition rules of the two-counters machine. First, the
ambient ¢[in ¢;] reduces with a sibling ambient ¢;. Note that a misleading reduction
with an ambient ¢;[¢[0]] from the process P may happen. If so, the computation is
stuck. If there exists a transition from the state ¢ in the two-counter machine, then an
alternative reduction could occur with an ambient ¢; provided by A leading to

@lalo] [ n(B].... [ .. ] eol.- Tl el JI[A]| Pe withn € {i,d,q'}

The sequence of capabilities 5;? allows the transition which has the “control” (i.e. ¢
contains ¢[0]) to provide “material” (represented as the ambient 7)) to treat the counter
addressed by this transition. Once, 37 is executed we obtain (assuming the transition
addresses the counter co) co[n[...] | ...] | ci[...] | [A] | Pe withn € {i,d, ¢'}.

Note that ¢:[¢[0]] remaining at the top-level is garbage collected by Pg. Now, the
reductions differ according to the kind of transition that was chosen (assuming the tran-
sition addresses the counter cg, things being similar for ¢ ):

e for (q,=,0,q’): the ambient 7)[. . .] is ¢’[in n.in a.out a.out n.out ¢y.in ¢}]. If the
value of ¢y is 0 then ¢g contains an ambient n[a[0] | ...]. The sequence of capabilities
inn.ina.outa.outn.outcy can be executed and so, the next configuration is obtained.
Note that if V' (vg) is not 0, then the process remains stuck as ¢ can not execute its
capability in a.

e for (q,+,0,q’): the ambient 7[...] is {[N, | in ¢'.out ¢’.out ¢o]] and the value
V(vo) of the form n[!T | .. .] is one if its siblings. Reminding that N,y = nfout ¢.(!I |
D | ink | b[0] | ¢'[04 .ing;])], we can see that N, contains roughly an ambient n used
for incrementing and the successor state ¢’ that will try to check that the incrementing
has been done properly.
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V(vo) executes the sequence = in 4.in n leading to an ambient ¢

o {z [n[out i.((I |'D | ink | b[0] | ¢'[04-inq}]) | V (v0)]

| in ¢’.out ¢’.out ¢

} | 1k[out co]}

By executing out ¢ from the top ambient n, one obtains
coli[in ¢’ .out ¢’ .out co] | n[V(vo) | 1 | !D | ink | b[0] | ¢'[04.in ¢;]] | 'k[out co]]

At that point, we have almost V' (vy + 1) except the presence of ¢ in the top ambient
n. Then, by using 6,; = in n.out n.out n.ini.out i, ¢’ notices that it has V(vg) as a
sibling (by executing in n.out n) and goes outside of n.

colilin ¢’.out ¢'.out ¢] | ¢'[ind.outi.ing;] | V(vo + 1) | k[out co]]

The ambient ¢ detects it has a sibling ¢’ (by executing in ¢’.out ¢’) and the ambient ¢’
enters ¢ yielding cofifout ¢ | ¢'[out i.in q;]] | V(vo + 1) | !k[out co]]. Then i goes
outside of cg. So, the process is

il¢'[outi.ing]] | co[V(vo+1) | ...] | ea[V(v1) | ...] | [4] | Pa

The ambient ¢’ exits 7, producing the process i[0] | ¢’'[ing;]. The process i[0] is garbage-
collected by P, and the result indeed corresponds to the process [(¢’, vo + 1, v1)].
o for (q, —, 0,q’): the ambient n[. . .] is d[inn.inb.out b.Z,]. If the value of V' (vp) is
strictly positive then it is of the form n[b[0] | ...]. Then d executes in n.in b.out b; the
contents of ¢g is then co[n[d[Zy] | V(vo — 1) | /I | 1D | ink | b[0]] | 'k[out co]].
Note that if V' (vg) is 0, then the process remains stuck as d can not execute its
capability in b. The role of Z, is interact with V' (vy — 1) in order to trigger for this
latter the possibility to go outside of its surrounding ambient n. We recall that Z, =
z[out d.z'[out z.¢'[out z’.out n.out k.in ¢;]]] and that V' (vy — 1) contains at its top-
level D = inz.inz’.out z’.out n.0. The ambient z from Z, exits d; then, the ambient
V(vo — 1) executes the capabilities in z.in 2z’ from D and finally, 2’ leaves z. We reach
the following situation for the ambient 2’

2'[¢'[out 2".out n.out k.in ¢;] | nfout z’.outn |ink | ...]]

The ambient n executes the remaining capabilities from D, that is out 2’.out n; con-
currently, the ambient ¢’ exits z’. The contents of cg is then

klout co] | V(vo — 1) | n[ink [T ['D | 0] | d]] | 2[] | 2] | ¢[out n.out k.in q}]]

At that point, the value of the counter has been decremented; the rest of the computation
aims to “clean up” the process allowing the computation to carry on. The ambient n
moves inside an ambient k[out ¢p]. So, we have in ¢g

k[out co] | V(vo—1) | kloutco | n[!T | 'D | b]] | d]] | z[] | 2'[] | ¢'[outn.outk.ing]]]

In some arbitrary order, the ambient k (containing n) leaves the counter ¢y and ¢’ leaves
the ambient n.
k1D o) [ d[] | z[] | 2'[]] | ¢'[out k-ingi]] | co[V(vo — 1) [ ] [ e[V (v1) | -]
| [4] | P
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Finally, the ambient ¢’ exits k by executing its capability out k and the subprocess
k[n['I | 'D | b[0] | d[O] | z[0] | 2’[0]]] is garbage-collected by the process Pg. The
result indeed corresponds to the expected process [(¢', vg — 1, v1)].

We described above how the step relation of the two-counters machine can be sim-
ulated by some reductions of a process encoding some configuration. The sequences of
reductions we described for each kind of transition relations are not the only possible
ones for the process we considered. However, following some different sequences of
reduction would either lead to a stuck process or would produce only processes that do
not correspond to an encoding of the two-counters machindll. Our encoding is correct
in the following sense:

Proposition 1. For any two-counters machine M = (Q, ¢;, q¢, A) and any arbitrary
natural v, M accepts v iff [(¢;,v,0)] —* [(¢,0,0)].

Hence, as an immediate consequence using Theorem [Tk

Theorem 2. For any two arbitrary processes P, Q from the in/out ambient calculus,
it is undecidable to test whether P —* Q).

We believe that our encoding can easily be adapted to safe mobile ambients [14] from
which name restriction, communication, the capability open and the co-capability open
have been removed.

We claim that one of the sources of undecidability of the reachability problem is
the rule (Str Repl Copy) from the structural congruence. On one hand, this rule can be
used to exhibit a new process P from ! P; this creates new possible interactions through
reduction for this occurrence of P. On the other hand, it can be used to transform
!P | P into !P; we used this feature in our encoding to provide a garbage-collecting
mechanism. Supporting our claim, we will see in the next section that if we drop this
second possibility, then the reachability problem becomes decidable.

4 The Reachability Problem for a Weaker Reduction Relation

In this section, we study the reachability problem for the in/out ambient calculus
equipped with a weaker reduction relation. We show that for this new reduction relation,
the reachability problem becomes decidable.

4.1 Definitions

The weaker reduction relation we consider here has been introduced in [T]] [. 1ts main
feature is to turn the axiom defining replication, that is P = P | P (Str Repl Copy),
into an (oriented) reduction rule !P — P | P (wRed Repl).

We consider the weak structural congruence = defined as the least congruence re-
lation over processes satisfying all the axioms defining = except (Str Repl Copy). We

! We prove this fact by defining a general shape matching all reachable processes and by apply-
ing an exhaustive inspection of all possibles reductions.

% In [19], the iteration is also defined by means of a reduction rule, but for explicit recursion
instead of replication.
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called this structural congruence weak as obviously P = () implies P = () whereas
the converse does not hold. Based on this weak structural congruence, we define a weak
reduction relation as the least relation satisfying the following axioms:

Weak Reduction: P —, Q
I

nlinm.P | Q] | m[R] —w m[n[P | Q] | R] (wRed In)
m[nfout m.P | Q] | R] —w n[P | Q] | m[R] (wRed Out)
P —y PP (wRed Repl)
P—-,Q=P|R—vQ|R (wRed Par)
P —, Q = n[P] —w n[Q)] (wRed Amb)
PP P —,0QQ=2Q =P —,Q (WRed =)

This new reduction relation is strictly weaker than the one presented in Section

Proposition 2. For all processes P, Q) if P —, Q) then P —™ Q). Moreover, there exist
two processes P’ and Q' such that P —* Q' and P' /% Q.

Let us point out that if we consider additionally open capabilities and enrich the defini-
tion of —, with the rule openn.P | n[Q] — P | @ (Red Open) then the reachability
problem for this weak reduction relation is undecidable: the encoding of the Post Cor-
respondence Problem given in [[7]] provides a proof for this statement.

4.2 The Reachability Problem

We will show that the reachability problem is decidable for the weak reduction relation.

Theorem 3. For all processes S and T, it is decidable to test whether S — T

The rest of this section is devoted to the proof of Theorem[3 The main guidelines of
this proof are as follows: first, we introduce a notion of normal form for processes for
which we specialize the weak reduction relation; secondly, we show that the reachability
problem for two arbitrary processes can be expressed as the reachability problem on
their respective normal forms. Finally, we show how to reduce reachability problem for
normal forms into markings reachability in Petri nets, a problem known to be decidable.

e From weak reduction to weak reduction over normal forms: As done in [T28],
we consider the axioms P | 0 = P, 10 = 0,!!1P 2P and (P | Q) = !P | !Q from the
definition of =2. We turn those axioms into a rewrite system VY by orienting them from
left to right and we denote ~-, the AC-rewrite relation induced by WV (taking into
account associativity and commutativity for the parallel operator |). It can be shown
that the AC-rewrite relation ~-yy is terminating and confluent. Hence, for any process
P, there exists a unique (modulo associativity and commutativity for |) normal form P
of P wrt ~~yy. This implies also that = is decidable.

In the sequel we denote =a¢ the equality relation over processes modulo associa-
tivity and commutativity for the parallel operator |.

We introduce a new reduction relation for normal forms. In particular, we require
that any process in normal form is reduced to some normalized process. This reduction
relation is denoted — and is given in the table below:
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Normal Weak Reduction: P — @
I
n[in m.P] | m[0] - m[n[P]] (wRed In 1)

[
n[in m.P] | m[R] - m[n[P] | R] ifR#0 (wRed In 2)
nlinm.0 | @] | m[0] - m[n[Q]] (wRed In 3)
n[inm.0 | Q] | m[R] - m[n[Q] | R] ifR#0 (wRed In 4)
nlinm.P | Q] | m[0] - m[n[P | Q]] ifP#0 (wRed In 5)
nlinm.P | Q] | m[R] -» m[n[P | Q] | R] if P#0and R # 0 (wRed In 6)

m[n[out m.P]] - n[P] | m[0] (wRed Out 1)
mnfout m.P] | R] - n[P] | m[R)] (wRed Out 2)
mnfout m.0 | Q]] - n[Q] | m[O0] (wRed Out 3)
m[njout m.0 | Q] | R] - n[Q] | m[R] (wRed Out 4)
mnfout m.P | Q]] - n[P | Q] | m[0] ifP#0 (wRed Out 5)

mlnfout m.P | Q] | R] - n[P | Q] | m[R)] ifP#0 (wRed Out 6)
P —-» P|!P (wRed Repl 1)
P —»IP|!P (wRed Repl 2)
P»Q=P|R->Q|R (wRed Par)
P —» Q = n[P] - n[Q)] (wRed Amb)
|P/ =ac P,P > Q,Q=ac Q' =P - Q (WRed =)

Due to required normalization in presence of 0, several rules have been introduced for
reductions of the in and out capabilities; moreover, one rule has been added for the
reduction of replication; it aims to simulate the weak reduction |P = IIP —, IIP |
IP = |P | |P. It is easy to see that if P is in normal form and P — @ then @ is in
normal form as well. Moreover, we have the following property:

Proposition 3. For all processes P, Q, let P Q be their respective normal forms. Then
P—;Qiff P—" Q.

Proposition [ states that the reachability problem for the weak reduction relation can
be reduced to a similar problem but restricted to normalized processes. This implies in
particular that the use of weak structural congruence has been replaced by the mmplerﬁ
relation of equality modulo associativity and commutativity.

e From normal processes to Petri nets: We first show here how to build up a Petri
net from a normalized process: roughly speaking, this Petri net aims to encode all the
possible reductions over this process. We will show later how to use this Petri net to
solve the reachability problem for processes.

Note that applying a reduction over a process either increases the number of ambi-
ents in the process or leaves it unchanged: more precisely, when the rule (wWRed Repl 1)
or (wRed Repl 2) is applied on some process R at some subprocess P containing an
ambient then the rule lets the number of ambients increased in the resulting process;
other kinds of reduction steps leave the number of ambients unchanged. As we want
to decide for two given normalized processes P and () whether P —* (@), the target
process @ is fixed and the number of its ambients is known. Therefore, this can be
used to provide an upper-bound on the maximal number of applications of the rules
(wRed Repl 1) and (wRed Repl 2) when applied to some subprocess containing an am-
bient. A similar argument doesn’t hold for capabilities as they can be consumed by the
reduction rules for the in and out capabilities.

3 For equality modulo associativity and commutativity, every congruence class is finite.
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This remark leads us to split a process into several parts; intuitively, one of those
parts will be a context containing ambients whereas the other ones will be subprocesses
without ambients. An ambient context C' is a process in which may occur some holes,
noted as 0. Moreover, we require that in any subcontext !C” of C, C” contains some am-
bient. Together with ambient contexts, we consider substitutions mapping occurrences
of holes to ambient-free processes. Hence, the application of one of these substitutions
to an ambient context yields a process.

We will need to refer to a precise occurrence of replication, ambient, capability or
hole O within an ambient context or a process. Therefore, we are going to introduce
a labeling for those objects to be able to distinguish any two of them. We assume for
that a countable set of labels. We say that a process P or an ambient context C' is well-
labeled if any label occurs at most once in P or C. For an ambient context C', we define
Amb(C') as the multiset of ambients in C'.

A labeled transition system: for the reachability problem S —* T, we consider Cg a
well-labeled ambient context as well as a mapping 65 from the set of holes in Cg to
labeled ambient-free processes of the form !P such that 05(Cs) is well-labeled and
0s(Cs) = S ignoring labels. We are going to describe as a labeled transition system
Lg 7 all possible reductions for the context C's: this includes reductions of replications
and capabilities contained in C'g as well as capabilities and replications from processes
associated with the holes of the context.

We consider here a labeled transition system Lg 7 whose states are AC-equivalent
classes of ambient contexts (for simplicity, we often identify a state as one of the rep-
resentants of its class). We also define a mapping 07, ,. extending 0g. Initially, Lg
contains (the equivalence class of) C's as a unique state and 0, = 0g. We iterate
the following construction steps until Lg 7 is unchanged (we assume that any reduction
through (wRed In ), (WRed Out 7), (wRed Repl 1) and (wRed Repl 2) uses implicitly
(wRed Amb), (wRed Par) and (wRed =pc)):

1. for any ambient context C' from Lg 7, for any labeled capability cap”n (cap €
{in, out})in C if this capability can be executed using one of the rules (wWRed In 7)
or (wRed Out 7) leading to some ambient context C”, then the state C” and a tran-
sition from C to C’ labeled by cap”n are added to Lg 7.

2. for any ambient context C' from L g r, for any labeled replication !*” in C' such that
this replication can be reduced using the rule (wRed Repl 1) (resp. (wRed Repl 2)),
we define the ambient context C” as follows: C’ is identical to C' except that the
subcontext !"C,, in C' is replaced by ! C, | v(C,) (resp. ' C, | v(1*C,)) in C”;
the mapping ~ relabels C,, (resp. ! C,) with fresh labels, that is labels occurring
neither in some other state of the currently built transition system Lg 7 nor in the
currently built 67, ,.; moreover, we require that C” is well-labeled. If Amb(C") C
Amb(T") then the state C” and a transition from C' to C’ labeled by !§ (resp. !&)

are added to L 7. Additionally, we define 7 _ _ as an extension of ;. such that
for all 0" in C, (i) 0,
(i7) labels in 67 _ (v(0%")) are fresh in the currently built transition system Lg 7

and in 0z . and (iii) 07, (C’) is well-labeled. Finally, we set 0.5 . to 07 _ .

(v(8*")) and 0 . (O"") are identical ignoring labels,
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Fig. 1. A labeled transition system for the process n[!*in m.!?out m.0] | m[0]

3. for any ambient context C' from Lg 7, for any labeled hole 0" in C' and for any
capability cap®’ n (with cap € {in, out}) in the process 01, ,.(0"), we consider
the ambient context C,,, identical to C' except that 0" in C' has been replaced by
o | cap“’/n.O in Cy,. If this capability capw'n can be executed in C,, using one
of the rules (wRed In 7) or (WRed Out %) leading to some ambient context C’, then
the state C’ and a transition from C' to C” labeled by cap” n are added to Ls .

4. for any ambient context C' from Lg 7, for any labeled hole 0% in C' associated
by 01 with a process of the form 1" P, if the replication ! can be reduced in
the process 01 ; ,.(C) using the rule (WRed Repl 1), then for any replication 1" in

01 (0%), two transitions from C' to itself, the first one labeled by !5 and the

"U)”

second one by ! are addedto Lg 7.

It should be noticed that in step 2lthe reduction of a replication contained in the am-
bient context by means of the rule (wRed Repl 1) or (wRed Repl 2) is done only when
the number of ambients in the resulting process is smaller than the number of ambi-
ents in the target process 7'. This requirement is crucial as it implies that the transition
system Lg 7 has only finitely many states.

As an example, we give in Figure [T] the labeled transition system associated with
the process n[!'in m.!?out m.0] | m[0] (we omit in this process unnecessary labels).

One can also notice that the labeled transitions in Lg 7 for replications and ca-
pabilities from the ambient context correspond effectively to reductions performed on
processes. Things are different for transitions corresponding to replications and capa-
bilities contained in processes associated with holes, as shown in steps Bl and [4]: these
transitions are applied for any kind of those capabilities or replications independently
of the fact that they are effectively at this point available to perform a transition.

We will solve this first by giving a model of processes corresponding to holes as
Petri nets and then by synchronizing our two models: the Petri nets and the labeled
transition system Lg 7.

From ambient-free processes to Petri nets: we show here how to build a Petri net from
a labeled ambient-free process different from 0. For a set E, we denote £(E) the set of
all multisets that can be built with elements from E. We recall that a Petri net is given
by a 5-tuple (P, P;, 7T, Pre, Post) such that P is a finite set of places, P; C P is a set
of initial places, T is a finite set of transitions and Pre, Post : 7 — £(P) are mappings
from transitions to multisets of places. We say that an ambient-free process is rooted if
it is of the form cap® n.P for cap € {in, out} or of the form !""P. We define PN p
the Petri net associated with some rooted process P as follows: places for PN p are
precisely rooted subprocesses of P, and P itself is the unique initial place. Transitions
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1
Minm.?out m.0  inm.%out m.0 1Zout m.0 out m.0

Fig. 2. A Petri net for the process !'in m.!?out m.0

are defined as the set of all capabilities in * n, out *' n occurring in P and of all 1%,1%

for replications !"” occurring in P. Finally, Pre and Post are defined for all transitions as
follows (for cap € {in, out}):

- Pre(cap™n) = {cap®n.0} and Post(cap” n) = & if cap” n.0 is a place in PN p.
- Pre(cap” n) = {cap” n.(Py | ... | Px)} and Post(cap™ n) = {P1,..., P} if
cap“ n.(Py | ... | Py)isaplacein PN p (Py,..., Py being rooted processes).

- Pre(!y) = Pre(!y) = {I* P}, Post(!§) = {!"P, P} and Post(!y) = {!“P,!" P} if

¥ P is a place in PN p.

For !'in m.!?out m.0, we obtain the Petri net given in Figure 2}

We will denote PN« the Petri net PN (1, (0")), that is the Petri net corre-
sponding to the rooted ambient-free process associated with O by 0 ..

We will show now how to combine the transition system Lg 7 and the Petri nets
PN gw into one single Petri net.

Combining the transition system and Petri nets: We first turn the labeled transition
system Lg 7 into a Petri net PN, = (Py, Pi, 71, Prer, Posty,). Py, is the set of states
of Lg . Pt is a singleton set containing the state corresponding to Cls, the ambient
context of S. The set of transitions 77, is the set of triples (s, [, s") where s, s" are states
from Lgp with a transition labeled with [ from s to s’ in Lg . For all transitions
t=(s,1,5"), Pre(t) = {s} and Post(t) = {s'}.

We define the Petri net PNgsr = (Ps.r, P§7T, Ts 1, Pres 1, Posts ) as follows:
places (resp. initial places) from PN g 7 are the union of places (resp. initial places)
of PN 1, and of each of the Petri nets PN gw (for 0" occurring in one of the states of
Lg, 7). Transitions of PN g r are precisely transitions from PN r,. The mappings Preg
and Posts 1 are defined as follows: for all transitions ¢ (¢ being of the form (a, f, b)),
(1) Pregr(t) = {a} and Postg r(t) = {b} if f doesn’t occur as a transition in any
of the PNgw’s (for O" occurring in one of the states of Lg r) and (i7) Pregr(t) =
{a}UPregw (f) and Posts 1 (t) = {b} UPostgw (f) if f is a transition of PN qw (Pregw
(resp. Postqw) being the mapping Pre (resp. Post) of PNgw).

We depict in Figure ]the combination of the labeled transition system from Figure
[Mand the Petri net from Figure 2

Deciding reachability: We recall that for a Petri net PN = (P, P;, 7T, Pre, Post), a
marking m is multiset from £(P). We say that a transition ¢ is enabled by a marking m
if Pre(t) C m. Firing the enabled transition ¢ for the marking m gives the marking m/’
defined as m’ = (m ~ Pre(t)) U Post(t) (where . stands for the multiset difference).
A marking m’ is reachable from m if there exists a sequence my, . . . , my of markings
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1
1
1 >a,inm,b

) in m.%out m.0 b, out m,al<1
1 7

Fig. 3. The Petri net for the labeled process n[!'in m.!?out m.0] | m[0]

such that mo = m, mj = m’ and for each m;, m;+1, there exists an enabled transition
for m; whose firing gives m;4 .

Theorem 4. [[[3]] For all Petri nets P, for all markings m,m’ for P, one can decide
whether m’ is reachable from m.

For the reachability problem S —* T', we consider the Petri net PN g 1 and the initial
marking mg defined as mg = ngT. In Figure[3is depicted the initial marking for the
process n[!'in m.!?out m.0] | m[0].

It should be noticed that for any marking m reachable from mg, m contains ex-
actly one occurrence of a place from Pr,. Roughly speaking, to any reachable marking
corresponds exactly one ambient context. Moreover, the firing of one transition in the
Petri net PN g 7 simulates a reduction from —». Thus, markings reachable from m
correspond to normalized processes reachable from S.

We define now M, the set of markings of PN g 1 corresponding to 7". Intuitively,
a marking m belongs to M if m contains exactly one occurrence C' of a place from
Pr, (that is, representing some ambient context) and in the context C, the holes can be
replaced with ambient-free processes to obtain 7". Moreover, each of those replication-
free processes must correspond to a marking of the sub-Petri net associated with the
hole it fills up. Formally, M is the set of markings m for PN g r satisfying: (i) there
exists exactly one ambient context C,,, in m, (i%) ignoring labels, o,,, (C,) is equal to
T modulo AC, for the substitution o, from holes O occurring in C,, to ambient-
free processes defined as: 0,,(0%) = Py | ... | Py for {Py,..., P} the multiset
corresponding to the restriction of m to the places of PNgw and (7i7) for all holes OY
occurring in some state of the transition system Lg 7 but not in C,,, the restriction of
m to places of PN gw is precisely the set of initial places from PN gw.

Proposition 4. For the Petri net PN g built from a problem S —* T, there are
only finitely many markings corresponding to T, and their set M can be computed.

The correctness of our reduction is stated in the following proposition which together
with Theorem[4] implies Theorem[3
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Proposition 5. For all normalized processes S,T, S —* T iff there exists a marking
mr from M such that mr is reachable from mg in PN g 1.

5 On Decision Problems of Name-Convergence and
Model-Checking

In this section, we investigate two problems closely related to reachability : the name-
convergence problem and the model-checking problem.

5.1 The Name-Convergence Problem

A process P converges to a name n if there exists a process P’ such that P reduces
to P’ and P’ is structurally congruent to n[Q] | R (for some processes @, R) [10].
The name-convergence problem is, given some process P and some name n, to decide
whether P converges to the name n. We are going to show that this problem is not
decidable for the two versions of the calculus we have considered so far.

In Section 3] we define the acceptance of an integer v by a two-counters machine
M when (g;,v,0) Fi( (gr,0,0) where g;, g5 are respectively the initial and the final
states of the machine M and 7 ; is the reflexive-transitive closure of the step rela-
tion defined by the machine M. This acceptance condition can be weakened as fol-
lows: we say that M accepts v if there exists two natural numbers v;, vy such that
(gi,v,0) Fy (gf,v1,v2). It is well-known that those two acceptance conditions lead
to equally expressive two-counters machines [[17]].

Reconsidering the encoding given in Section[3 it can be proved that

Proposition 6. For any two-counters machine M = (Q, ¢;, g5, A) and any natural v,
the process [(¢;,v,0)] converges to the name qy iff there exist two natural numbers
v1, v, such that [(g;,v,0)] —=* [(gf,v1,v2)].

Now, for the weak calculus, it can be shown that

Proposition 7. For all naturals v, v1, v, if [(g:,v,0)] —* [(gf,v1,v2)] then there
exists a process R such that [(¢;,v,0)] =% [(gf,v1,v2)] | R.

Thus, using the fact that the acceptance of a natural number by an arbitrary two-
counters machine is undecidable and Propositions[ and [7] it holds that

Theorem 5. The name-convergence problem is undecidable both for the in/out am-
bient calculus and for the weak in/out ambient calculus.

5.2 The Model-Checking Problem

The model-checking problem is to decide whether an ambient process satisfies (that is,
is a model of) a given formula. Formulas that we consider here are the ones from the
ambient logic [4]. The ambient logic is a modal logic used to specify properties of an
ambient process; those modalities allow to speak both about time (that is, how a process
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can evolve by reduction) and space (that is, what is the shape of the tree description of
a process). We will not describe the full logic, but focus on features of our interest.
Any process P satisfies the formula T. A process P satisfies the formula (¢ if P
can be reduced to some process () (P —* Q) or P — (), depending on the considered
calculus) such that () satisfies the formula . A process P satisfies the formula n[y] if
P is structurally congruent to some process n[Q] (P = n[Q] or P 2 n[Q)], depending
on the considered calculus) and @ satisfies ¢. Finally, a process P satisfies the formula
@ | ¥ if P is congruent to some process ) | R and @), R satisfy respectively o and .

Proposition 8. A process P converges to the name n iff P satisfies O(n[T] | T).
Using Theorem B and Proposition[§] we have

Theorem 6. The model-checking problem for the in/out ambient calculus and for the
weak in/out ambient calculus against the ambient logic is undecidable.
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Abstract. We provide several machine-independent characterizations of
deterministic complexity classes in the model of computation proposed
by L. Blum, M. Shub and S. Smale. We provide a characterization of
partial recursive functions over any arbitrary structure. We show that
polynomial time computable functions over any arbitrary structure can
be characterized in term of safe recursive functions. We show that poly-
nomial parallel time decision problems over any arbitrary structure can
be characterized in terms of safe recursive functions with substitutions.

1 Introduction

Why are we convinced by the Church Thesis? An answer is certainly that there
are so many mathematical models, like partial recursive functions, lambda-
calculus, or semi-Thue systems, which are equivalent to Turing machine, but
are also independent from the computational machinery. When computing over
arbitrary structures, like real numbers, the situation is not so clear. Seeking
machine independent characterizations of complexity classes can lend further
credence to the importance of the classes and models considered.

We consider here the BSS model of computation over the real numbers intro-
duced by Blum, Shub and Smale in their seminal paper [BSS89]. The model was
later on extended to a computational model over any arbitrary logical structure
[Goo94l [P0i95]. See the monograph [BCSSISY] for a general survey about the BSS
model.

First of all, we present a new characterization of computable functions that
extends the one of [BSS89] to any arbitrary structure.

* This author has been partially supported by City University of Hong Kong SRG
grant 7001290.

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 185-09] 2003.
© Springer-Verlag Berlin Heidelberg 2003



186 Olivier Bournez et al.

Theorem 1. Over any structure K = (K, op1,...,opx,=,rely,...,rel;, a), the
set of partial recursive functions over K is exactly the set of decision functions
computed by a BSS machine over K.

In the BSS model, complexity classes like PTIME and NPTIME can be
defined, and complete problems in these classes can be shown to exist. On many
aspects, this is an extension of the classical complexity theory since complexity
classes correspond to classical complexity classes when dealing with booleans or
integers. The next results strengthen this idea.

In classical complexity theory, several attempts have been done to provide
nice formalisms to characterize complexity classes in a machine independent way.
Such characterizations include descriptive characterization based on finite model
theory like Fagin [Fag74], characterization by function algebra like [Cob62], or
by combining both kinds of characterization like in [Gur83| Saz8(0]: see
[EF95] for more complete references.

Despite the success of those approaches to capture major complexity classes,
one may not be completely satisfied because explicit upper bounds on computa-
tional resources or restrictions on the growth rates are present. The recent works
of Bellantoni and Cook [BC92] and of Leivant [Lei95, [LM93] suggests another
direction by mean of data tiering which is called implicit computational com-
plexity. There are no more explicit resource bounds. It provides purely syntactic
models of complexity classes which can be applied to programming languages to
analyze program complexity [Ton(0), [Hof99] IMMOQ].

In this paper, following these lines, we establish two “implicit” character-
izations of the complexity classes. Our characterizations work over arbitrary
structures, and subsume previous ones when restricted to booleans or integers.

First, we characterize polynomial time computable BSS functions. This result
stems on the safe primitive recursion principle of Bellantoni and Cook [BC92].

Theorem 2. Over any structure K = (K, op1, ..., opg,=,rely,...,rel;, a), the
set of safe recursive functions over IC is exactly the set of functions computed in
polynomial time by a BSS machine over K.

Second, we capture parallel polynomial time BSS functions based on Leivant
and Marion characterization of polynomial space computable functions [LM95].

Theorem 3. Over any structure K = (K, op1,...,opx,=,rely,...,rel;, a), the
set of decision functions definable with safe recursion with substitution over IC is
exactly the set of decision functions computed in parallel polynomial time over

K.

Observe that, unlike Leivant and Marion, our proofs characterize parallel
polynomial time and not polynomial space: for classical complexity both classes
correspond. However over arbitrary structures, this is not true, since the notion
of working space is meaningless: as pointed out by Michaux [Mic89], on some
structures like (R, 0,1, =, 4, —, ), any computable function can be computed in
constant working space.
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From a programming perspective, a way of understanding all these results
is to see computability over arbitrary structures like a programming language
with extra operators which come from some external libraries. This observation,
and its potential to able to build methods to derive automatically computational
properties of programs, in the lines of [Hof99l, [MMO0Q], is one of our main
motivations on making this research.

On the other hand, we believe BSS computational model to provide new in-
sights for understanding complexity theory when dealing with structures over
other domains [BCSS98|: several nice results have been obtained for this model
in the last decade, including separation of complexity classes over specific struc-

tures: see for example [Mee92] [Cuic92l [CSS94]. We believe these results to con-

tribute to the understanding of complexity theory, even when restricted to clas-
sical complexity [BCSS98].

It is worth mentioning that it is not the first time that the implicit computa-
tional complexity community is interested by computations over real numbers:
see the exciting paper of Cook [C0092] on higher order functionals, or the works
trying to clarify the situation such as [RIR01]. However this is the first time that
implicit characterizations of this type over arbitrary structures are given.

In Section 2] we give a characterization of primitive recursive functions over
an arbitrary structure. We introduce our notion of safe recursive function in
Section Bl We give the proof of Theorem 2 in Section @l We recall the notion of
a family of circuits over an arbitrary structure in Section [l Safe recursion with
substitutions is defined in Section Theorem 3 is proved in Section 3] and

5%

2 Partial Recursive and Primitive Recursive Functions

2.1 Definitions

A structure K = (K, op1,...,opk,rely, ... rel;,a) is given by some underlying
set K, some operators op1, ..., op; with arities, and some relations relq, ..., rel;
with arities. Constants correspond to operators of arity 0. We will not distinguish
between operator and relation symbols and their corresponding interpretations
as functions and relations respectively over the underlying set K.

We assume that equality relation = is always one relation of the structure,
and that there is at least one constant « in the structure. A good example
for such a structure, corresponding to the original paper in [BSSR9] is £ =
(R, +, —,*,=,<,0,1). Another one, corresponding to classical complexity and
computability theory, is K = ({0,1},V,A,=,0,1).

K* = U;en K? will denote the set of words over alphabet K. In our notations,
words of elements in K will be represented with overlined letters, while simple
elements in K will be represented by simple letters. For instance, a.T stands for
the word in K* whose first letter is ¢ and which ends with the word Z. € will
denote the empty word. The length of a word w € K* is denoted by |w].

We assume that the reader has some familiarities with the computation model
of Blum Shub and Smale: see [BSS89] BCSS9§| for a detailed presentation.
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In particular remember that a problem P C K* is decidable (respectively a
function f : K* — K* is computable), if there exists a machine M over structure
K that decides P (resp. computes f). A problem P C K* is in the class PTIME
(respectively a function f : K* — K* is in the class FPTIME), if there exists a
polynomial p and a machine M over structure K that decides P (resp. computes
f) in time p.

As for the classical settings, computable functions over any arbitrary struc-
ture K can be characterized algebraically, in terms of the smallest set of functions
containing some initial functions and closed by composition, primitive recursion
and minimization. In the rest of this section we present such a characterization
that works over any arbitrary structure. See comments below for comparisons
with the one, for the structure of real numbers, in the original paper [BSS89].

We consider functions: (K*)" — K*, taking as inputs arrays of words of
elements in K, and returning as output a word of elements in K. When the
output of a function is undefined, we use the symbol L.

Theorem 1. Over any structure K = (K, op1, ..., opg,=,rely,...,rel;, a), the
set of functions (K*)" — K* computed by a BSS machine over K is exactly
the set of partial recursive functions, that is to say the smallest set of functions
containing the basic functions, and closed under the operations of composition,
primitive recursion, and minimization defined below.

The basic functions are of four kinds:

— functions making elementary manipulations of words of elements in K. For
any a € K, z, 727,72 € K*:

hd(a.7) = a tl(aT) =T cons(a.71,73) = a.72
hd(e) = e tl(e) = ¢ cons(e, Tz) = T3

— Projections: for any n € N, 2 < n:
Prl(Z1, .. T0ye oy Tp) = Ty

— functions of structure K: for any operator (including the constants treated
as operators of arity 0) op, or relation rel, of arity n, we have the following
initial functions:

Op,(a1.T1; -+ an, Tn,) = (0pu(a1; - -+ an,)) T,

) = aif rel,(a, ..., ap,)
) = ¢ otherwise

Rel,(a1.77, ..., ap,

— test function :

y if hd(T) = «
Z otherwise

c57) = {
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Operations mentioned above are:
— composition: Assume f: (K*)" — K*, g1,...,0n: (K*)™ — K* are given
partial functions. Then the composition h: (K*)™ — K* is defined by
h(ZT, . Tm) = f(91(TT, -, Tm)s -+, Gn(TT, -+, Tm)

— primitive recursion: Assume h: K* — K* and g: (K*)3 — K* are given partial
functions. Then we define f: (K*)* — K*

f(e,T) = h(Z)
S @, f(y,7),2) if f(y,7) #L
flay.7) = {ij_y ! othefwise

— minimization: Assume f : (K*)2 — K* is given. Function g: K* — K* is
define by minimization on the first argument of f, also denoted by ¢(y) =

px (f(T,9)), if:

e L if vt € N : hd(f(0%, 7)) # «
e (f(@.7)) = { o : k=min{t | hd(f(0%,7)) = a} otherwise

Note 1. Our definition of primitive recursion and of minimization is sightly dif-
ferent from the one found in [BSSR9]. In this paper, the authors introduce a
special integer argument for every function, which is used to control recursion
and minimization, and consider the other arguments as simple elements in K.
Their functions are of type: N x* K¥ — K!. Therefore, they only capture fi-
nite dimensional functions. It is known that, on the real numbers with +, —, %
operators, finite dimensional functions are equivalent to non-finite dimensional
functions (see [Mic89]), but this is not true over other structures, for instance
Zsy. Our choice is to consider arguments as words of elements in K, and to use
the length of the arguments to control recursion and minimization. This allows
us to capture non-finite dimensional functions,. We consider it to be a more
general and a more natural way to define computable functions, and moreover
not restricted to structure K = (R, +, —, %,=,<,0,1).

Observe that primitive recursion can be replaced by simultaneous primitive
recursion:

Proposition 1. [BMdNO02] Simultaneous primitive recursion is definable with
primitive recursive functions.

The proof of Theorem 1, similar to the proof of Theorem 2 in section Bl is not
given here.

3 Safe Recursive Functions

In this section we define the set of safe recursive functions over any arbitrary
structure C, extending the notion of safe recursive functions over the natural
numbers found in [BC92].



190 Olivier Bournez et al.

Safe recursive functions are defined in a quite similar manner as primitive
recursive functions. However, in the spirit of [BC92|, safe recursive functions
have two different types of arguments, each of which having different properties
and different purposes. The first type of argument, called “normal” arguments, is
similar to the arguments of the previously defined partial recursive and primitive
recursive functions, since it can be used to make basic computation steps or to
control recursion. The second type of argument is called “safe”, and can not be
used to control recursion. This distinction between safe and normal arguments
ensures that safe recursive functions can be computed in polynomial time.

We will use the following notations: the two different types of arguments are
separated by a semicolon “” : normal arguments (respectively: safe arguments)
are placed at left (resp. at right) of the semicolon.

We define now safe recursive functions:

Definition 1. The set of safe recursive functions over K is the smallest set of
functions: (]K*)}C — K*, containing the basic safe functions, and closed under
the operations of safe composition and safe recursion

Basic safe functions are the basic functions of Section ] their arguments
defined all as safe.
Operations mentioned above are:

— safe composition: Assume f: (K*)" x (K*)" — K*, g1, gm : (K*)? — K* and
Imit, Gman : (K¥)P x (K*)? — K* are given functions. Then the composition
is the function h : (K*)? x (K*)? — K*:

W, T T ) = £ (T T). o g T
gm-‘rl(x_la"'7@;m7"'ayq)7"'7gm+1<$17"'7@;ma"'ay_q))

Note 2. Tt is possible to move an argument from the normal position to the
safe position, whereas the reverse is forbidden. By “move”, we mean the
following: for example, assume g : K* x (K*)2 — K* is a given function. One
can then define with safe composition a function f: f(Z,9;Z) = ¢(T; 7, Z) but
a definition like the following is not valid: f(Z;7,z) = ¢(T,7; Z).

— safe recursion: Assume hq, ..., h; : K* x K* — K* and ¢1,..., 0k : (K*)2
(]K*)chrl — K* are given functions. Functions fi,..., fr : (K*)* x K* — K*
can then be defined by safe recursion:

2,7:7) = HhETY), .., fk(Z7:7),7) iV f(Z2,77) #L
fi(aZz,mg) = { otherwise

27:7) = | 9 Z,%:9), - fe(Z,77),7) if Vo fu(Z,7;7) #L
filaz,79) = {J_ otherwise
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Note 3. The operation of primitive recursion previously defined is a simple re-
cursion, whereas the operation of safe recursion is a simultaneous recursion. As
stated by Proposition[], it is possible to simulate a simultaneous primitive recur-
sion with single primitive recursion, whereas this does not seem to be true with
safe recursion. As shown in the simulation of a BSS machine by safe recursive
functions, we need to have a simultaneous recursion able to define simultane-
ously three functions in order to prove Theorem [2l In the classical setting, this
is the choice made by Leivant and Marion in [LM95], while Bellantoni and cook
used a smash function # to build and break t-uples [BC92]. Both choices are
equivalent.

4 Proof of Theorem 2

Theorem 2 is proved in two steps. First, we prove that a safe recursive function
can be computed by a BSS machine in polynomial time. Second, we prove that
all functions computable in polynomial time by a BSS machine over K can be
expressed as safe recursive functions.

4.1 Polynomial Time Evaluation of a Safe Recursive Function
This is a straightforward consequence of the following lemma.

Lemma 1. Let f(ZT1,...,Tn;TY1,---,Ym) be any safe recursive function. If we
write TT f(...)7 for the evaluation time of f(...),

T f @, T3 T Tm) < pp(TF + o AT T )+ TG+ A+ TG
for some polynomial py.

This is proved by induction on the depth of the definition tree of the safe
recursive function. Let f be a safe recursive function.

— If f is a basic safe function, the result is straightforward.

— if f is defined by safe composition from safe recursive functions g, hq, hs,
using induction hypothesis, f is easily shown to be computable in polynomial
time by a BSS machine.

— The non-trivial case is the case of a function f defined with simultaneous
safe recursion. In order to simplify the notations, we assume that f is defined
with a single safe recursion. The proof is in essence the same.

Let us apply induction hypothesis to function ¢ in the expression
flaz,7;y) =9z, f(Z,7;7), 7). Assuming a “clever” strategy, 7 needs to be
evaluated only once, even though it appears in several recursive calls. Thus,
if we assume that 7 has already been evaluated, the time needed to evaluate
f(0z,7:7) = (2,7 (7, 7:7), 7) is given by p, (T2 +T7 %)+ T" f(Z,7;7) .
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We get:

T" f(az,7;9)"
S Try—l + pg (TI—E—I + Trf—l) + Trf(zj f, y)—l
ST +pg(TTZ27+T7T) +pg (Tt (2) " +T7Z ") + ...
A p(TTE+TTT) +pp(T7T7).

Assuming without loss of generality p, monotone, we get
TTf(az,5:y) " < azZlp (T2 + T727) + pp(TT7 ) + TG,

from which the lemma follows.

4.2 Simulation of a Polynomial Time BSS Machine

Let M be a BSS machine over the structure K. In order to simplify our exposition
we assume, without any loss of generality, that M has a single tape. M computes
a partial function fj; from K* to K*. Moreover, we assume that M stops after
¢|Z|" computation steps, where T denotes the input of the machine M. Our goal
is to prove that fi; can be defined as a safe recursive function.

In what follows, we represent the tape of the machine M by a couple a
variables (71,7z) in (K*)* such that the non-empty part is given by 7.7z,
where 777 is the reversed word of 77, and that the head of the machine is on the
first letter of 5.

We also assume that the m nodes in M are numbered with natural numbers,
node 0 being the initial node and node 1 the terminal node. We assume that
the terminal node is a loopback node, i.e., its only next node is itself. In the
following definitions, node number ¢ will be coded by the word a4 of length q.

Let ¢ (¢ € N) be a move node. Three functions are associated with this node:

g7(7ma%) = aq/
H.(; 71, 72) = t1(7n) or hd(;72).71
Z.;;y1,%2) = hd(;71).72 or ti(;72)

according if one moves right or left. Function G, returns the encoding of the
following node in the computation tree of M, function H, returns the encoding
of the left part of the tape, and function Z, returns the encoding of the right
part of the tape.

Let g (¢ € N) be a node associated to some operation op of arity n of the
structure. We also write Op for the corresponding basic operation. Functions G,,
‘H., T, associated with this node are now defined as follows:

G.GTL, ) =af
Z.Gy1,7) = cons(; Op(;hd(;7), . .., hd(; 1"~V (;32))), 1™ ;7))
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Let ¢ (¢ € N) be a node corresponding to a relation rel of arity n of the
structure. The three functions associated with this node are now:

6.7, 72) = CGrelGhd(7n), ..., hd 1" V(7)) 0l at")
HGTLT) =71
IZ(;mvy_Q :y_2

One can define easily without safe recursion, for any integer k, a function
FEqualy, such that:
aif gy = oF
€ otherwise

- |

We can now define the safe recursive functions nextsiare, nexties; and
nextrigns Which, given the encoding of a state and of the tape of the machine,
return the encoding of the next state in the computation tree, the encoding of
the left part of the tape and the encoding of the right part of the tape:

nextsiare(;5, Y1, J2) = C(;Equalo(;ﬁ) Go(;71,92), C (; Equal,(;5), G171, 72),

nextiert (33,91, 92) C( Equalo( ),Ho(;_l,y_) C (; BEqualyi(3), H1 (Y1, 92)s
. C( BEqualm(;3), Hm (71, 72), €) - - )

newt”ght(;gamvy_Q) C( Equalo( )’ 0(1_1ay_) C 7Equal1( ) (ama%)v
..C(; Equaly,(;3), L (;5,91,92),€) - - )

From now on, we define with safe recursion the encoding of the state of the
machine reached after k& computation nodes, where k is encoded by the word
a* € K*, and we also define the encoding of the left part and the right part of
the tape. All this is done with functions compsiate, compiesr and comprigns as
follows:

COMPstate (6; mv %) =€

Compstate(akJrl;ma %) = nextsiate (; Compstate(ak;ma %) Compleft( Z; U1, _2)1

Comprzght( YY1, %))
compiest (671, 72) = 71

compiest (0P TH YT, Y2) = neatieps (s compsiate (081, 92), compregi (o )
compright( 1YL, Y2 )

e
=
Sl

DN
~—

compright(ﬂmv y_Q) = %
)

COMPright (ak+1; ma %) = nextright (; COMPstate (ak; mv %) Compleft( YL, Y2
COMPright (aka Y1, %))

In order to simplify the notations, we write the above as follows:

comp(€; 1, Jz) =c
comp(a* T 71, 72) = neat (; comp(a®; 71, 72))
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On input 7, with the head originally on the first letter of Z, the final state of
the computation of M is then reached after ¢ computation steps, where

t=cz|"

The reachability of this final state is given by the following lemma:

Lemma 2. [BMdNO02] For any ¢,d € N, one can write a safe recursive function

P.q such that, on any input T with [T| = n, |P.a(T;)| = en?.

Let us apply this lemma and define such a FP.,. Then, we define
finalcomp(T;) = comp(P. (T;); €,T). The encoding of the tape at the end of the
computation is then given by finalcompies(T;) and finalcompyign:(T;) ending
here our simulation of the BSS machine M.

5 A Characterization of the Parallel Class PARx

5.1 A Parallel Model of Computation

In this section, we assume that our structure K has at least two different constant,
denoted by « and (. This is necessary to respect the P-uniformity provisio as
below: One needs to describe an exponential gate number with a polynomially
long codification.

Recall the notion of circuit over an arbitrary structure K [Poi95} BCSS9S)].

Definition 2. A circuit over the structure KC is an acyclic directed graph whose
nodes are labeled either as input nodes of in-degree 0, output nodes of out-degree
0, test nodes of in-degree 3, or by a relation or an operation of the structure, of
in-degree equal to its arity.

The evaluation of a circuit on a given valuation of input nodes is defined in
the straightforward way, all nodes behaving as one would expect: any test node
tests whether its first parent is labeled with «, and returns the label of its second
parent if this is true or the label of its third parent if not. See BCSS9g))
for formal details.

We say that a family C),, n € N of circuits is P-uniform if and only if there
exists a polynomial time deterministic function describing each gate of each
circuit.

The reader can find in the definition of parallel machine over a
structure K. We will not give formal definitions here, since we will actually
use the alternative characterization given by Proposition [2] below, proved in

Proposition 2. The PARx class of problems decidable in polynomial time by a
parallel machine using an exponentially bounded number of processors is exactly
the class of problem decidable by a P-uniform family of circuits of polynomial
depth.

The rest of this section is devoted to prove that, over any structure IC, class
PARx also corresponds to the class of decision functions definable with safe
recursion with substitution.
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5.2 Safe Recursion with Substitutions

Definition 3. The set of functions defined with safe recursion with substitutions
over K is the smallest set of functions: (K*)" — K*, containing the basic safe
functions, and closed under the operations of safe composition and safe recursion
with substitutions.

Basic safe functions are defined in Section Bl as well as the operation of safe
composition. We only need to define the notion of safe recursion with substitution
: Let hy,...,hg : KX (K*)2 — K* and ¢1,..., 0k : (K)2 X (K*)kl+1 — K*. Let
the following safe recursive functions o, , : K* — K*,0 <+ < k,0 <y <[ for an
arbitrary [, called substitution functions. These functions need to be instanciated
in the scheme. Here we assume that the arguments of these substitution functions
are all safe. Functions f1,..., fx : (K)2 X (K*)2 — K* can then be defined by
safe recursion with substitutions:

g1 (E,E, fl(jaga Ul,l(vﬂ)ag)v . 7f1 T, %, Ul,l(au)ag)v s
_ fk(f,E,O'kJ ,u),g),...7fk(f7§;0kvl(,ﬂ),_),g)
N if Vl,j fz(f7§; O—Z,j(’ﬂ)ﬂy) #L
1 otherwise

I_

otherwise

5.3 Simulation of a P-uniform Family of Circuits

By hypothesis, the family of circuits we want to simulate here is P-uniform.
This means that there exists a polynomial time deterministic function which,
given n the length of the input of the circuit and m the gate number, gives the
description of the mth gate of circuit C,,.

We detail now how a gate is described:

— The single (remember, we simulate a decision function) output node is num-
bered 0. It is represented by € € K*.

— Let r be the maximal arity of a relation or a function of the structure.
Let s = [lg(max{r,3})] be the size necessary to write the binary encoding
of 0,1,...,max{r, 3}, the maximum number of parents for a given node.
Assume that a gate is represented by 7. Its parents nodes, from its first to



196 Olivier Bournez et al.
its m*", are represented by @g.7, . . ., @Gm_1.J, where @, € {3, a}* represents
the binary encoding of 2 in K*, 3 being put in place of 0 and « in place of
1. We add as many (s as needed in front such that these a, have length s.

We define the safe recursive functions o, such that o,(y) = a,.y where a, is
defined above.

Note 4. We assume here a “tree” viewpoint for the description of the circuit, by
opposition to the (more classical) “Directed Acyclic Graph” (DAG) viewpoint.
In this tree viewpoint, the representations of a gate are codifications of the paths
from the output node to it. In particular, a gate may have several representations.
P-uniformity ensures that the translation can be done in polynomial time by a
deterministic function.

Theorem 2 proved before in this paper ensures that this description can be
computed with safe recursive functions. Therefore, we assume that we have the
following safe recursive function Gate, which returns a code for the label of the

node 7 in the circuit C,,, where n = |Z| is the size of the input, and T = ;.. ... T
G.x, for an input gate corresponding
to the ¢" coordinate of the input
Gate(T;7) = § o' for a gate labeled with op,
akt? for a gate labeled with rel,
afti+t for a test node

Remember the functions Fqualy, defined in Section[, and denote with 7, the
current depth in the simulation of the circuit. The simulation of the circuit is
done with the function Eval defined as follows, where k, is the arity of op, and
[, the arity of rel,:

Eval(e,7;7) = C(; Gate(T; 7), t1(; Gate(T; 7)), €)
Eval(t1.1,7;y) = C(; Equaly(; Gate(T; 7)), Opy (; Eval(t, T;00(; 7)),
) Eval(f, T, Ukl(;y))) ;

.. C (; Equaly41 (; Gate(T; 7)), Rely (; Bval(t,7;00(; 7)),
- Eval(t,7;00,(:9))) »

C (; Equalg4i+1(; Gate(T; 7)), )
C (BEval(t,;00(7;)), Eval(t,z;01(7;)), Bval(t,T; 02(7;)))
C(,Gate( 7), t1(; Gate(T; 7)), €)
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Assume p(n) = cn? is a polynomial bounding the depth of the circuit C,,.
The evaluation of C,, on input T of length n is then given by Fwval(t,T;€) where
|| = cn?. Lemma 2 gives the existence of a safe recursive function P. 4 such that
|P..a(T; )| = en?. The evaluation of the P-uniform family of circuits C,,,n € N is
then given by the function Circuit(T;) = FEval(P.,4(T;),T; €) defined with safe
recursion with substitutions.

5.4 Evaluation of a Function Defined with Safe Recursion with
Substitutions

Let f be a function defined with safe recursion with substitutions, and denote
by f. the restriction of f on the set of inputs of size at most n. We need to
prove that f can be simulated by a P-uniform family of circuits C(f),,n € N of
polynomial depth, each C(f),, simulating f,.

Let us prove by induction on the definition tree of f the following lemmas:

Lemma 3. For any function f : (K*)" x (K*)® defined with safe recursion with
substitutions, let us denote by D" f(...)7 the depth of the circuit C,, simulating
f(...) on inputs of size at most n. Then,

DUf(@e,....Zn 71, 0s)”
<ps(max{D "z ",..., DT "}) + max{D "y ..., D"y, '}

for some polynomial py, and

f@L Ty, )| < gp([E] + -+ [T])
for some polynomial qy.

Proof.

— If f is a basic function, the result is straightforward.
— If f is defined with the operation of safe composition:

f(x_l"'ax_Tama'"7yp1az_17°"az;ﬂz;tlv"'atm)

:g(h‘l(m_la7$_T'am77%’)7}12(?177%72_177%1t177tm))

then, C(f),, is the obtained by plugging C(h1),, and C(hs),, in the input nodes
of C(g)th(nﬂ_qh2 (n)- Thus, when we apply the induction hypothesis to g:

pr(n) < pg (ph, (n)) + max{pp, (n), pn, (n)}
q7(n) < qq (qn, (n))
— If f is defined with the operation of safe recursion with substitutions:

— The non-trivial case is the case of a function f defined with safe recursion,
as in Definition Bl
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Let us apply induction hypothesis to function ¢, in the expression
f.(a.Z,Z;u, 7). w and § are given by their respective circuits plugged at the
right position. The depth of the circuit evaluating

fz(a"Ta E; ﬂv y) =0 (Ta E; fl(Tv E; 01,1(;ﬂ)1y)1 ceey fl(fv E; O—l,l(;ﬂ)vy)ﬂ e
[e(@ 2061 G0),7), - - f1(T, 25000 (570), 9), T)

is given by pg, (max{D"z", D"z"}) + max, ,{ D" f,(Z,%;0,,(;0),y)", D'y}
Assume: for any 1, pg, is bounded by some polynomial py. Assume moreover:
for any 4,3, po, , is bounded by some p,. We get:

D f(az,z:u,7)"
< D"y + pg(max{D "z, D"Z"}) + max, ,{D" f,(Z,Z; 0,,(;7),7) "}
< D'y + pg(max{D"z", D"z }) + pg(max{D"tl(z)",D"Z}) + ...
...+ pg(max D", D"Z7}) + pp(D"Z7) + max{|a.Z|p, () + D'u", D"y}

Assuming without loss of generality p, monotone, we get

DT f(a.7,%;w,7)" < |a.Z|py(max{D T, D Z})
Dy + pp(D"Z7) + max{|a.T|p,() + D"u ', D"y},

from which the result follows for p;. For ¢y, we need:
|fo(a.T,Z,7;7)| < qq, (|Z] + |Z]) . This ends the proof of our lemma.

It follows from the lemma that every circuit of the family C(f), has a poly-
nomial depth in n. The P-uniformity is given by the description of the circuit as
above.

In the classical setting (see [LMO95]), safe recursion with substitution char-
acterizes the class PSPACE. However, in the general setting, this notion of
working space is meaningless, as pointed in [MicR9]: on some structures like
(R,0,1,=,+4, —, %), any computation can be done in constant working space.
However, since we have in the classical setting PAR = PSPACE, our result
extends the classical one from [LM95].
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Abstract. In previous work we have investigated a notion of approx-
imate bisimilarity for labelled Markov processes. We argued that such
a notion is more realistic and more feasible to compute than (exact)
bisimilarity. The main technical tool used in the underlying theory was
the Hutchinson metric on probability measures. This paper gives a more
fundamental characterization of approximate bisimilarity in terms of the
notion of (exact) similarity. In particular, we show that the topology
of approximate bisimilarity is the Lawson topology with respect to the
simulation preorder. To complement this abstract characterization we
give a statistical account of similarity, and by extension, of approximate
bisimilarity, in terms of the process testing formalism of Larsen and Skou.

1 Introduction

Labelled Markov processes provide a simple operational model of reactive proba-
bilistic systems. A labelled Markov process consists of a measurable space (X, )
of states, a family Act of actions, and a transition probability function p— _ that,
given a state x € X and an action a € Act, yields the probability p 4 (A) that
the next state of the process will be in the measurable set A € X after perform-
ing action a in state x. These systems are a generalization of the probabilistic
labelled transition systems with discrete distributions considered by Larsen and
Skou [16].

The basic notion of process equivalence in concurrency is bisimilarity. This
notion, due to Park [I8], asserts that processes are bisimilar iff any action by
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either can be matched with the same action by the other, and the resulting pro-
cesses are also bisimilar. Larsen and Skou adapted the notion of bisimilarity to
discrete probabilistic systems, by defining an equivalence relation R on states to
be a bisimulation if related states have exactly matching probabilities of mak-
ing transitions into any R-equivalence class. Later the theory of probabilistic
bisimilarity was extended beyond the discrete setting by Edalat, Desharnais and
Panangaden [§]. From quite early on, however, it was realized that for probabilis-
tic systems a notion of approximate bisimilarity might prove more appropriate
than a notion of exact bisimilarity. One advantage of such a notion is that it
is more informative: one can say that two processes are almost bisimilar, even
though they do not behave exactly the same. More fundamentally, one could
even argue that the idea of exact bisimilarity is meaningless if the probabilities
appearing in the model of a system are approximations based on statistical data,
or if the algorithm used to calculate bisimilarity is not based on exact arithmetic.

Desharnais, Gupta, Jagadeesan and Panangaden [9] formalized a notion of
approximate bisimilarity by defining a metrid] on the class of labelled Markov
processes. Intuitively the smaller the distance between two processes, the more
alike their behaviour; in particular, they showed that states are at zero distance
just in case they are bisimilar. The original definition of the metric in [9] was
stated through a real-valued semantics for a variation of Larsen and Skou’s
probabilistic modal logic [T6]. Later it was shown how to give a coinductive
definition of this metric using the Hutchinson metric on probability measures [4].
Using this characterization [5] gave an algorithm based on linear programming to
approximate the distance between the states of a finite labelled Markov process.

The fact that zero distance coincides with bisimilarity can be regarded as
a sanity check on the definition of the metric. The papers [9/4] also feature a
number of examples showing how processes with similar transition probabilities
are close to one another. A more precise account of how the metric captures
approximate bisimilarity is given in [6], where it is shown that convergence in the
metric can be characterized in terms of the convergence of observable behaviour;
the latter is formalized by Larsen and Skou’s process testing formalism [T6]. As
Di Pierro, Hankin and Wiklicky [20] argue, such an account is vital if one wants
to use the metric to generalize the formulations of probabilistic non-interference
based on bisimilarity.

Both of the above mentioned characterizations of the metric for approximate
bisimilarity are based on the idea of defining a distance between measures by in-
tegration against a certain class of functions, which is a standard approach from
functional analysis. But it is reasonable to seek an intrinsic characterization of
approximate bisimilarity that does not rely on auxiliary notions such as integra-
tion. In this paper we give such a characterization. We show that the topology
induced by the metric described above coincides with the Lawson topology on the
domain that arises by endowing the class of labelled Markov processes with the
probabilistic simulation preorder. The characterization is intrinisic: the Lawson

! Strictly speaking, a pseudometric since distinct processes can have distance zero.
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topology is defined solely in terms of the order on the domain. For this reason,
we view this characterization as more fundamental than the existing ones.

Our results are based on a simple interaction between domain theory and
measure theory. This is captured in Corollary [2] which shows that the Lawson
topology on the probabilistic powerdomain of a coherent domain agrees with
the weak topology on the family of subprobability measures on the underlying
coherent domain, itself endowed with the Lawson topology. A simple corollary of
this result is that the probabilistic powerdomain of a coherent domain is again
coherent, a result first proved by Jung and Tix [15] using purely domain-theoretic
techniques.

We use the coincidence of the Lawson and weak topologies to analyze a re-
cursively defined domain D of probabilistic processes first studied by Desharnais
et al. [10]. The key property of the domain D is that it is equivalent (as a pre-
ordered class) to the class of all labelled Markov processes equipped with the
simulation preorder. The proof of this result in [I0] makes use of a discretiza-
tion construction, which shows how an arbitrary labelled Markov process can be
recovered as the limit of a chain of finite state approximations. In this paper,
we give a more abstract proof: we use the coincidence of the Lawson and weak
topologies to show that the domain D has a universal property: namely, it is
final in a category of labelled Markov processes.

A minor theme of the present paper is to extend the characterization of ap-
proximate bisimilarity in terms of the testing formalism of Larsen and Skou [I6].
We show that bisimilarity can be characterized as testing equivalence, where
one records only positive observations of tests. On the other hand, characteriz-
ing similarity requires one also to record negative observations, i.e., refusals of
actions.

2 Labelled Markov Processes

Let us assume a fixed set Act of actions. For ease of exposition we suppose that
Act is finite, but all our results hold in case it is countable.

Definition 1. A labelled Markov process is a triple (X, X, u) consisting of a
set X of states, a o-field X on X, and a transition probability function p :
X x Act x X —[0,1] such that

1. forallz € X anda € Act, the function piz o (-) : ¥ — [0,1] is a subprobability
measure, and
2. for all a € Act and A € X, the function p_ 4 (A) : X — [0,1] is measurable.

The function p_ , describes the reaction of the process to the action a selected
by the environment. This represents a reactive model of probabilistic processes.
Given that the process is in state x and reacts to the action a chosen by the
environment, (i, o (A) is the probability that the process makes a transition to a
state in the set of states A. Note that we consider subprobability measures, i.e.
positive measures with total mass no greater than 1, to allow for the possibility
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that the process may refuse an action. The probability of refusal of the action a
given the process is in state z is 1 — pi5 4 (X).

An important special case is when the o-field X' is the powerset of X and,
for all actions a and states z, the subprobability measure fiz 4 () is completely
determined by a discrete subprobability distribution. This case corresponds to
the original probabilistic transition system model of Larsen and Skou [16].

A natural notion of a map between labelled Markov processes is given in:

Definition 2. Given labelled Markov processes (X, X, u) and (X', X' ('), a mea-
surable function f: X — X' is a zigzag map if for all x € X, a € Act and

A€, oo (fTHA)) = 140 (A)-

Probabilistic bisimulations (henceforth just bisimulations) were first intro-
duced in the discrete case by Larsen and Skou [L6]. They are the relational
counterpart of zigzag maps and can also be seen, in a very precise way, as the
probabilistic analogues of the strong bisimulations of Park and Milner [17]. The
definition of bisimulation was extended to labelled Markov processes in [8[10].

Definition 3. Let (X, X, u) be a labelled Markov process. A reflexive relation
R on X is a simulation if whenever x Ry, then for all a € Act and all R-
closed A € X, g o (A) < pya(A). A set A is R-closed if z € A and x Ry
imply y € A. We say that R is a bisimulation if, in addition, whenever x Ry
then py o (X) = pyo (X). Two states are bisimilar if they are related by some
bisimulation.

The notions of simulation and bisimulation are very close in the probabilistic
case. The extra condition fiz.q (X) = fy,qa (X) in the definition of bisimulation
allows one to show that if R is a bisimulation, then the inverse relation R~! is
also a bisimulation. It follows that the union of all bisimulations is an equiva-
lence relation R such that xRy implies g q (A) = fy,q (A) for all a € Act and
measurable R-closed A C X. This equality, which entails infinite precision, is the
source of the fragility in the definition of bisimilarity. This motivates the idea of
defining a notion of approximate bisimilarity.

2.1 A Metric for Approximate Bisimilarity

We recall a variant of Larsen and Skou’s probabilistic modal logic [16], and a real-
valued semantics due to Desharnais et al. [9]. The set of formulas of probabilistic
modal logic (PML), denoted F, is given by the following grammar:

fa=TIIANFLIVIT@f | f~q

where a € Act and ¢ € [0,1]N Q.

The modal connective (a) and truncated subtraction replace a single connec-
tive (a)4 in Larsen and Skou’s presentation.

Fix a constant 0 < ¢ < 1 once and for all. Given a labelled Markov process
(X, X, u), aformula f determines a measurable function f: X — [0, 1] according
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to the following rules. T is interpreted as the constant function 1, conjunction and
disjunction are interpreted as max and min respectively, truncated subtraction
is defined in the obvious manner, and ({(a)f)(z) = ¢ [ fdps,q for each a € Act.
Thus the interpretation of a formula f depends on c. The role of this constant
is to discount observations made at greater modal depth.

Given a labelled Markov process (X, X, u), one defines a metric d on X by

d(z,y) = sup |f(z) — f(y)].

fer

It is shown in [9] that zero distance in this metric coincides with bisimilarity.
Roughly speaking, the smaller the distance between states, the closer their be-
haviour. The exact distance between two states depends on the value of ¢, but
one consequence of our results is that the topology induced by the metric d is
independent of the original choice of c.

Example 1. In the labelled Markov process below, d(sg, s3) = ¢2d. The two states
are bisimilar just in case § = 0.

S1
S0 a,l S3
a,% a,%fé
52

3 Domain Theory

A directed subset A C D of a poset D is one for which every finite subset of A has
an upper bound in A, and a directed complete partial order (dcpo) is a poset D in
which each directed set A has a least upper bound, denoted LIA. If D is a dcpo,
and x,y € D, then we write z < y if each directed subset A C D with y C UA
satisfies T2 N A # (). We then say x is way-below y. Let |y = {z € D | v < y};
we say that D is continuous if it has a basis, i.e., a subset B C D such that for
each y € D, |y N B is directed with supremum y. We use the term domain to
mean a continuous dcpo.

A subset U of a dcpo D is Scott-open if it is an upper set (i.e., U = TU) and
for each directed set A C D, if UA € U then ANU # @. The collection X'D of
all Scott-open subsets of D is called the Scott topology on D. If D is continuous,
then the Scott topology on D is locally compact, and the sets Tz where € D
form a basis for this topology. Given dcpos D and F, a function f: D — FE is
continuous with respect to the Scott topologies on D and E iff it is monotone
and preserves directed suprema: for each directed A C D, f(LUA) = LUf(A).

Another topology of interest on a continuous decpo D is the Lawson topology.
This topology is the join of the Scott topology and the lower interval topology,
where the latter is generated by sub-basic open sets of the form D\ T «. Thus, the
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Lawson topology has the family {fz\ 1 F | € D, F C D finite} as a basis. The
Lawson topology on a domain is always Hausdorff. A domain which is compact
in its Lawson topology is called coherent.

4 The Probabilistic Powerdomain

We briefly recall some basic definitions and results about valuations and the
probabilistic powerdomain.

Definition 4. Let (X, £2) be a topological space. A valuation on X is a mapping
w: 2 —[0,1] satisfying:

1. ud =0.
2.UCV=puU<uV.
3 wUUV)+u(UNV)=pU+puV, UV eN

Departing from standard practice, we also require that a valuation is Scott con-
tinuous as a map (2,C) — ([0,1], ).

Each element z € X gives rise to a valuation 0, defined by 0,(U) = 1 if
x € U, and 0,(U) = 0 otherwise. A simple valuation has the form . 7404
where A is a finite subset of X, r, > 0, and ZaeA re < 1.

We write VX for the space whose points are valuations on X, and whose
topology is generated by sub-basic open sets of the form {u | pU > r}, where
U € 2 and r € [0,1]. The specialization ordel] on VX with respect to this
topology is given by p C p iff pU < p/'U for all U € §2. V extends to an
endofunctor on Top — the category of topological spaces and continuous maps —
by defining V(f)(u) = po £~ for a continuous map f.

Suppose D is a domain regarded as a topological space in its Scott topology.
Jones [14] has shown that the specialization order defines a domain structure on
VD, with the set of simple valuations forming a basis. Furthermore, it follows
from the following proposition that the topology on VD is actually the Scott
topology with respect to the pointwise order on valuations.

Proposition 1 (Edalat [11]). A net (uq) converges to p in the Scott topology
on VD iff liminf p, U > pU for all Scott open U C D.

Finally, Jung and Tix [15] have shown that if D is a coherent domain then so is
VD. In summary we have the following proposition.

Proposition 2. The endofunctor V: Top — Top preserves the subcategory wCoh
of coherent domains with countable bases equipped with their Scott topologies.

The fact that we define the functor V over Top rather than just considering the
probabilistic powerdomain as a construction on domains has a payoff later on.

2 The specialization preorder on a topological space is defined by x T y iff, for every
open set U, x € U implies y € U. It is a partial order precisely when the space is Tp.
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Obviously, valuations bear a close resemblance to measures. In fact, any
valuation on a coherent domain D may be uniquely extended to a measure
on Borel o-field generated by the Scott topology (equivalently by the Lawson
topology) on D [2]. Thus we may consider the so-called weak topology on VD.
This is the Weakebt topology such that for each Lawson continuous function
f:D —[0,1], @4(n) = [ fdp defines a continuous function @5: VD — [0, 1].
Alternatively, it may be characterized by saying that a net of valuations (u)
converges to g iff liminf p,O > pO for each Lawson open set O (cf. [I9, Thm
11.6.1]). We emphasize that the weak topology on VD is defined with respect to
the Lawson topology on D.

5 The Lawson Topology on VD
In this section we show that for a coherent domain D, the Lawson topology on
VD coincides with the weak topology.

Proposition 3. [Jones [14)]] Suppose u € VD is an arbitrary valuation, then
YoacaTaba Epiff (VBCA)Y  cpra < p(lB).

Proposition 4. Let F = {z1,....,2,} € D, p € VD and € > 0 be given. Then
there exists a finite set KC of simple valuations such that p & 1K but if v € VD
satisfies v(1 F') > u(T F) + ¢ then v € TK.

Proof. Let § = ¢/n. Define f5: [0,1] — [0,1] by f5(z) = max{md | mé < x,m €
N}. Next we define K to be the finite set

= {Zném | u(TF) < Zri <1land {ry,...,m} C Ranf(;}.
i=1 i=1

From Proposition Bl we immediately deduce p € 7K. Now given v € VD with
V(T F)> (T F)+e, weset r; = fs(v(Tai\U;., Tay)) fori € {1,...,n}. First we
verify that Y ;" r;id,, € K. Now

> i =v(1F) =Y fsw( e\ |J 1))
1=1 i=1

j<i

—Z v(tai\ U Tay) = fswa\ | J125)

Jj<i j<i
<nd=ce.

It follows that Y., r; > pu(1 F), thus Y " | rid,, € K.
Finally, we observe that Y., r;d,, C v since, if B C {1,...,n}, then

Yori=y fswta\|JTe) <Y v(Ta\|J12) <v(iB),

i€EB 1€EB J<i i€EB 7<i
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Proposition 5. A net (u,) converges to u in the lower interval topology on VD
iff imsup po E < pE for oll finitely generated upper sets E.

Proof. Suppose o, — p. Let E = T F, where F is finite, and suppose € > 0 is
given. Then by Proposition Hl there is a finite set K of simple valuations such
that p ¢ 17K and for all valuations v, v ¢ 7K implies vE < uE + . Then we
conclude that limsup puoF < pFE + € since the net pu, is eventually in the open
set VD \ TK.

Conversely, suppose o 7 p. Then p has a sub-basic open neighbourhood
VD \ 1p such that some subnet pg never enters this neighbourhood. We can
assume p = » . Tq0, is a simple valuation. Since p £ p there exists B C A
such that ) . p7a > (1 B). But pg(1B) = > ,cpre > p(1 B) for all §. Thus
limsup pa (T B) > p(1 B). 0

Corollary 1. Let (ua) be a net in VD. Then (u,) converges to p in the Lawson
topology on VD iff

1. liminf poU = pU for all Scott open U C D.
2. limsup po E < pE for all finitely generated upper sets E C D.

Proof. Combine Propositions [ and ]

Corollary 2. If D is Lawson compact, then so is VD and the weak and Lawson
topologies agree on VD.

Proof. Recall [19, Thm I1.6.4] that the weak topology on the space of Borel
measures on a compact space is itself compact. By Corollary [[I the Lawson
topology on VD is coarser than the weak topology. But it is a standard fact
that if a compact topology is finer than a Hausdorff topology then the two must
coincide.

The Lawson compactness of VD was first proved by Jung and Tix in [T5]. Their
proof is purely domain theoretic and doesn’t use the compactness of the weak
topology.

6 A Final Labelled Markov Process

In a previous paper [4] we used the Hutchinson metric on probability measures to
construct a final object in the category of labelled Markov processes and zigzag
maps. Here we show that one may also construct a final labelled Markov process
as a fixed point D of the probabilistic powerdomain. As we mentioned in the
introduction, the significance of this result is that D can be used to represent
the class of all labelled Markov processes in the simulation preorder.

Given a measurable space X = (X, Y}, we write MX for the set of subprob-
ability measures on X. For each measurable subset A C X we have a projection
function py: MX — [0,1] sending p to p A. We take MX to be a measurable
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space by giving it the smallest o-field such that all the projections p4 are mea-
surable. Next, M is turned into a functor Mes — Mes, where Mes denotes the
category of measure spaces and measurable maps, by defining M(f)(u) = po f~*
for f: X - Y and p € MX; see Giry [12] for details.

Definition 5. Let C be a category and F : C — C a functor. An F-coalgebra
consists of an object C' in C together with an arrow f : C — FC in C. An
F-homomorphism from F-coalgebra (C, f) to F-coalgebra (D,g) is an arrow
h:C — D in C such that Fho f = go h. F-coalgebras and F-homomorphisms
form a category whose final object, if it exists, is called the final F-coalgebra.

Given a labelled Markov process (X, X, 1), 1 may be regarded as a measur-
able map X — M(X)A. That is, labelled Markov processes are nothing but
coalgebras of the endofunctor M(—)A°t on the category Mes. Furthermore the
coalgebra homomorphisms in this case are just the zigzag maps, cf. [8].

Next, we relate the functor M to the probabilistic powerdomain functor V. To
mediate between domains and measure spaces we introduce the forgetful functor
U: wCoh — Mes which maps a coherent domain to the Borel measurable space
generated by the Scott topology (equivalently by the Lawson topology).

Proposition 6. The forgetful functor U: wCoh — Mes satisfies MloU =Uo V.

Proof. (Sketch) Given a coherent domain D with countable basis, since valua-
tions on the Scott topology on D are in 1-1 correspondence with Borel measures
on U(D), we have a bijection between the points of the measurable spaces MIU(D)
and UV(D). That this bijection is an isomorphism of measurable spaces follows
from the coincidence of the Lawson and weak topologies and the unique struc-
ture theorenfd. O

The following proposition is a straightforward adaptation of [19] Thm I1.1.10].

Proposition 7. The forgetful functor U: wCoh — Mes preserves limits of w°P-
chains.

Starting with the final object of wCoh, we construct the chain

V21
PR

1w oy Py (1)

by iterating the functor V. Writing {V"1 & V¥1},,,, for the limit cone of this
chain, there is a unique ‘connecting’ map V¥1 «+— VV“1 whose composition with
T, gives Vm,.

Proposition 8. (i) The image of (1) under the forgetful functor
U: wCoh — Mes is equal to the chain
2
1M1 & v2p 2w e— (2)
similarly obtained by iterating the functor M.

3 In a Polish space any sub o-field of the Borel o-field which is countably generated
and separates points is equal to the whole Borel o-field [3].
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(ii) The forgetful functor U: wCoh — Mes maps V¥1 to M“1.
(iii) The image of the connecting map V¥1 «— V(V¥1) under U is the connecting
map M¥1 «— M(M¥1).

Proof. (i) follows from Proposition[6; then (ii) follows from (i) and Proposition[Zl
Finally (iii) follows from (ii) and Proposition [Gl O

Theorem 1. The greatest fixed point of the functor V(—)ACt can be given the
structure of a final labelled Markov process.

Proof. For simplicity we prove the theorem for the case that Act is a singleton.
Since V restricts to a locally continuous functor on wCoh, the fixed point theorem
of Smyth and Plotkin [21] tells us that the connecting map V¥1 «— V(V¥1) is
an isomorphism. It follows from Proposition [ (iii), that the connecting map
M“1 «— M(M¥1) is also an isomorphism. The inverse of this last map gives
M“1 the structure of an M-coalgebra. That this coalgebra is final follows from
a simple categorical argument, cf. [I]. O

Remark 1. Desharnais et al. [10] consider the solution of the domain equation
D = V(D)A¢t. Theorem [M shows that D can be given the structure of a final
labelled Markov process. By similar reasoning, D in its Scott topology, can be
given the structure of a final coalgebra of the endofunctor V(—)A<t on Top. We
exploit this last observation in Proposition [d.

7 A Metric for the Lawson Topology

Now consider the domain D from Remark[d qua labelled Markov process; denote
the transition probability function by u. For any formula f € F, the induced map
f: D —[0,1] is monotone and Lawson continuous. This follows by induction on
f € F using the coincidence of the Lawson and weak topologies on VD. We
define a preorder < on D by = < y iff f(z) < f(y) for all f € F. Since each
formula gets interpreted as a monotone function on D it holds that z C y implies
z <X y. The theorem below asserts that the converse also holds.

Theorem 2. The order on D coincides with <.

Desharnais et al. [100] have proven a corresponding version of Theorem 2]in
which formulas have the usual Boolean semantics. In fact, one can deduce The-
orem[2 from this result and another result of the same authors [9] Corollary 3.8]
which relates the Boolean and real valued semantics for the logic in the case of
finite labelled Markov processes. However, we include a direct topological proof
(below) as a nice application of the Lawson = weak coincidence, and because we
will need to use this theorem later.

Note that in the following proposition we distinguish between an upper set
V C D, and a x-upper set U C D (z € U and z < y implies y € U).
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Proposition 9. Ifa € Act, x Xy and U C D is Scott open and <-upper, then
fz,a (U) < py,a (U).

Proof. Since U is the countable union of sets of the form T K for finite subsets
K of U, it suffices to show that p; o(T K) < py,q(T K) for all finite subsets K
of U.

Let K = {x1,...,2,} CU and z € D\ U be given. For each j € {1,...,n},
since x; # z, there exists a formula g; € F such that g;(z;) > g;(2). Since F is
closed under truncated subtraction, and each g; is Lawson continuous, we may,
without loss of generality, assume that g;(z;) > 0 and g; is identically zero in a
Lawson open neighbourhood of z.

If we set ¢ = max;g;, then g € F is identically zero in a Lawson open
neighbourhood of z and is bounded away from zero on 1 K. Since D \ U is
Lawson compact (being Lawson closed) and F is closed under finite minima, we
obtain f € F such that f is identically zero on D\ U and is bounded away from
zero on | K by, say, r > 0. Finally, setting h = min(f, ), we get

1 1
poa (1) < 3 [ Wtna < 3 [ Rty < oy a©),

where the middle inequality follows from ({a)h)(z) < ({a)h)(y).
Since U is the (countable) directed union of sets of the form T K for finite
K CU, it follows that py o (U) < ty.q (U). m|

We can now complete the proof of Theorem 21 Let XD denote the Scott
topology on D and 7 the topology of Scott open <-upper sets. Consider the
following diagram, where ¢ is the continuous map given by tz = .

(D, ¥D) ————V(D, £D)"* (3)
LJ/ J/VLACt
(D,T) ______ —>V(D,T)A6t

All the solid maps are bijections, so there is a unique dotted arrow making
the diagram commute in the category of sets. The inverse image of a sub-basic
open in V(D,7) under the dotted arrow is T-open by Proposition [d. By the
finality of (D, u) qua V(—)A-coalgebra, ¢ has a continuous left inverse, and is
thus a VA°-homomorphism. Hence, for each y € D, the Scott closed set |y is
T-closed, and thus x-lower. Thus < y implies  C y. O

Since we view D as a labelled Markov process, we can consider the metric d
on D as defined in Section [Z.

Theorem 3. The Lawson topology on D is induced by d.

Proof. Since the Lawson topology on D is compact, and, by Theorem Bl the
topology induced by d is Hausdorfl, it suffices to show that the Lawson topology
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is finer. Now if x,, — « in the Lawson topology, then f(x,) — f(x) for each
f € F, since each formula gets interpreted as a Lawson continuous map. But
d may be uniformly approximated on D to any given tolerance by looking at a
finite set of formulas, cf. [6] Lemma 3]. (This lemma crucially uses the assumption
¢ <1 from the definition of d.) Thus d(x,,x) — 0 as n — 0. O

8 Testing

Our aim in this section is to characterize the order on the domain D as a testing
preorder. The testing formalism we use is that set forth by Larsen and Skou [16];
the idea is to specify an interaction between an experimenter and a process. The
way a process responds to the various kinds of tests determines a simple and
intuitive behavioural semantics.

Definition 6. The set of tests t € T is defined according to the grammar
tuo=wlat]| (..., t),
where a € Act.

The most basic kind of test, denoted w, does nothing but successfully ter-
minate. a.t specifies the test: see if the process is willing to perform the action
a, and in case of success proceed with the test ¢. Finally, (¢1,...,t,) specifies
the test: make n copies of (the current state of) the process and perform the
test ¢; on the i-th copy for each ¢. This facility of copying or replicating processes
is crucial in capturing branching-time equivalences like bisimilarity. We usually
omit to write w in non-trivial tests.

Definition 7. To each test t we associate a set Oy of possible observations as
follows.

O, = {w\/} Our={a*}U {a\/e |ee O} Oty itn) = Oty X .. X Oy,

The only observation of the test w is successful termination, wV. Upon per-
forming a.t one possibility, denoted by a*, is that the a-action fails (and so the
test terminates unsuccessfully). Otherwise, the a-action succeeds and we pro-
ceed to observe e by running t in the next state; this is denoted aVe. Finally
an observation of the test (¢1,...,t,) is a tuple (ei,...,e,) where each e; is an
observation of ¢;.

Definition 8. For a given test t, each state x of a labelled Markov process
(X, X, ) induces a probability distribution Py, on O¢. The definition of P,
s by structural induction on t as follows.

Pw,w(w\/) = ]-7 Pa.t,z(ax) =1- Ha,z (X), Pa.t,z(a\/e) = f()‘y~Pt,y(e))d/~La,w
P(tl,...,tn),m(elv ey en) = H?:l Pti,z(ei)~
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The following theorem, proved in an earlier paper [6], shows how bisimilarity
may be characterized using the testing framework outlined above. This gener-
alizes a result of Larsen and Skou from discrete probabilistic transition systems
satisfying the minimal deviation assumptiorﬁ to labelled Markov processes.

Theorem 4. Let (X, X, u) be a labelled Markov process. Then z,y € X are
bisimilar if and only if P, .(E) = P, y(E) for each test t and E C Oy, where

Fro(B) = Xcen i (€).

In fact the statement of Theorem [ can be sharpened somewhat, as we now
explain. For each test t there is a distinguished observation, denoted Vv, repre-
senting complete success — no action is refused. For instance, if ¢ = a.(b, ¢) then
the completely successful observation is aV (bv, cv).

Theorem 5. Let (X, X, u)y be a labelled Markov process. Then z,y € X are
bisimilar iff Py (V) = Py, (tV) for all tests t.

The idea is that for any test t and E C Oy, the probability of observing F can be
expressed in terms of the probabilities of making completely successful observa-
tions on all the different ‘subtests’ of ¢ using the principle of inclusion-exclusion.
For example, if ¢ = a.(b, ¢); then the probability of observing aV (bV, ¢*) in state
x is equal to Ptl,m(ti/) — Pm(t\/) where t; = a.b.

Given Theorem Bl one might conjecture that x is simulated by ¥ if and only
if P, ,(tV) < P, (tY) for all tests t. However, the following example shows that
to characterize simulation one really needs negative observations.

Ezample 2. Consider the labelled Markov process (X, ¥, u) depicted below, with
distinguished states z and y and label set Act = {a, b}.

Y

1
G,E

o
N[
o
NS

o
[N

0i—— 04— 8

°
°

It is readily verified that P; . (tV) < Py, (tV) for all tests t. However z is not
simulated by y. Indeed, consider the test ¢t = a.(b, b) with

E = {aV(®*,bY),aV (Y,0%),a¥ (bY,bV)}.

If x were simulated by y, then it would follow from Theorem Bl that P, ,(E) <
P, ,(E). But it is easy to calculate that P, ,(E) = 3/8 and P, ,(E) = 1/4; thus
E witnesses the fact that x is not simulated by y.

4 A discrete labelled Markov process (X, X, u) satisfies the minimal deviation assump-
tion if the set { pa,a (y) | x,y € X } is finite for each a € Act.
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The example above motivates the following definition. For each test t we
define a partial order < on the set of observations O; as follows.

* < aVe
Ve<ave ife<e
(e1,...nen) < (€f,...,el) if e; < e fori € {1,...,n}.

1. a
2. a
3.

Theorem 6. Let (X, X, u) be a labelled Markov process. Then x € X is simu-
lated by y € X iff P, o(E) < P y(E) for all tests t and upper sets E C Oy.

We stress that the Theorem characterizes simulation in terms of the measure
of upper sets E. The ‘only if’ direction in the above theorem follows from a
straightforward induction on tests. The proof of the ‘if’ direction relies on the
definition and lemma below. The idea behind Definition [9]is that one can deter-
mine the approximate value of a PML formula in a state z by testing x. This
is inspired by [16l Theorem 8.4] where Larsen and Skou show how to determine
the truth or falsity of a PML formula using testing. Our approach differs in two
respects. Firstly, since we restrict our attention to the positive fragment of the
logic it suffices to consider upward closed sets of observations. Also, since we in-
terpret formulas as real-valued functions we can test for the approximate truth
value of a formula. It is this last fact that allows us to dispense with the minimal
deviation assumption and more generally the assumption of the discreteness of
the state space.

Definition 9. Let (X, X, u) be a labelled Markov process. Let f € F, 0 < a <
B8 <1 and 6 >0. Then there exists at € T and E C Oy such that for all x € X,

— whenever f(x) > [ then P,z (E) >1—46 and
— whenever f(z) < « then P, (E) <4.

In this case, we say that t is a test for (f, a, ) with evidence set E and signifi-
cance level 4.

Thus, if we run ¢ in state = and observe e € E then with high confidence we
can assert that f(z) > «. On the other hand, if we observe e ¢ E then with high
confidence we can assert that f(z) < .

Lemma 1. Let (X, X, u) be a labelled Markov process. Then for any f € F,
0<a<pB<1andd >0, there is a test t for (f,a, ) with level of significance
6 and whose associated evidence set E C Oy is upward closed.

A proof of Lemma [0 may be found in an appendix to a fuller version of
this paper [7]. The lemma implies that if P, ,(E) < P, 4(E) for all tests ¢ and
upper sets E C Oy, then f(z) < f(y) for all PML formulas f. It follows from
Theorem [ that x is simulated by y. This completes the proof of the ‘if” direction
of Theorem [6l
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9 Summary and Future Work

The theme of this paper has been the use of domain-theoretic and coalgebraic
techniques to analyze labelled Markov systems. These systems, which generalize
the discrete labelled probabilistic processes investigated by Larsen and Skou [16],
have been studied by Desharnais et ol [RI9T0] and in earlier papers by some of
the authors of this paper [A56]. In part, we use domain theory to replace more
traditional functional-analytic techniques in earlier papers.

In future, we intend to apply our domain theoretic approach in the more gen-
eral setting of processes which feature both nondeterministic and probabilistic
choice. We believe such a model will be useful in a number of areas, including for
example in the analysis of leak rates in covert channels that arise in the study
of non-interference.
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Abstract. We define an operational semantics and a type system for manipulating
semistructured data that contains hidden information. The data model is simple la-
beled trees with a hiding operator. Data manipulation is based on pattern matching,
with types that track the use of hidden labels.

1 Introduction

1.1 Languages for Semistructured Data

XML and semistructured data [1] are inspiring a new generation of programming and query
languages based on more flexible type systems [26, 5, 6, 15]. Traditional type systems are
grounded on mathematical constructions such as cartesian products, disjoint unions, function
spaces, and recursive types. The type systems for semistructured data, in contrast, resemble
grammars or logics, with untagged unions, associative products, and Kleene star operators.
The theory of formal languages, for strings and trees, provides a wealth of ready results, but
it does not account, in particular, for functions. Some integration of the two approaches to type
systems is necessary [26, 5].

While investigating semistructured data models and associated languages, we became
aware of the need for manipulating private data elements, such as XML identifiers, unique
node identifiers in graph models [7], and even heap locations. Such private resources can be
modeled using names and name hiding notions arising from the m-calculus [27]: during data
manipulation, the identity of a private name is not important as long as the distinctions be-
tween it and other (public or private) names are preserved. Recent progress has been made in
handling private resources in programming. FreshML [21] pioneers the transposition [30], or
swapping, of names, within a type systems that prevents the disclosure of private names.

Other recent techniques can be useful for our purposes. The spatial logics of concurrency
devised to cope with m-calculus restriction and scope extrusion [27], and the separation logics
used to describe data structures [28,29], provide novel logical operators that can be used also
in type systems. Moreover, the notion of dependent types, when the dependence is restricted
to names, is tractable [25].

In this paper we bring together a few current threads of development: the effort to devise
new languages, type systems, and logics for data structures, the logical operators that come
from spatial and nominal logics for private resources, the techniques of transpositions, and the
necessity to handle name-dependent types when manipulating private resources. We study
these issues in the context of a simplified data model: simple labeled trees with hidden labels,
and programs that manipulate such trees. The edges of such trees are labeled with names. Our
basic techniques can be applied to related data models, such as graphs with hidden node and
edge labels, which will be the subject of further work.

1.2 Data Model

The data model we investigate here has the following constructors. Essentially, we extend a
simple tree model (such as XML) in a general and orthogonal way with a hiding operator.

0 the tree consisting of a single root node;
nl[P] the tree with a single edge from the root, labeled n, leading to P;

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 216-230, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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PlQ the root-merge of two trees (commutative and associative);
(vn)P  the tree P where the label n is hidden/private/restricted.
As in mt-calculus, we call restriction the act of hiding a name.

Trees are inspected by pattern matching. For example, program (1) below inspects a tree t hav-
ing shape n[P] | Q, for some P, Q, and produces P | m[Q]. Here n,m are constant (public) labels,
x,y are pattern variables, and T is both the pattern that matches any tree and the type of all
trees. It is easy to imagine that, when parameterized in ¢, this program should have the type
indicated.

match tas (n[x:T]1y:T) then (x| m[y] ) (D
transforms a tree t=n[P]|Q into P | m[Q]
expected typing: (n[T]1T) — (T I m[T])

Using the same pattern match as in (1), let us now remove the public label n and insert a
private one, p, that is created and bound to the program variable z at “run-time””:

match tas (n[x:T] | y:T) then (vz) (x| z[y]) 2)
transforms ¢#=n[P] | Q into (vp) (P p[Q]) for a fresh label p
expected typing: (n[T]1T) — (Hz. (T | z[T]))

In our type system, the hidden name quantifier H is the type construct corresponding to the
data construct v [10]. More precisely, Hz.% means that there is a hidden label p denoted by
the variable z, such that the data is described by $4{z¢<—p}. (Scope extrusion [27] makes the
relationship non trivial, see Sections 2 and 4.) Because of the Hz.% construct, types contain
name variables; that is, types are dependent on names.

The first two examples pattern match on the public name n. Suppose instead that we want
to find and manipulate private names. The following example is similar to (2), except that now
a private label p from the data is matched and bound to the variable z.

match t as (vz) (z[x:T] | y:T)) then x| z[y] 3)

transforms 7= (vp)(p[P] | Q) into (vp)(P | p[Q])
expected typing: (Hz. (z[T]1T)) = (Hz. (T | z[T]))

Note that the restriction (vp) in the result is not apparent in the program: it is implicitly applied
by a match that opens a restriction, so that the restricted name does not escape.

As the fourth and remaining case, we convert a private name in the data into a public one.
The only change from (3) is a public name m instead of z in the result:

match t as (vz) (z[x:T]1y:T)) then x | m[y] “4)

transforms 7= (vp) (p[P] | Q) into (vp)(P | m[Q])
expected typing: (Hz. (z[T]1T)) — (Hz. (T | m[T]))

This program replaces only one occurrence of p: the residual restriction (vp) guarantees that
any other occurrences inside P,Q remain bound. As a consequence, the binder Hz has to re-
main in the result type. Note that, although we can replace a private name with a public one,
we cannot “expose” a private name, because of the rebinding of the output.

As an example of an incorrectly typed program consider the following attempt to assign
a simpler type to the result of example (4), via a typed let biding:

let w: (T | m[T]) = match t as (vz) (z[x:T] | y:T)) then x | m[y]

Here we would have to check that Hz. (T | m[T]) is compatible with (T | m[T]). This would
work if we could first show that Hz. (T | m[T]) is a subtype of (Hz. T) | (Hz. m[T]), and then
simplify. But such a subtyping does not hold since, e.g., (vp)(p[0] | m[p[0]]) matches the
former type but not the latter, because the restriction (vp) cannot be distributed.
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So far, we have illustrated the manipulation of individual private or public names by pat-
tern matching and data constructors. However, we may want to replace throughout a whole
data structure a public name with another, or a public one with a private one, or vice versa.
We could do this by recursive analysis, but it would be very difficult to reflect what has hap-
pened in the type structure, likely resulting in programs of type T—T. So, we introduce a
transposition facility as a primitive operation, and as a corresponding type operator. In the
simplest case, if we want to transpose (exchange) a name n with a name m in a data structure
t we write f{n<>m). If ¢ has type 94, then t(n<>m) has type A(n<>m). We define rules to ma-
nipulate type level transpositions; for example we derive that, as types, n[0](n<>m) = m[0].

Transposition types are interesting when exchanging public and private labels. Consider
the following program and its initial syntax-driven type:

Ax:n[T]. (vz) x(me>z) : n[T]—=Hz.n[T](mez) (= n[T]-n[T]) 5)

This program takes data of the form n[P], creates a fresh label p denoted by z, and swaps the
public m with the fresh p in n[P], to yield (vp)n[P](m<>p), where the fresh p has been hidden
in the result. Since n is a constant different from m, and p is fresh, the result is in fact
(vp)n[P(m<>p)]. The result type can be similarly simplified to Hz.n[T(m<>z)]. Now, swap-
ping two names in the set of all trees, T, produces again the set of all trees. Therefore, the re-
sult type can be further simplified to Hz.n[T]. We then have that Hz.n[T] = n[T], since a
restriction can be pushed through a public label, where it is absorbed by T. Therefore, the type
of our program is n[T]—n[T].

Since we already need to handle name-dependent types, we can introduce, without much
additional complexity, a dependent function type ITw. 4. This is the type of functions Aw:N.¢
that take a name m (of type N) as input, and return a result of type $4{w<m}. We can then
write a more parametric version of example (5), where the constant » is replaced by a name
variable w which is a parameter:

Aw:N. Ae:w[T]. (vz) x(m>z) @ TIw. W[T] = Hz. w[T](m<>z) ) 6)

Now, the type Hz. w[T](m<¢>z) simplifies to Hz. w(m<>z)[T], but no further, since m can in
fact be given for w, in which case it would be transposed to the private z.

Transpositions are emerging as a unifying and simplifying principle in the formal manip-
ulation of binding operators [30], which is a main goal of this paper. If some type-level ma-
nipulation of names is of use, then transpositions seem a good starting point.

1.3 Related and Future Work

It should be clear from Section 1.2 that sophisticated type-level manipulations are required for
our data model, involving transposition types (which seem to be unique to our work), hiding
quantifiers, and dependent types. Furthermore, we work in the context of a data model and
type system that is “non-structural”, both in the sense of supporting grammar-like types (with
A Vv —) and in the sense of supporting mt-calculus-style extruding scopes. In both these aspects
we differ from FreshML [31], although we base much of our development on the same foun-
dations [30]. Our technique of automatically rebinding restrictions sidesteps some complex
issues in the FreshML type system, and yet seems to be practical for many examples. Fresh-
ML uses “apartness types” %#w, which can be used to say that a function takes a name denot-
ed by w and a piece of data & that does not contain that name. We can express that idiom
differently as TTw. (4 A —©w) — B, where the operator ©w [10] means “contains free the
name denoted by w”.

Our calculus is based on a pattern matching construct that performs run-time type tests;
in this respect, it is similar to the XML manipulation languages XDuce [26] and CDuce [5].
However, those languages do not deal with hidden names, whose study is our main goal.
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XDuce types are based on tree grammars: they are more restrictive than ours but are based on
well-known algorithms. CDuce types are in some aspects richer than ours: they mix the logi-
cal and functional levels that we keep separate; such mixing would not easily extend to our
Hx.%4 types. Other differences stem from the data model (our P | Q is commutative), and from
auxiliary programming constructs.

The database community has defined many languages to query semistructured data
[1,3,6,8,15,17,19,20], but they do not deal with hidden names. The theme of hidden identifiers
(OIDs) has been central in the field of object-oriented database languages [2, 4]. However, the
debate there was between languages where OIDs are hidden to the user, and lower-level lan-
guages where OIDs are fully visible. The second approach is more expressive but has the se-
vere problem that OIDs lose their meaning once they are exported outside their natural scope.
We are not aware of any proposal with operators to define a scope for, reveal, and rehide pri-
vate identifiers, as we do in our calculus.

In TQL [15], the semistructured query language closest to this work, a programmer
writes a logical formula, and the system chooses a way to retrieve all pieces of data that satisty
that formula. In our calculus, such formulas are our tree types, but the programmer has to write
the recursion patterns that collect the result (as in Section 8). The TQL approach is best suited
to collecting the subtrees that satisfy a condition, but the approach we explore here is much
more expressive; for example, we can apply transformations at an arbitrary depth, which is
not possible in TQL. Other query-oriented languages, such as XQuery [6], support structural
recursion as well, for expressiveness.

As a major area of needed future work, our subtyping relation is not prescribed in detail
here (apart for the non-trivial subtypings coming from transposition equivalence). Our type
system is parameterized by an unspecified set of ValidEntailments, which are simply assumed
to be sound for typing purposes. The study of related subtyping relations (a.k.a. valid logical
implications in spatial logics [11]) is in rapid development. The work in [12] provides a com-
plete subtyping algorithm for ground types (i.e. not including Hz.59), and other algorithms are
being developed that include Kleene star [18]. Such theories and algorithms could be taken as
the core of our ValidEntailments. But adding quantifiers is likely to lead to either undecidabil-
ity or incompleteness. In the middle ground, there is a collection of sound and practical inclu-
sion rules [10,11] that can be usefully added to the ground subtyping relation (e.g., Hz.n[%4]
<: n[Hz.99] for example (5)). By parameterizing over the ValidEntailments, we show that
these issues are relatively orthogonal to the handling of transpositions and hiding.

A precursor of this work handles a simpler data model, with no hiding but with a similarly
rich type system based on spatial logic [12]. However, even the richer data model considered
in this paper is not all one could wish for. For example, hiding makes better sense for graph
nodes [14], or for addresses in heaps [29], than for tree labels. More sophisticated data models
include graphs, and combinations of trees and graphical links as in practical uses of XML (see
example in Section 8). In any case, the manipulation of hidden resources in data structures is
fundamental.

2 Values

Our programs manipulate values; either name values (from a countable set of names A), tree
values, or function values (i.e., closures). Over the tree values, we define a structural congru-
ence relation = that factors out the equivalence laws for | and 0, and the scoping laws for re-
striction. Function values are triples of a term ¢ (Section 3) with respect to an input variable x
(essentially, Ax.f) and a stack for free variables p. A stack p is a list of bindings of variables
to values. Name transpositions are defined on all values.
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2-1 Definition: Tree Values
I 1

A Names: a countable set of names n, m, p, ...

P,OR ::= Tree values All names: na(P) Free names: fu(P)
0 void na(0) & {} fm0) 2 {}
PlQ composition na(P 1 Q) 2 na(P) U na(Q) fn(P1 Q)2 fu(P) U fn(Q)
n[P] location na(n[P]) & {n} U na(P) fa(n[P)) & {n} U n(P)
(vn)P restriction na((vn)P) & {n} U na(P) fn((vr)P) & fn(P) - {n}

We define an actual transposition operation on tree values, Pe(m<¢>m’), that blindly
swaps free and bound names m,m’ within P. The interaction of transpositions with binders
such as (vn)P supports a general formal treatment of bound names [30].

2-2 Definition: Actual Transposition of Names and Tree Values.

ne(n<>m) =m Oe(me>m’) =0
ne(m<sn)=m (P | Q)e(me>m’) = Pe(me>m’) | Qe(me>m’)
ne(me>m’) =n if n#m and nzm’ n[Ple(mc>m’) = ne(me>m’)[Pe(m<>m’)]

((vn)P)e(m<>m’) = (Vne(mé>m’))Pe(me>m’)

Transpositions are used in the definition of a-congruence and capture-avoiding substitution.
Structural congruence is analogous to the standard definition for m-calculus [27]; the “scope
extrusion” rule for v over -I- is written in an equivalent equational style.

2-3 Definition: a-Congruence and Structural Congruence on Tree Values.
ol-congruence, =, is the least congruence relation on tree values such that:
(V)P =y (vm)(Pe(n<>m))  where m¢na(P)
Structural congruence, =, is the least congruence relation on tree values such that:

P=,Q! P=¢Q (vm)0=0

PlQo=QlP (vi)m[P] = m[(vn)P] if n#m
(PIQ)IR=PI(QIR) (va)(P 1 (vm)Q) = ((vr)P) | (vn)Q)
PlO=P (vn)(vm)P = (vimn)(vn)P

N.B.: This notion of c-congruence can be shown equivalent to the standard one.

2-4 Definition: Free Name Substitution on Tree Values.
0{nem} =0 (P Q){nem} = P{n—m} | Q{n<m}
plP{n<—m} = p{nem}[P{n<m}]
((vp)P){ne—m} = (vq)(Pe(p<>g)){ne—m})  for q¢na((vp)P)o{nm}
N.B.: different choices of ¢ in the last clause, lead to oi-congruent results.

We next define high values and transpositions over them (see also Definition 3-1 for the
syntax of terms 7). A stack p is a list of pairs of the form g[x,<F}]...[x,<F,], where x; are
variables (distinct from names), F; are high values, p(x;) £ Fj where j is the largest index such
that x;= x;, and dom(p) £ {xy, ..., x,}. Variables are not affected by transpositions.

(P, x, Ne(n>n’) £ (pe(ne>n’), x, to(ne>n’))
Gelne>n’) £ ¢
plxc—Fle(ne>n’) & pe(neon’)[xe—Fe(ne>n’)]

2-5 Definition: High Values and Stacks

I
F,.G,H ::= High Values All names: na(F) Free names: fn(F)
n name values na(n) £ {n} fn(n) & {n}
P tree values na(P): see tree values fn(P): see tree values

(p,x, 1)  function values | na((p, x, 1)) & na(t)Una(p) fn(p, x, 1) & () Ufn(p)
na(p) é Uxednm(p) na(P(x)) fn(p) é Uxedmn(p)ﬁl(l)(x))
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3 Syntax

Our A-calculus is stratified in terms of low types and high types. The low types are the tree
types and the type of names, N. (Basic data types such as integers could be added to low
types.) The novel aspects of the type structure are the richness of the tree types, which come
from the formulas of spatial logics [16, 10], and the presence of transposition types. We then
have higher types over the low types: function types and name-dependent types. The precise
meaning of types is given in Section 4.

The same stratification holds on terms, which can be of low or high type, as is more ap-
parent in the operational semantics of Section 5 and in the type rules of Section 7.

3-1 Definition: Syntax
I

NP = Name Expressions

x, n, NMe9) name variable, name constant, name transposition
AB = Tree Types

0, NA], A1B, Hx.SG, ©9, void, location, composition, hiding, occurrence,

F, GAB, A" B, AP false, conjunction, implication, type transposition
FGH = High Types

4 N, tree types, name type,

F>G, TIx.G function types (‘%#N), dependent types (x:N)
L,y = Terms

0, NMul, tlu, (v, void, location, composition, restriction,

=My A, +(xAy:B).u, location match, composition match,

(VYA .u,  12x:A).u,v, restriction match, tree type test,

=N, term transposition,

x, N, AFt, t(u) high variable, name expr, function, application

Underlined variables indicate binding occurrences. The scoping rules should be clear, ex-
cept that: in location match y scopes u; in composition match x and y scope u; in restriction
match x scopes 4 and u, and y scopes u; in tree type test x scopes u and v. We define name
sets, such as na(%4), and actual transpositions on all syntax, such as fe(n<>m), in the obvious
way (there are no name binders in the syntax). We also define free-variable sets fi(-) on all
syntax (based on the mentioned binding occurrences), and capture-avoiding substitutions of
name expressions for variables: N{x«N7}, F{xN}, and F x9N},

Name expressions, tree types, and terms include (formal) transposition operations that
are part of the syntax; they represent (actual) transpositions on data, indicated by the « symbol.

The tree types are formulas in a spatial logic, so we can derive the standard types (for-
mulas) for negation =4 £ 9! F and disjunction GvB & —(—Ar—DB).

The terms include a standard A-calculus fragment, the basic tree constructors, and some
matching operators for analyzing tree data. The tree type test construct (distinguished by the
character ‘?’) performs a run-time check to see whether a tree has a given type: if tree 7 satis-
fies type A then u is run with x of type % bound to #; otherwise v is run with x of type =4
bound to ¢. In addition, one needs matching constructs (distinguished by the character ‘+’) to
decompose the tree: composition match splits a tree in two components, location match strips
an edge from a tree, and restriction match inspects a hidden label in a tree. A zero match is
redundant because of the tree type test construct. These multiple matching constructs are de-
signed to simplify the operational semantics and the type rules. In practice, one would use a
single case statement with patterns over the structure of trees, but this can be encoded.

In the quantifier Hx.%4 and in the restriction match construct, the type %4 is dependent on
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variable x (denoting a hidden name). This induces the need for handling dependent types, and
motivates the ITx.G dependent function type constructor. The type dependencies, however, are
restricted to name variables, which may be replaced only by name expressions (that is, not by
general computations on names). Because of this, these dependent types are relatively easy to
handle.

4 Satisfaction

The satisfaction relation, written F, relates values to types, and thus provides the semantic
meaning of typing that is enforced by the type system of Section 7. For type constructs such
as Aand ! , this is related to the notion of satisfaction from modal logic. Over tree types we
have essentially the relation studied in [16, 10], extended to hiding and transpositions. Satis-
faction is then generalized to high types, where it depends on the operational semantics V, of
Section 5, which depends on satisfaction at tree types only.

4-1 Definition: Satisfaction
I

On Name Expressions: n Ey 9, for ¥ closed (no free variables), is defined by:
nkExm iff m=n
n En N MNP iff Im,m’. m Exy N and m’ Exy N7 and ne(m<>m’) Ex Y

On Tree Types: P Er 9, for 4 closed, is defined by:

PE O iff P=0

PE M iff In,P’. nEx Nand P=n[P] and P’ Er G
PETSAB iff 3P, P”.P=P’ |P’and P’ErAand P” Er B
PEr Hx.S iff An,P’. P=(vn)P’ and n¢na($) and P’ Fr A{x<n}
PEp ©9Y iff 3n. nEy N and nefn(P)

PETF never

P':Tg/\% iff PI=T97iandPI=T%

PErS! B iff PEr %4 implies P =1 B

P E1 BN iff Imm’. mExy 9 and m’ Exy O and Pe(me>m’) Ex 4
On High Types: F Fy 7, for Fclosed, is defined by:

FEgN iff FEx 9 for some 9Y

FEqS iff FE- D

HEy FoG (FN) iff H=(p,z, Hand VF,G. (FEgF A t Ypper) G) ! GExG
H =y Ix. G iff H= P,z 1) and Vn,G. tvp[y_,,] G! GFy Q{x(—n}

(We will omit the subscripts on F.) The constructs Hx.%4 and ©9Y are derived operators in
[10], and are taken here as primitive, in the original spirit of [9]. In the definition of Hx.%7, the
clause P=(vn)P’ pulls a restriction (even a dummy one) from elsewhere in the data, via scope
extrusion (Definition 2-3). The type Hw.©w is the type of non-redundant restrictions, with the
quantifier Hw revealing a restricted name n, and ©w declaring that this » is used in the data.
The meaning of formal transpositions relies on actual transpositions. At high types, a closure
(p, z, 1) satisfies a function type #—G if, on any input satisfying %, every output satisfies G;
similarly for ITx. G.

4-2 Proposition: Tree Satisfaction Under Structural Congruence.
If PEAand P= Qthen Q F 4.

4-3 Lemma: Name and Tree Satisfaction Under Actual Transposition.
If n E 9 then ne(m<>m’) E Ne(mesm’). If P E A then Pe(me>m’) E Ao(me—>m’).
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5 Operational Semantics

We give a big step operational semantics that is later used for a subject reduction result (The-
orem 7-4). This style of semantics, namely a relation between a program and all its potential
final results, is sufficient to clarify the intended behavior of our operations. It could be extend-
ed with error handling. Alternatively, a small step semantics could be given. In either case,
one could go further and establish a type soundness theorem stating that well-typed programs
(preserve types and) do not get stuck. All this is relatively routine, and we opt to give only the
essential semantics.

The operational semantics is given by a relation ¢ Vv, F between terms ¢, stacks p, and val-
ues F, meaning that ¢ can evaluate to F on stack p. An auxiliary relation, ¥ \|/p n, deals with
evaluation of name expressions. The semantics of run-time tests makes use of the satisfaction
relation from Section 4. We use, t V, P to indicate that ¢ evaluates to a tree value. We use ¢
V= P as an abbreviation for ¢ V, Q and Q = P, for some Q.

5-1 Definition: Operational Semantics
I 1

(NRed x) (NRed ) (NRed <)
xedom(p) pxx)EA XN J/pn 9?7\|/pm 97 lpm’
x \|/p p(x) n \|/p n NPT l/p ne(m<>m’)
(Red 0)  (Red ] (Red 1) (Red v)
Nlon tV,P tVyP uV,Q ngna(t, p)  t Vppen P
0,0 N1] ¥, n[P] tluv,PlQ (VX)t ¥, (V)P
(Red <) (Red +])
tV, P 9?7\|/pm 97 J/pm’ %\Lpn tV=n[P] PEPE) uVypep F
HPI—D') Wy Po(mesm’) Ny A.u Vy F
(Red =1) (Red =v)
tY=P IP” P’ Epd P”Ep(DB) n¢na(t,Au,p) tVy=(vn)P PFE plx<n](#)
X£EY U Vperpyer F XEY U Vplxen)iyer] O
t+(x: A y:B).u N, F (V)Y A).u V, (v)Q
(Red 7F) (Red %)
tY% P PEPED) uVpper F tY% P PE—pE) vYuep F
12x:A).u,v ¥y F 12x:A).u,v Vo F
(Red x) (Red o) (Red L) (Red App)
xedom(p) Nlpn 1Y (P t) uVyG ' VypeqH
XV, p(x) N Vpn Ax:Ft N, (p, x, 1) H(u) Vo H

The operations (Red + -) and (Red ? -) can execute run-time type tests on dependent types
that are run-time instantiated; e.g., note the role of x in Ax:N. #2(y:x[0]).u,v. Here, p(%) replac-
es every free variable xe dom(p) in 4 with p(x). The rules are applicable only if p($d) is a well-
formed type: the type rules of Section 7 guarantee this condition.

The matching reductions are nondeterministic and, in a big step semantics, avoid diver-
gent paths if convergent paths are possible.
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Reduction is not closed up to = (0 does not reduce to 010), nor up to =, (see (Red v) and
(Red +Vv), which exclude some of the bound names that can be returned). But this is a matter
of choice that has no effect on our results.

The following lemma is crucial in the subject reduction cases for (Red v) (Theorem 7-4).
Only this transposition lemma is needed there, not a harder substitution lemma.

5-2 Lemma: Reduction Under Transposition.
If N7 L, m then Mo(ne>n’) | puuesny) melnen’).
If 1V, F then te(ne>n’) Vp.puon) Fe(ne>n’).

6 Transposition Equivalence and Apartness

We define a type equivalence relation on name expressions and tree types, which in particular
allows any type transposition to be eliminated or pushed down to the name expressions that
appear in the type. The main aim of this section is to establish the soundness of such an equiv-
alence relation, which is inspired by [22,11]. A crucial equivalence rule, (EqN <> Apart), re-
quires the notion of apartness of name expressions, meaning that the names that those
expressions denote are distinct. (C.f. examples (5) and (6) in Introduction.) Apartness of name
expressions depends on apartness of variables and names; we keep track of such relationships
via a freshness signature.

6-1 Definition: Freshness Signature
A freshness signature ¢ is an ordered list of distinct variables annotated with either ¥ or H,
and of names. (For example: p,Vx,Hy,n,m,p,Hz,Yw.) Notation: dom(0) is the set of variables
in ¢; na(¢) is the set of names in ¢; O(x) is the symbol ¥ or H associated to x in ¢. We write
x<gy if x£y and x precedes y in ¢. We write ¢ (¢ covers ) when fi(N)cdom(d) and
S(Mcna(d); similarly for )24 and ¢

Next we define three equivalence relations between name expressions, ~, tree types, ~T,
and high types, ~y (often omitting the subscripts), and an apartness relation on name expres-
sions, #. These relations are all indexed by a freshness signature that is understood to cover
the free variables and names occurring in the expressions involved.

6-2 Definition: Equivalence and Apartness

I
9 ~no P (a congruence, abbrev. ¥ ~4 A1), and N #, M (a symmetric relation)
are the least such relations on name expressions such that $o, 9, and:

nzm ! n#ym (Apart Names)
0x)=H ! n#=x (Apart Name Var)
X<y A O()=H ! x#y (Apart Vars)
DM A P~eP AQ~Q | NPHQ) #y MP Q) (Apart Congr)
Do N N A DT~ L Dty (Apart Equiv)
MNP ~4 P (EqN <> App)

N PISP]) ~5 N (EqN © 1d)
NMASDT) ~5 NP (EgN < Symm)
NMSDTYNMSDT) ~4 Y (EgN < Inv)
NMASPN PSP ~y M PHSPYMPHPVSM (P>P))  (EqN > )

N#eM AN Pt P N PSD) ~y N (EgqN < Apart)
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A ~1¢ B (abbrev. A ~4 B), are the least relations on tree types such that $o%A, B and:

they are congruences including o-conversion; we highlight:

N~no N and A~eA 1 N[A] ~4 N[A] (EqT 9] Congr)
A~ A | Hx A~yHx A’ (EqT H Congr)
Hx. A ~4 Hy. A{x<—y} with y¢fv(A) (EqT H-o0)

they distribute transpositions over all type constructors; we highlight:

O(PDPT) ~4 0 (EqT 0 <)
(MMANPISPT) ~o N PSP AN )] (EqT (] )
(Hx (MDY ~4 (EqT H <)

Hox.(A{x—x (P} (P> M)) - with xg (DL
F~uo G, (abbrev. F~4 ), are the least relations on high types such that 62, and:
they are congruences including c-conversion; we highlight the cases for IT:

F~ovnG | e F~Ix. G (EqH I Congr)
Ix. G ~po y. Glxe—y} with y¢fi(G) (EqH T-at)

L |

A notion of apartness of names from types is not necessary, since transpositions on types can
be distributed down to transpositions on name expressions.

6-3 Definition: Valuation.
If e:Var—A is a finite map, then we say that € is a valuation.
We indicate by €(%), &(%4) the homomorphic extensions of € to name expressions and tree
types, with the understanding that in such extension €(x) = x for x¢ dom(€).
If /() < dom(€) then we say that € is a ground valuation for 9%, and we write
€ grounds 9Y; similarly for & and 7.

We say that a valuation € satisfies a freshness signature ¢ if it respects the freshness con-
straints of ¢, in the following sense:

6-4 Definition: Freshness Signature Satisfaction
e E ¢ iff dom(e) < dom(d)
and Vxedom(e). d(x)=H ! e(x)¢na(d)
and Vyedom(e). (x<¢y A §(y)=H) ! (xedom(e) A e(x)ze(y))

In € F ¢ we do not require dom(¢) < dom(e), to allow for partial valuations. But we require
any partial valuation that instantiates an H variable to instantiate all the variables to the left of
it (with distinct names).

The following soundness result requires some careful build-up: lemmas for instantiations
of equivalence and apartness under partial valuations, for closure of satisfaction under closed
equivalence, and substitution lemmas. We omit the details.

6-5 Proposition: Soundness of Equivalence and Apartness.
If ¥ #, P then VeF¢. (€ grounds N, | e() = e().
If 9 ~4 9 then VeFo. (€ grounds NP 1 e(DY) = e().
If A ~y B then VeFo. (€ grounds A,B)! VYP.PEeA)! PEe D).
If 7~ G then VeF¢. (e grounds ‘£G) ! YF.FEe(F)! FEe@).

7 Type System

We now present a type system that is sound for the operational semantics of Section 5. Sub-
typing includes the transposition equivalence of Section 6 (see rule (Sub Equiv)), and an un-
specified collection of ValidEntailments that may capture aspects of logical implication.
Apart from the flexibility given by subtyping through rule (Subsumption), the type rules for
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terms are remarkably straightforward and syntax-driven.

The type system uses environments E that have a slightly unusual structure. They are or-
dered lists of either names (covering all the names occurring in expressions; see rule (NExpr
n)), or variables (covering all the free variables of expressions; see rule (Term x)). Variables
have associated type and freshness information of the form x:Fif 7N, and Qux:F (either Vx:F
or Hx:7) if 7/=N. We write dom(E) and na(E) for the set of variables and the set of names
defined by E. We write E,x:F and E,Qx:N for the extension of E with a new association (pro-
vided that x¢ dom(E)), where F may depend on dom(E). We write E(x) for the (open) type as-
sociated to xe dom(E) in E. Moreover, in Definition 7-1 below we extract the freshness
signature associated with an environment:

7-1 Definition: Freshness Signature of an Environment
15(9) g J5(E, Qx:N) f5(E), Qx
J5(E, n) fS(E), n SS(E, x:F) fS(E)

Through fs(E), in typing rule (Sub Equiv), typing environments are connected to the freshness
signatures used in transposition equivalence.

A
a

1> >

7-2 Definition: Type Rules
I

Environments. Rules for E | ¢ (that is, E is well-formed).

(Env ¢) (Env n) (Env xeN) (Env x¢N)
EFo EFo Qe{V,H} xé¢dom(E) Eto EFF N x¢dom(E)
gFo Enko E, QuNFo E xFFo
Names. Rules for E Fy 9 (that is, 9 is a name expression in E).
(NExpr n) (NExpr x) (NExpr <)
EFo nena(E) EFo Ex)=N EFNN EFND! EFNOT
Ebnn Ebnx E FN NPT

Types. Rules for E Fr 4 and E - F (that is, S is a tree type and Fis a type in E).
The rules are naturally syntax-driven, we highlight:

(Type H) (Type =) (Type IT)
E HuNFr 4 E-F EFG N E VxNFG
EbrHx A E+- %G EFTIx.G
Subtyping. Rules for E F F<: G (that is, Fis a subtype of G in E).
(Sub Tree) (Sub Equiv)
Ebrd Ebr B (A, f5(E), B)eValidEntailments E-F EFG F~upG
EF-A<: B EFF<: G
(Sub N) (Sub —) (Sub IT)
EFo EFF<F EFG< G FF#N E VxNFG<: G
EFN<N EFF>G < F'=G EFTIx. G<: TIx. G
Terms. Rules for EFt: F(thastype FinE, withEbrt: A & EFrAAERL:A).
(Term 0) (Term N)) (Term | )
EFo E"N% E"Tllg E"Ttig E"TMZ(B

EFO0:0 EF N1 : NA) EFtlu:4913
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(Term v) (Term <)

E,HXZN"TI‘ZQ E"Ttig EFNW E"NW

EF (vx)t: Hx. 4 E F t( PP : AP DT)
(Term +9N]) (Term +|)

Ebrt:NA E yAtu:F Ebrt:A1B E x4 yBtu:F

Eb =Ny ADu: F EF t+(xA1 y:B)u:F

(Term +v) (Term ?)

Ebrt:HxS E HxN, yAbtru:B Ebrt:B ExAru:F E x—Akv:F

E & t+((vx)y:A).u : Hx.B EF2xADuyv: F

(Term x) (Term 9) (Term A) (Term App)

EF o xedom(E) EFN Y E xF+t:G N E-t: 995G Elu:F

Erx:EX) EF9Y:N EFA:Ft: 756 EF-tu):G
(Term DepA) (Term DepApp) (Subsumption)
E VYxNFt: G EFt:TIx. G EFNOY Ebt:F E-F< G
EF ANt :TIx. G EF 1) : G{x<N} Ert:G

L |
Notes: * As we already mentioned, the type system includes dependent types, with binding
operators Hx.4 (the type of hiding in trees) and I'Lx.“# (the type of those functions Ax:N.z such
that the type “ of t may depend on the input variable x).

* The subtyping relation is parameterized by a set ValidEntailments, assumed to consist of tri-
ples (42,0,B) that are sound (Ve F¢. (€ grounds A,B)! YP.PEe#A)! PFE&(D)).

* The use of x:—=% in (Term ?) means x:%9! F, but this assumption is not very useful without
arich theory of subtyping: see discussion in Section 1.3. On the other hand, there are no sig-
nificant problems in executing run-time type tests such as P = —% (see Definition 4-1), e.g.,
resulting from #?(x:—%4).u,v. A more informative typing of x for the third assumption of this
rule is x: BA—44, but we lack a compelling use for it.

* In (Term +7[]) (and (Term +l ), (Term ?)) we do not need extra assumptions E - to avoid
the escape of y (and x,y, and x) into , because these are not variables of type N, and F cannot
depend on them. We do not need the extra assumption in (Term V) for x because there we
rebind the result type.

* In (TermDepApp) we require the argument 9 to be a name expression, not an expression of
type N, so we can do a substitution G{x<V} into the type. Note that E - ¢ : N means that ¢
can be any computation of type N, unlike E Fy V.

A stack satisfies an environment, p F E, if p(x) F p(E(x)) for all x’s in dom(E); note the
extra p(-) used to bind the dependent variables in E(x). Here p() or p(%9) means that p is used
as a valuation (Definition 6-3). Moreover, we require p to satisfy the freshness signature ex-
tracted from E. We write p\x for the restriction of p to dom(p)-{x}.

7-3 Definition: Environment Satisfaction
p F E iff dom(E)cdom(p)
and p F fs(E) (where p is seen as a valuation €; see Definition 6-4)
and Vxedom(E). p(x) F p(E(x))
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7-4 Theorem: Subject Reduction.

(1) fEFF<:Gandpk E and F Ey p(F) then F Ey p(G).
@2 IfEFxy9and p EEand 9, n then n Ey p(O).

(3 IfEFt:FandpFEandtV, F, then F Fy p(7).
Proof

We show the (Term v) case of (3), which is by induction on the derivation of E - 1 : % We
have E | (vx)r: Hx.4 and p F E and (vx)r V, F. We have from (Term v) E, Hx:N b ¢ : 9, and
from (Red v) F = (vn)P and t V) P for n¢na(t,p). Since n could appear in 4, blocking the
last step of this proof, take n’¢na(t,%,p,P), so that F =, (vn’)Pes(n¢<>n’). By Lemma 5-2
to(ne>n’) Yopprenlainon’) Polne>n’), thatis ¢ Vi) Pe(ne>n’). We have p[x<—n’] F E,Hx:N. By
Ind Hyp, Pe(ne>n’) E plx¢—n’l(), that is, Pe(ne>n’) E p\(D){x¢<n’}. Since F =
(vi)Pe(n>n’) and n’¢ na(p\x(4)), by Definition 4-1, F E Hx.p\x(%9). That is, F F p(Hx.%9). O

8 Examples

We discuss some programming examples, using plausible (but not formally checked) exten-
sions of the formal development of the previous sections. In particular, we use recursive types,
rec X. 9, existential types Ix.% where x ranges over names (these are simpler to handle than
Hx.%4), and a variant of location matching, #+(x[y:$4]).u, that binds labels x from the data in
addition to contents y (its typing requires existential types). Examples of transposition types
have been discussed in the Introduction; here we concentrate on pattern matching, using some
abbreviations:

test t as w:A then u else v for 12w:A). u, v
match t as (pattern) then u else v for 12(w:B). (w+(pattern).u), v
where B is the type naturally extracted from pattern.

We also use nested patterns, in the examples, which can be defined in a similar way. We use
standard notations for recursive function definitions. We sometimes underline binding occur-
rences of variables, for clarity. We explicitly list the subtypings, if any, that must be included
in ValidEntailments for these examples to typecheck (none are needed for the examples in
Section 1.2).

Basic. Duplicating a given label, and duplicating a hidden label:

Ax:N. Ay:x[T]. x[y] : Ix. (x[T] — x[x[T]]D
Az:(Hx.x[T)). z+((vx)y:x[T]). x[y] : (Hxx[T]) — (Hx.x[x[T1])

Collect. Collect all the subtrees that satisfy %, even under restrictions:
let type Result =rec X. 0v AV (X1 X) v Hx.X

let rec collect(x: T): Result =
(test x as w:A then w else 0) |
(test x as w:0 then 0 else
match x as (y:—0 | w:—0) then collect(y) | collect(w) else
match x as (y[w:T]) then collect(w) else
match x as (vy)w:©y) then collect(w) else 0)

Recall that, in the last match, a (vy) is automatically wrapped around the result; hence the
Hx.X in the definition of Result. The typing w:©y (instead of w:T) is used to reduce nondeter-
minism by forcing the analysis of non-redundant restrictions. Similarly, the pattern —0 | =0 is
used to avoid vacuous splits where one component is 0. In general, the splitting of composi-
tion is nondeterministic; in this case the result may or may not be uniquely determined de-
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pending on the shape of %4. The subtypings needed here are 4 <: T, A <: AvB and rec fold/
unfold.

Removing Dangling Pointers. We can encode addresses and pointers in the same style as in
XML. An address definition is encoded as addr[n[0]], where addr is a conventional name, and
n is the name of a particular address. A pointer to an address is encoded as ptr[n[0]], where
ptr is another conventional name. Addresses may be global, like URLs, or local, like XML’s
IDs; local addresses are represented by restriction: (vn) ... addr[n[0]] ... ptr[n[0]] ... . A tree
should not contain two address definitions for the same name, but this assumption is not im-
portant in our example.

We write a function that copies a tree, including both public and private addresses, but
deletes all the pointers that do not have a corresponding address in the tree. Every time a
ptr[n[0]] is found, we need to see if there is an addr[n[0]] somewhere in the tree. But we can-
not search for addr[n[0]] in the original tree, because n may be a restricted address we have
come across. So, we first open all the (non-trivial) restrictions, and then we proceed as above,
passing the root of the restriction-free tree as an additional parameter. The search for ad-
dr[n[0]] can be done by a single type test for Somewhere(addr(n[0]]), where Somewhere($4)
LrecX. (A1T)vIy.o[X]IT).

let rec deDangle(x: T): T =
match x as (vy)w:©y) then deDangle(w) else f (x, x)
and f(x: T, root: T): T =
test x as w:0 then 0 else
match x as (y:—0 | w:—0) then f (y, root) | f (w, root) else
match x as (ptr[y[0]]) then
test root as w:Somewhere(addr[y[0]]) then ptr[y[0]] else O else
match x as (z[w:T]) then z[f (w, root)] else 0

Note that deDangle automatically recloses, in the result, all the restrictions that it opens. The
subtypings needed here are just 4 <: T.

9 Conclusions and Acknowledgments

We have introduced a language and a rich type system for manipulating semistructured data
with hidden labels and scope extrusion, via pattern matching and transpositions.

As advocated in [23,30], our formal development could be carried out within a metathe-
ory with transpositions; then, Lemmas 4-3 and 5-2 would fall out of the metatheory, and one
could be less exposed to mistakes in o-conversion issues. We have not gone that far, but we
should seriously consider this option in the future.

We are not aware of previous uses of transpositions in structural operational semantics,
although this falls within the general framework of [30]. We believe ours is the first calculus
or language with explicit transpositions in the syntax of terms and types.

Thanks to Murdoch J. Gabbay for illuminating discussions on transpositions, and to Luis
Caires who indirectly influenced this paper through earlier work with the first author. More-
over, Gabbay and Caires helped simplify the technical presentation.
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The Converse of a Stochastic Relation
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Abstract. Transition probabilities are proposed as the stochastic coun-
terparts to set-based relations. We propose the construction of the con-
verse of a stochastic relation. It is shown that two of the most useful
properties carry over: the converse is idempotent as well as anticom-
mutative. The nondeterminism associated with a stochastic relation is
defined and briefly investigated. We define a bisimulation relation, and
indicate conditions under which this relation is transitive; moreover it is
shown that bisimulation and converse are compatible.

Keywords: Stochastic relations, concurrency, bisimulation, converse, re-
lational calculi, nondeterminism.

1 Introduction

The use of relations is ubiquitous in Mathematics, Logic and Computer Science,
their systematic study goes back as far as Schroder’s seminal work. Ongoing
research with a focus on program specification may be witnessed from the wealth
of material collected in [I8] [4]. The map calculus [5] shows that these methods
determine an active line of research in Logic.

This paper deals with stochastic rather than set-valued relations, it studies
the converse of such a relation. It investigates furthermore some similarities
between forming the converse for set-theoretic relations and for their stochastic
cousins.

For introducing into the problem, let R be a relation, i.e., a set of pairs of],
say, states. If (z,y) € R, then this is written as * —g y and interpreted as a
state transition from z to y. The converse R~ shifts attention to the goal of the
transition: y —g— x is interpreted as y being the goal of a transition from .
Now let p(x,y) be the probability that there is a transition from x to y, and the
question arises with which probability state y is the goal of a transition from z.
This question cannot be answered unless we know the initial probabilities for the
states. Then we can calculate p;(y, x) as the probability to make a transition
from x to y weighted by the probability to start from x conditional to the event
to reach y at all, i.e.

P (yaz) = wa) -pay)
e > u(t) - p(t,y)

Consider as an example the simple transition system p on three states given
in the left hand side of Fig. [0l The converse p,” for the initial probability p :=
[1/2 1/4 1/4] is given on the right hand side.

A.D. Gordon (Ed.): FOSSACS 2003, LNCS 2620, pp. 233-B49] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Fig. 1. A Stochastic Relation and Its Converse

The situation is more complicated in the non-finite case, which is considered
here; since some measure theoretic constructions do not work in the general
case, we assume that the measurable structure comes from Polish, i.e., second
countable and completely metrizable topological spaces (like the real line R).
A definition of the converse K  of a stochastic relation K given an initial
distribution p is proposed in terms of disintegration. An interpretation of the
converse in terms of random variables is given, and it is shown that the con-
verse behaves with respect to composition like its set-theoretic counterpart, viz.,
(IGL), = Loy K7, where K*(u) denotes the image distribution of 1 under
K, and the composition is the Kleisli composition for the corresponding monad
(section M]). This is of course the probabilistic counterpart to the corresponding
law for relations R and S, which reads (R;S)” = S—;R~.

The set { K, (y)|y € Y} of all sub-probability measures constituting the con-
verse turns out to have an interesting property: it is topologically rather small,
i.e., its closure is compact in the weak topology of sub-probability measures
on Y (Cor.[d2). This indicates that the converse K ;" does not carry as much
information as K or u do.

A stochastic relation K between X and Y induces a set-theoretic relation Ry
(called the fringe relation) in the following way: let (z,y) € R iff K(z)(U) >0
for each open neighborhood U of y. Relation Rk is considered as K’s nondeter-
minism, since it indicates the set of all pairs that are possible for the stochastic
relation K. The relationship between these relations is briefly investigated in
terms of natural transformations between two functors in Sect. [3.

A stochastic relation models the dynamics of a system, which is partly cap-
tured through the notion of bisimilarity. Thus the question of stability under
bisimilarity arises when constructing the converse. We define in section [l a suit-
able notion of bisimilarity and show that this is a transitive relation. It is shown
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that the converses K~ and L, are bisimilar, provided K and L as well as the
initial distributions p and v are bisimilafl.

Acknowledgements. Part of this work could be done while the author was visiting
the Dipartimento di Informatica at the University of L’Aquila. The visit was in
part supported through grants from the Exchange Programme for Scientists be-
tween Italy and Germany from the Italian Minstry of Foreign Affairs/Deutscher
Akademischer Austauschdienst and from Progetto speciale LN.D.A.M./GNIM
Nuovi paradigmi di calcolo: Linguaggi e Modelli. The author wants to thank
Eugenio Omodeo and Gunther Schmidt for getting him interested in relational
methods. The referees’ comments and suggestions are gratefully acknowledged.

2 Stochastic Relations

Before stochastic relations are introduced, some basic facts from measure theory
are recalled. We also introduce some basic operations on these relations.

A Polish space (X, T) is a topological space which has a countable dense sub-
set, and which is metrizable through a complete metric. The Borel sets B(X,T)
for the topology 7 is the smallest o-algebra on X which contains 7. A Stan-
dard Borel space (X, .A) is a measurable space such that the o-algebra 4 equals
B (X,T) for some Polish topology 7 on X. Although the Borel sets are deter-
mined uniquely through the topology, the converse does not hold, as we will
see in a short while. Given two measurable spaces (X,.A) and (Y, B), a map
f:X — Y is A— B-measurable whenever f~![B] C A holds, where f~1[B] :=
{f~YB]|B € B} is the set of inverse images f~![B] := {z € X|f(z) € B} of
elements of B. If the g-algebras are the Borel sets of some topologies on X and
Y, resp., then a measurable map is called Borel measurable or simply a Borel
map. The real numbers R carry always the Borel structure induced by the usual
topology which will not be mentioned explicitly when talking about Borel maps.

The category &8 has as objects Standard Borel (SB) spaces, a morphism
f€6B(X,Y) between two SB spaces X and Y is a Borel map f: X — Y.

Recall that a map f : X — Y between the topological spaces (X,7) and
(Y,S) is continuous iff the inverse image of an open set from S is an open set
in 7. Thus a continuous map is also measurable with respect to the Borel sets
generated by the respective topologies.

When the context is clear, we will write down Polish spaces without their
topologies, and the Borel sets are always understood with respect to the topology.
M (X) denotes the vector space of all bounded real-valued Borel maps on the
SB-space X.

The set S(X) denotes the set of all sub-probability measures on the SB
space X. The former set carries the weak topology, i.e., the smallest topology
which makes the map p — [ [ dp for all continuous functions f : X — R
continuous as soon as X carries a Polish topology. It is well known that the

! The full paper is available as Technische-Berichte/Doberkat_SWT-Memo-113-ps.gz
in directory ftp://1s10-www.cs.uni-dortmund.de/pub
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weak topology on S (X) is a Polish space [16] Theorem I1.6.5], and that its Borel
sets are the smallest o-algebra on S (X)) for which for any Borel set B C Y the
map p — p(B) is measurable. This o-algebra is sometimes called the weak-*-
o-algebra in stochastic dynamic optimization. Note that the weak-*-c-algebra
depends only on the g-algebra of the underlying SB-space, hence is independent
of any specific Polish topology. An argument due to Giry [II] shows that S is
the functorial part of a monad over &8, and that the Kleisli morphisms coming
with this monad are just the stochastic relations.

Given two Polish spaces X and Y, a stochastic relation K : X ~~ Y is a Borel
map from X to the set S(Y). Hence K : X ~ Y is a stochastic relation iff

1. K(z) is a sub-probability measure on (the Borel sets of) Y for all z € X,
2. x — K(x)(B) is a measurable map for each Borel set B C Y.

Composition of stochastic relations is the Kleisli composition: let K : X ~~ Y
and L :Y ~ Z, then define for z € X,C € By:

(KGL) (2)(C) r=/YL(y)(C) K(z)(dy).

Standard arguments show that K;L : X ~» Z.

In terms of input/output systems, K (z)(dy) may be interpreted that dy is
the output of the system modelled by K after input x; the system does not need
to be strictly probabilistic in the sense that each input produces an output with
probability 1, i.e., K(z)(Y) = 1 does not hold necessarily. K(x)(Y) < 1 may
occur when K models a non-terminating computation, so that 1 — K(z)(Y) is
the probability for the event no output at all. Note that the Markov processes
investigated in [6l, [T0] are special cases.

Ezample 1. In the discrete case a stochastic relation p between {1,...,n} and
{1,...,m} is represented through a non-negative substochastic matrix
(p(%, 7)) 1<i<n,1<j<m-

The composition of two stochastic relations p and ¢ is expressed through matrix
multiplication, which is the discrete analogue to the Kleisli product above. &

We collect some constructions and indicate some well known properties which
will be helpful in the sequel. It shows how a measurable map and a measure
induce a measure on the range of that map, and how a measure and a stochastic
relation define a measure on the relation’s target space, and on the product
space, resp.

Definition 1. Let X and Y be SB-spaces.
1. fP(u)(B) := u(f~'[B]) defines a map &B (X,Y) xS (X) — S(Y) such that

db/L = ofd
/g 7 (n) /9 [ du
holds for each g € M (Y').
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2. K*(u = [y K u(dz) defines a map B (X,S(Y)) x S(X) —

S (Y) such that
Joarte= [ [ o K@y nas)

holds for each g eM ( )
3. (M@ K)(D):= [, K(z) w(dzx) defines a map S (X)xG&B(X,S(Y)) —
S (X x Y) such that

/Xxy (n® K)= // 9(z,y) K(z)(dy) p(dz)

is true whenever g € M (X xY).

Since the integral in property [[l changes variables, it is sometimes referred to
as the Change of Variables formula. Property B]uses ={y e Y|(z,y) € D}
for the measurable set D C X xY; it gives the integral over a product as repeated
integrals and contains the Fubini Theorem as special case.

Note that f°(u) is S (f) (), the former notation being somewhat more light-
handed; K* is just the forgetful functor from the Kleisli category of the Giry
monad, and the tensor construction in the third part arises from the tensorial
strength of the monad.

Ezxample 2. Nustrating these constructions through the discrete case, assume
that p: {1,...,n} ~ {1,...,m} is a stochastic relation, and let p€S ({1, ...,n})
be an initial distribution. Then

L fP(u)() = Zf(i):j w(7) is the probability that f: {1,...,n} — {1,...,m}
hits the value j.

2. p*(p)(j) = >°1, p(i) - p(i, 7) is the probability that response j is produced,
given the initial probability p.

3. (L®p)((i,7)) = p(@) - p(i, 5) gives the probability for the input/output pair
(2, 7) to occur, given the initial probability u (which is responsible for input
1), and the probability p(, j) for output j after input i.

These properties are easily established using elementary computations. <

Some properties of the general constructions are collected for the reader’s
convenience:

L (K3L)M = Ki(L;M),
2. (K;L)® = K*® o L*® (where o denotes the usual composition of maps),
3. for f € M(Z) and for x € X the equality

/deL //f dz) K (x)(dy)

holds.
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4. K;ly = K and I[x;K = K, where [ x : X ~» X is the unit kernel on X which
is defined by

Ix(x)(A) :==0,(A) := if © € A then 1 else 0 fi.

It is remarkable that the construction in Def.[Il Blcan be reversed, and this is
in fact the cornerstone for constructing the converse of a stochastic relation, as
will be seen in Sect. M. Reversing the construction means that each measure on
the product of two SB-spaces can be represented as a product from the measure
of a measure and a stochastic relation (or, putting it in terms of Defll} the map
(1, K) — p® K defined in part Blbetween S (X)x 6% (X,S(Y)) and S (X x Y)
is onto).

Proposition 1. Let X and Y be SB-spaces, and ( € S(X xY). Then there
exists a stochastic relation K : X ~»Y such that ¢ = W&XY,X(C) ® K, Txxy,x
denoting the projection from X xY to X.

Proof. [16] Theorem V.8.1]. O

The stochastic relation K is uniquely determined up to sets of p-measure
zero; it is known as the regular conditional distribution of wy given mwx, cf. [16]
Ch. V.8]. We will call K a version of the disintegration of ¢ w.r.t. W&Xy,x(g).

Ezample 3. Let ¢ € S({1,...,n} x {1,...,m}), then the probability p(i, j) for
input 7 generating output j is the probability ({4, 7)) for the pair (i, j) to occur
conditioned on the probability >} | (({i,t)) that input i is produced at all. Thus
relation p satisfies the equation

C((i,4)) = (chxm) - p(i, §)-

This is the discrete version of Prop.[Il. In contrast to the discrete case, however,
the version of the disintegration of ¢ with respect to its projection usually cannot
be computed explicitly in the general case. &

There is a rather helpful interplay between the projection of p ® K to the
second component and K*(u) which will be exploited later on:

Observation 1 If u € S(X) is a sub-probability measure, and K : X ~Y is a
stochastic relation, the equality w&xy,y(p ® K) = K*(u) holds.

3 Nondeterminism: The Fringe Relation

Probabilistic modelling is a special case of nondeterministic modelling: we do
not only indicate possible outcomes but also assign a weight to them. Thus it
comes as a natural construction that each stochastic relation defines a set-valued
relation, at least on Polish spaces. This relation is defined now, and we will have
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a look at the correspondence between both types of relations. We will assume in
this section that the SB-spaces are endowed with a fixed Polish topology.

The support supp(u) of a probability measure 0 # p € S (X) is the set of all
points z € X such that each open neighborhood U of x has positive measure.
This set is the smallest closed set F' with u(F) = u(X), it is denoted by supp(p);
for completeness, supp(0) := () is defined for the zero measure 0 € S (X).

We investigate the set valued map x — supp(K(x)), when K is a transition
probability from the Polish space X to the Polish space Y. This map is the
relational counterpart to a stochastic relation, as we will see. It is clear that the
map takes values in the set of all closed nonempty subsets of a Polish space, and
that for any open subset U of Y the set

supp(K (-)) 7' [U] = {z € X| K(x)(U) > 0}

is a measurable subset of X.

As an aside, we look at supp from an algebraic point of view. Polish spaces
with continuous maps form the category Pol. For the Polish space X the space
of all its probabilities S (X) is also a Polish space. We denote by SubProb
the subcategory whose objects are all spaces S (X) when X ranges over Polish
spaces. A morphism K : S (X) — S (Y) is a continuous map between S (X) and
S (Y) when both spaces carry their weak topologies. Following a result due to
Giry [11, Theorem 1], the functor G which assigns each Polish space its space
of sub-probability measures is the functorial part a monad in QPBol. Denote by
G the composition of G with the forgetful functor GubBrob — Set, the latter
denoting the category of sets with maps as morphisms.

Let F(X) be the space of all nonempty closed subsets for a Polish space X,
endowed with the Vietoris topology. This topology has as a subbase the sets
{F| F CUi}n{F| FNU; # 0} for the open sets Uy, U C X.

Here things are a bit more complicated than in the probabilistic setting: if X
is a compact metric space, so is F(X) [13], 4.9.12, 4.9.13]; if X is a Polish space,
then the compacta in F(X) form a Polish space under the Vietoris topology.
From [13] 4.9.7] it may be deduced that X is a compact metric space provided
F(X) is a Polish space. Anyway, denote by €£ the category which has F(X)
for Polish X as objects. A morphism F(f) := f#: F(X) — F(Y) is induced by
the continuous map f : X — Y through the topological closure of the images
under closed sets, hence f#(A) := (f [A])Cl is defined. Clearly, f* is continuous in
the Vietoris topology, since f is under the metric topology, and since (g o f)ti =
gt o ft we see that F : Pol — €€ is a functor. The discussion above indicates
that F is in general no monad in Pol (it is, however, when QPol is replaced by
the category of all compact metric spaces). Consequently, it is not possible to
relate both monads directly. A weaker result may be obtained, however.

Compose this functor with the forgetful functor €£ — Get to obtain the
functor Fy.

Proposition 2. supp : Gy B F; is a natural transformation.
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Hence the map x — supp(K(x)) relating a transition probability to a set of
elements with positive probability is given by a natural transformation.
Leaving this side track, we define the fringe relation:

Definition 2. Let K : X ~ Y be a stochastic relation between the Polish spaces
X and Y. The fringe relation Ry associated with K is defined as

R = {(z,y) € X x Y|y € supp(K (z))}.

Conversely, let R C X XY be a set-theoretic relation, then a stochastic relation
K : X ~Y is said to satisfy R (abbreviated by R = K ) iff Rk = R holds, hence
iff R is just the fringe of K.

Ezxample 4. Let f: X — Y be a measurable map between the Polish spaces X
and Y, and put K(z) := dy(,), 6, denoting as usual the Dirac measure on y.
Then K : X ~» Y is a stochastic relation for which Rx = Graph(f) holds. &

Investigating the relationship between the stochastic relation K and its fringe
Ry, we find that composition carries over as follows:

Observation 2 Let K : X ~ Y and L :Y ~ Z be stochastic relations, then

1. R oRg C Rgk;1,
2. suppose that for each x € X the probability K (x)(Q) is positive for each open
set G C X, then also Rk.;, C Rr o Ri.

R = K indicates that, if R is the nondeterministic specification of a system,
stochastic relation K is its probabilistic refinement. Define for K, K’ : X ~ Y,
and for 0 < p <1 the stochastic relation K &, K’ upon defining

(K @&p K') (2)(B) =p- K(z)(B) + (1 —p) - K'(2)(B),

(thus (K @, K')(z) is just the convex combination of the measures K (z) and
K'(z)). The operator @, is interpreted as a weighted choice operator. It is easy
to see that the following holds:

REKREK 0<p<1
RE (K &, K)

Consequently, the set of all stochastic relations satisfying a given nondeterminis-
tic specification is convex, hence closed under weighted choice. Convexity models
the observation that nondeterministic systems are underspecified, as compared
to stochastic ones (cf. the discussion in [I5]).

Each stochastic relation has a fringe, and the inverse correspondence can be
established under suitable topological assumptions: Given a set-valued relation
R, a stochastic relation K that satisfies R can be found. For this, R has to take
closed values, and a measurability condition is imposed:
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Proposition 3. Let R C X x Y a relation (X,Y Polish) such that

1.Vre X :R(x):={yeY| (x,y) € R} e F(Y),
2. whenever U CY is open, {x € X| R(x) NU # 0} is a measurable subset of
X.

IfY is o-compact, or if R(x) assumes compact values for each x € X, then there
exists a stochastic relation K : X ~»Y with R = K.

Thus each set-valued relation can be represented by a stochastic one under
the conditions stated above, so that each nondeterministic specification can be
satisfied by a stochastic relation.

4 Converse Relations

Given a sub-stochastic matrix (p(i, 7)) <;<,.1<;<m rePresenting a stochastic rela-
tion {1,...,n} ~ {1,...,m} and an initial distribution, the Introduction shows
that the probability p;”(j)(i) of responding with j € {1,...,m} on a stimulus
i €{l,...,n} is calculated as

— (i) = ) Pl )
Py (1)(@) = S ult) ptg)

The probability p,” under consideration reverses p given an initial distribu-
tion, so is regarded as the converse of p (inverse might at first sight be considered
a better name, but this seems to suggest invertibility of the matrix associated
with p).

In view of ExamplesBland[Z, this amounts to the disintegration of u® p with
respect to the distribution p®(u) = % vy (1 ® p).

This observation guides the way for the definition of the converse for a general
stochastic relation. Fix a stochastic relation K : X ~» Y, and a sub-probability
measure £ € S(X). Then p® K € S(X xY) has a kind of natural converse:
define 7 := 7’ (u ® K), where 7 : X x Y — Y x X switches components. Thus
r[R] = R~ = {{y,z)|[(z,y) € R}, whenever R C X x Y is a relation, so r
produces the converse. Because 7 € S (Y x X), this measure is — according to
Prop. [[l — representable through a stochastic relation K, : Y ~» X by writing
T =7(7) ® K, . Since W%;XX’Y(T) = K*(p) by Obs. [l the definition of the
converse of a stochastic relation now reads as follows.

Definition 3. The p-converse K~ of the stochastic relation K with respect to
the input probability p is defined by the equation r°(p @ K) = K*(u) ® K.

It is remarked that the converse K~ always exists, and that it is unique y-almost
everywhere. Since

pA) = (pe K)(AxY) = (K*(u) © K.7)((Y x A)7)
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is true for the Borel set A C X,

A= [ K ) K uan) = | K7(4) Ko,

we infer that pu = (K;).(K‘(,u)) = (K;K,;7)%(p) holds. Hence the converse

K, solves the equation p = (K;T)*(p) for T. This equation does, however,
not determine the converse uniquely. This is so because it is an equation in
terms of the Borel sets of X, hence may only be carried over to the “strip”
{A xY| AC X Borel} on the product X x Y. This is not enough to determine
a measure on the entire product.

A probabilistic interpretation using regular conditional distributions may be
given as follows: Let ({2, A,P) be a probability space, {; : 2 — X; random
variables with values in the Polish spaces X; (i = 1, 2). Let p be the joint
distribution of ((1,(2), and let p; be the marginal distribution of (;. If m; :
X1 x X2 — X; are the projections, then clearly p; = m;(n). K denotes the
regular conditional distribution of (s given (y, thus we have for the Borel sets
A CX;

P({w € 2161 (w) € A1, G(w) € Az}) = (A1 x As)

= [ K(z1)(A2) pa(dzy).
Ay
We will show now that K, is the regular conditional distribution of ¢; given
(5. In fact, let L be the latter distribution, then the definitions of K and L,
resp., imply K®(u1) = po and L®(u2) = p1. Let 4; € X, be Borel sets, then
(K*(p1) @ L) (A2 x Ay) = (11 ® K) (A1 x Az).

Interpreting a stochastic relation as a regular conditional distribution of a
random variable (7 given (o, its converse may be interpreted as the conditional
distribution of ¢ given (3. The start probability x in the definition of K~ is
then interpreted as a marginal distribution. This is essentially the probabilistic
setting for the definition of the converse in [I].

Returning to the general case, the defining equation for the converse is spelled
out in terms of an integral (where D* := {y € Y|(y,z) € D} for D C Y x X,
the cut D, is defined above):

[ K@) ptda) = [ 1 w)(Dy) K ) )
This will be generalized and made use of later:

Observation 3 Let f € M (X xY), then this identity holds:

//fxy 2)(dy) u(dz) //fxy (y)(dz) K*(1)(dy).

Thus the order of integration of f may be interchanged, as in Fubini’s The-
orem, but, unlike that Theorem, we have to adjust the measures used for inte-
gration.
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Some properties of forming the converse will be investigated now. We begin
with an analogue of the property R~ = R which holds for the set theoretic
converse. Taking the initial distribution into account, this property is very similar
for the probabilistic case.

Proposition 4. If K : X ~ Y, and if p € S(X), then (K] = K. holds

/‘ )K'(M)
everywhere except possibly on a set of pu-measure zero.

The question under what condition a stochastic relation may be represented
as the converse of another relation is a little more difficult to answer than for
the set-valued case. In view of the probabilistic interpretation using conditional
distributions, however, the following solution arises naturally.

Corollary 1. Let L : Y ~» X be a stochastic relation, and p € S(X). Then
these conditions are equivalent:

1. p=L*(v) for somev €S (Y),
2. L=K, for some K: X ~Y. O

Thus L : Y ~» X may be written in a variety of ways as the converse of a
stochastic relations, viz., L = (Ky) ., for an arbitrary v € S(Y') (where the
relation X ~~ Y depends on v). This is in marked contrast to the set-theoretic
case, where the converse of the converse of a relation is the relation itself, hence
unique.

Compatibility of composition and forming the converse is an important prop-
erty in the world of set-theoretic relations. In that case it is well known that
(R;S)” = S—;R~ always holds. The corresponding property for stochastic re-
lations reads

Proposition 5. Let K : X ~ Y, L : Y ~» T be stochastic relations, and let
p € S(X) be an initial distribution. Then (K:L), = Loy K holds.

We see that there are some algebraic similarities between set-theoretic and
stochastic relations. There are exceptions, though. Take e.g. Schrider’s Cycle
Rule QoRC S < Q~0S C R < SoR~ C Q, the bar denoting complementation
([18, 3.2 (xii)] or [4, Def. 3.1.1]). This rule is very helpful in practical applications,
but it does not enjoy a direct counterpart for stochastic relations, since the
respective notions of negation, and of containment do not carry over. —

If 4(A) = 0 for some Borel set A C X, then K (y)(A) = 0 holds K*(u)-
almost everywhere on Y (i.e., for all y € Y outside a set of K*®(u)-measure zero).
In fact, we can say more 